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ITouTn OoOMera-KaTeropnmvHoCTb B ci1a60 O-MUHUMAJIbBHBIX Teopnusiax

Bb. III. Kyamnemos

HacTosmmit noknan xacaeTcss OBYX HMOHSITHH: C€jIabOl O-MUHUMAJIBHOCTH U TOYTHU W-
kaTeropuuyHocTu. (Crnabas O-MUHUMAILHOCTH ObLIa MepBOHAYAIBLHO uccienoBaHa [l. Maxk-
depcorom, II. Mapkepom u Y. Craiiuxopaom B [1]. TlommuOXKecTBO A MUHENHO YIOPSIIO-
YEHHON CTPYKTYPBI M HA3LIBAETCS 6bINYKAbIM, €CITU It 00X a,b € A u ¢ € M Beskuin
pa3 korga a < ¢ < b M1 umeeM ¢ € A. Caabo 0-MUHUMAALHOT CMPYKMYPOT HAZLIBAETCS
JUHENHO yHopsimodeHHas cTpykTypa M = (M,=,<,...) Takasg, 9TO J11000€ OIpeIeInMoe
(c mapameTrpaMm) MOIMHOXKECTBO CTPYKTYpbl M sBsSeTcs OOBEINHEHNEeM KOHEYHOTO Ul-
CJ1a BBIIYKJIBIX MHOXKecTB B M. BelllecTBEHHO 3aMKHYTBIE TIOJISI ¢ COOCTBEHHBIM BBIITYKITBIM
KOJTBIIOM HOPMUPOBAaHUS 00ECIIEUNBAIOT BaXXHBIN IPUMEDP €1a060 O-MUHUMAIBHBIX CTPYKTYP.

Onpenenenne. [2, 3| [Iycte T — nosnas teopus, p1(r1),...,pn(x,) € S1(0). Byaem

rOBOPUTB, 9TO THI (X1, . . ., Tp) € Sy (D) aBugercs (p1,. .., py)-Tunom, ecnm q(xy,...,2T,) 2

n

U pi(x;). Muoxecro Bcex (p1, . . ., pn)-TumoB reopun T 6ynem obo3HadaTs gepe3 Sy, . (T).
i=1

Cuernas Teopus T Ha3BIBAETCS TOUTHU W-KATETOPUIHON, €CJIH /I JIFOObIX THIOB p1(T1), . . .,
Pn(zn) € S1(0) cymecrByer mumb koHEUHOE YHCIIO TUIOB (X1, . .., Ty) € Sy, . (T).

[lomuas Teopus T saBasercs 6unaprot, ecnau jrobas GopMysia SKBUBAJIEHTHA OyJIeBOI
xKoMOUHAIMK GOPMYJI caMoe DOJIbIIlee OT ABYX CBOOOMHBIX MEePEMEHHBIX.

3meck MBI IPEACTABIISIEM CIIEAYIOITYI0 TEOPEMY:

Teopema. Ilyctp 1" — mouytw w-KaTeropumdHas ciaabo o-MUHUMAaJIbHasS Teopus. Tornaa
T — 6uHApHAs TOrma W TOJBKO TOTAA, KOraa Jroboi Heamrebpamdeckuii p € S1(0)) mmeer
KOHEUHBIH PaHI' BBITYKJIOCTH.

Hanuble nccnenoBanus nonaepxansl Komurerom Hayku MunncrepcTBa oO0pa3oBaHUs 1
nayku Pecnybiuku Kasaxcran (I'pant AP08855544).

REFERENCES
[1] Macpherson H.D., Marker D., Steinhorn C., Weakly o-minimal structures and real closed fields //
Transactions of The American Mathematical Society, volume 352, issue 12, 2000, pp. 5435-5483.
[2] Tkeda K., Pillay A., Tsuboi A. On theories having three countable models // Mathematical Logic Quar-
terly. 1998. V. 44. No 2. P. 161-166.
[3] Cymomnaros C.B. Knaccudukanus cueTHsix Monmenein nonasix teopuit. Hosocubupck: Hosocubupckuit
rOCyIapCTBEHHBIA TEXHUYECKUIN yHUBepcUTeT, yacThb 1, 2018. 376 c.

Kazazcmancko-Bpumanckut mexnuueckutd ynusepcumem, Hncmumym mamemamury U MamMemamuye-
ckoz2o modeauposarud, Aamamvr (Kasaxcman)
E-mail: b.kulpeshov@kbtu.kz, kulpesh@mail.ru
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O InmepnmoanvYeCKux rpyminax C IJIOTHBIM CIIEKTPpOM

A. C. MAMOHTOB

Criek TpoM MTepUOANYIECKON TPYIIILI HA3BIBAETCS MHOXKECTBO MMOPSOKOB €& dytieMeHTOB. le-
PHOANTIECKYIO IPYIILYy HA30BEM 2pynnotl ¢ naomubim cnexkmpom, umr OC,-epynnot, eciu eé
CIIEKTP, COCTOUT U3 BCEX HATYPAJBHBEIX YHCEN OT 1 IO HEKOTOPOIO HATYPAILHOIO UUCTIA M.
B nmoxmnane obcyxnatorcs nepuonuueckue OC,, rpymnst (n < 7).

HAncmumym mamemamuru um. C. JI. Coboaesa CO PAH, Hosocubupck
E-mail: andreysmamontov@gmail.com
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Teopus momesienn mpeaMeTHBIX oGJiacTen

. E. ITAIbYYHOB

B nmokmane obcyxkmaeTcs T€OPeTUKO-MOMETBHBIN TOAXON K (GOpMaIn3aIn TPeIMeTHBIX
obacTen.

Omaa u3 paccMaTpuBaeMbIX MPOOJEM CBsI3aHA C TE€M, UTO B KJIACCUUECKON TEOPUH MO-
Ienel, Kak MpaBuUiio, pACCMaTPUBAIOTCS TOIBKO KJIACCHI alreOpandecKnX CUCTEM, MMEFOIITIX
ONHYy U Ty XK€ CUTHATYPYy. B "acTHOCTH, 5TO OTHOCUTCS K TOHSITHUIO aKCHOMAaTHU3UPYEMOTO
KJjlacca ajreOpamvdecKUX CHCTEM: BCe CHCTEMBI, BXOOAIINE B aKCUOMAaTU3UPYEMBIN KJIacc
TOJIXKHBI MMEeTh OOWHAKOBYIO CHUTHATYpPYy. Ta e cuTyanuss mMeeT MeCTO W IS KJIACCOB
anreOpaldecKnx CUCTeM, aKCUOMATU3UPYEMBbIX IIPENJIOKEHUSIMU CIeUabHOIO BAOA: MHO-
roobpasuii, KBa3uMHOr0oOpasuii, V- u 3-akcrmoMaTuU3upyeMbIX KJIACCOB.

OmHako TpU MOCTPOEHUN U UCCICIOBAHUEN (DOPMAIBHBIX MOMEJIEN MPEIeNeHTOB Ipell-
METHBIX O0JIacTell YacTOU SBJISI€TCS CUTyallus, KOTOa pa3Hble IpereneHThl OMHON M TON XKe
MIPEIMETHOR 00JIACTU OMUCHIBAIOTCS Pa3HBIMU HabopaMu moHsSTuit. B TakoMm ciydae dop-
MaJIbHBbIE MOIEJIN STUX MPENENeHTOB NO/XKHBI UMETh Pa3Hyio curHatypy. Ilpm sTtom, Ha
BCeX IpeleneHTax IpeqMeTHOU O0JIacTU HOJIXKHA OBITh MCTUHHA TEeOpUs 3TON IpeaMeTHON
ob1acTu: TO €CTh, Ha ajireOpamvecKuX CUCTeMax MNOJIXKHO ObITh UCTUHHO MHOXKECTBO IIpen-
JIOXKEHU!, CUTHATYPa KOTOPBIX MOXKET He CONepPXKaThCs B CUTHATYPE 3TUX ajrebpamdecKux
CHCTEM.

Takxxe 3To mMeeT MeCTO U IS OHTOJIOTUH: Ha BCEX IpeleNeHTax MPeIMeTHOl 061acTi
BE€pHA OHTOJIOTUSI dTOU IPeIMEeTHON O0JIacTH, HO IpU 5TOM B OIUCAHUE IIpeledeHTa, KakK
IIPaBUJIO, HE BXOOSAT BCE MOHSATHUS OHTOJIOTUU NAHHOU IIpeaMeTHOU O0JIaCcTH.

B moxmane mccnenyercs mpobiemMa akKCHOMATHU3AINN KIIACCOB aareOpanvecKux CHCTEM,
CONMEPIKAIINX CUCTEMBI, UMEIOIINE PAa3HYI0 CUTHATYPY. BBOMSTCS MOHITUS TEOPUNU KJIAcCa U
AKCIOMAaTU3UPYEMOTO KJIacca ajareOpamdecKnxX CUCTEM, UMEIOIINX pa3Hylo curHartypy. llo-
Ka3bIBaETCs, UYTO BBEIEHHBIE IOHITUS TeOPUN Kjlacca ajarebpaniecKnux CuCTeM pa3HON CUTHa-
TYPBL U aKCHOMATHU3UPYEMOIO Kjlacca TaKUX ajareOpamdecKux CUCTEM SIBJISIOTCS eCTeCTBEH-
HBIM 0000IIIEHNEM COOTBETCTBYIOIINX MOHITHUN KIACCUIECKOU TE€OPUN MOJIIEIEN.

NccnenyroTcs BOIPOCH aKCMOMATU3UPYEMOCTUA U Pa3PEIINMOCTU TEOPUIN KJIACCOB 000-
TalIéHHBIX OYJIeBLIX ajiredp, COmepKalllnX CUCTEeMBbI, IMEIOIe Pa3Hyl0 CUTHATYPY.

PaccmaTpuBaroTcst TeopeTuKo-MonenbHbIE MeTOObl (POpMAIM3AIIU TPEeOMEeTHBIX 00J1a-
cTell.

HAncmumym mamemamury um. C.JI. Cob6oaesa CO PAH, Hosocubupck
E-masil: palch@math.nsc.ru
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OG6o61IEHHO XECTKUE pa3pelinMble I'PyNHbl

H. C. POMAHOBCKU

[Tycts rpynmna G comepxkut abeneBy HopMmasbhyto noarpymnmy A. Torma neiictBue G Ha
A compsxenusyu a — g~ lag maét meiicTue daxTop-rpynmsl G /A, KOTOpoe MpOomoKaeTcs
HA [EJIOYNCIIEHHOE TPYIoBoe Koublo Z[G/A|, u B pe3ynbraTte Ha A BO3HUKaeT CTPYKTypa
(mpasoro) Z[G /A]-momyits.

['pynma G HasbiBaeTCsl H#ccmKot, €Ciii B HET CYIIIECTBYET HOPMAJIBHBIN PSII MTOATPYIII

G=G1>Gy>...>Gp >Gpy =1, (1)

Kaxnbii dakTop kortoporo G;/G;y1 abeneB u, pacCMaTPUBAEMBbIil KaK MOMYJIb HAI TDYII-
noBbIM KosblioM Z[G/G;], He mMeeT MOIYIBHOTO KpydeHus. llpumepamu KXECTKUX TPYIII
CIIy2KaT CBOOOMIHBIE pa3pelInMble T'PDYNILI U NTEPUPOBAHHLIE CIJIETEHUS HETPUBUAIIBHBIX
abeseBbIX rpynn 6e3 kpyuenus. B pabortax aBTopa u coBMecTHBIX ¢ A.I'. MsicHUKOBBIM
paboTax OblTa pa3BUTa ajreOpamdeckas TeOMETPUs Hal XKECTKUMU TPYNIaMU U T€OPUS MO-
nesiell meMMMBIX KEcTKuxX rpymmn. OTMeTuM B 5TOM CBsa3u 0630p aBTOpa - IJlaBa b U3 KHUTH

[1].

HazoséMm G 0606wmnHo scemroti epynnot Wil Iyl KPATKOCTU T'-2pynnol, eciiu B Hel
IMEETCsl HOPMAaJIbHBIN psin (1) co cemyommmMu TpeMst CBOMCTBAMU.

1) ®akroper G;/G;y1 abeness.

2) Ilycte R; o6o3nauaeT dhakTop-KoibLo Koibla Z|G/G;| no annynaropy G;/Gi+1. B
sToit curyaruu G;/G; 11 MOXHO paccMaTpuBaTh Kak R;-momynb. Tpebyercs, 9To6bI OH He
nMeJT MOMYJIbHOTO KDy YeHNS.

3) Kanmonmueckuit smumopdusm koneny Z|G/G;] — R; nomken GbITh UHBEKTUBEH HA
muoxkectBe G/G;.

HoxkaseiBaercst, uTo psin (1), ecnu cyecTByer, ONHO3HAUHO ONPENesSeTCss CAMOil TPyTI-
TOi, & CTYNEHb Pa3PEIIMMOCTH TPYIILI B TOYHOCTU paBHa m. Kace r-rpymnm CyIecTBeHHO
Ipe Kjacca XKECTKUX TPYII, B HEro, HAIPUMED, TOMANA0T pa3pelnMble TPYIIbl bayM-
cmara — Comurepa B(1,n), |n| > 1. Ilpu sToM HeT GOIBIIOrO ONTUMEI3MA IO MOBOMY TOTO,
YTO MHOTHTE PEe3yJIbTaThl YIACTCS MEPEHECTHU € XKECTKUX Tpyni Ha r-rpynmbl. OmHako, B 2-
CTYII€CHHO pa3pe€lInmMOM CJIy4dae TaKOI OIITUMU3M €CTh. B OOKJIaOe M3JIaral0TCAa Pe3yJIbTaThI,
MOJTy YeHHBIE ABTOPOM B 3ToM Hampasieruun. OTmernm takue (cm. [2]-[6]): maiimena axcmo-
MaTHUKa KIIACCa M-CTYIEHHO Pa3PEeIInMBbIX T-TPYIIIL; ONMMCAHLI TIEPUONNYIECKIE I~ PYIIIILL; 10-
Ka3aHO, 9TO BCAKAsA MeTabeseBa r-TPYTIa BKIAILIBACTCS B OEIUMYIO METabe/IeBy r-TPyTIy;
TIOKa3aHa PACIIEINMOCTD HeTUMBIX MeTa0EeJIEBhIX I-TPYIIIT; OMUCAHBI TPYIIIBI, YHUBEPCAIHHO
SKBUBAJIEHTHLIE paspernumMon rpymnmne baymcnara — Comurepa.

REFERENCES
Groups and Model Theory, GAGTA BOOK 2, De Gruyter, 2021.

—_

[2] Pomanosckmit H.C., O6061&HHO KECTKME TPYNILL: ONpenesenne, 6asucubie dhakThl, mpobiaembr, CM2K,
48, N 2 (2018), 258-279.
[3] Pomanosckuit H.C., O606ménno xéctkue metabenessr rpynner, CM2K, 60, N 1 (2019), 194-200.

[4] Pomarnosckuit H.C., HéreposocTs no ypasHenusiMm MeTabenesbix r-rpymmn, CM2K, 61, N 1 (2020), 194-
200.

[5] Pomanosckuit H.C., O6 yruBepcasibHOIl Teopusx MeTabeneBeix 0600gnHo x)écTkux rpymm, CM2K, 61,
N 5 (2020), 1101-1107.

[6] Pomanosckmit H.C., I'pynnbl, yHUBEpCAIBHO SKBUBAIIEHTHBIE paspemrmMon rpynne Baymcnara — Conu-
Tepa, B IeYaTH.

HAnemumym mamemamury um. C.JI. Cob6oaesa CO PAH, Hosocubupck
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AnmmpokcuMupyeMocTh KOPHEBBIME KJIACCAMEU CBOOOMHBIX KOHCTPYKIIUN T'PYIIII

E. B. Cokol10B

Hanmomuum, uro rpynma G HA3BIBAETCS annpokcumupyemoti xaaccom 2pynn C, ecraum
TUJTST KaXKIOTO HEeMIMHIYIHOTO djieMeHTa g € (G cylecTByeT romoMopdusM o rpynnbl G Ha TPYTI-
my u3 kiacca C Taxoit, uto go # 1. Kmacc C Gymem Ha3bIBaTh KOPHEBLIM, €CIT OH CONEPKUT
XOTs Obl ONHY HEENUHUYIHYIO TPYIILY U 3aMKHYT OTHOCUTEIBHO B3STUS MOATPYIII, PACIIIPE-
HUIl 1 NeKapTOBBIX IpousBeneHuil suna | [ Xy, rme X, Y € Cu X, — m3omopdHas Konus
rpynnbl X IUTS KaxXKIIOTO AJIeMeHTa Yy € Y .

Wcnonp3oBanme MOHATHUS KOPHEBOTO KJIACCa OKA3aJIOCh BEChbMa IPOMYKTUBHBIM IIPU W3-
VUIEeHNU ANIMPOKCUMUPYEMOCTH CBOOOMHBIX KOHCTPYKIWN TPYyNH: OOOOIIEHHBIX CBOOOMHBIX
npomsBenennti, HNN-paciupenuii, npeBecHbIX MpPOU3BENEHUN, (yHIAMEHTAIbHBIX TPYIII
rpadoB rpynn. OmHUM U3 OCHOBHBIX METOMIOB UCCJICIOBAHUS ATTPOKCUMAIIMOHHBIX CBOWCTB
TaKUX KOHCTPYKIIUI SIBISETCS TaK Ha3bIBaeMbINl «hUIIbTPAINOHHBIN tonxoms ['. bayMmcara.
[lepBonauanbHO OH OBLT MPENJIOXKEH IS U3ydeHUsT GUHUTHOW AIMMPOKCUMUPYEMOCTH 0600-
IIIEHHBIX CBOOOMHBIX ITPOM3BENEHWN MBYX TPYIII, a 3aTeM PACIPOCTPAHEH HA OPYTUE CBO-
OOnHbIE KOHCTPYKIINN U aIalITUPOBAH MIJI U3YUYEHUS CBONCTBA AIIIPOKCUMUPYEMOCTH KOHEU-
HbIME p-rpynmnaMu. OKa3bIBaeTCs, YTO B OOIBIITNHCTBE C/IYIYaeB MAHHBIN METOI MOXKET OBITh
WCIIONIBE30BAH [IJISI WCCIIEIOBAHUS ANIIPOKCUMUPYEMOCTH ITPOU3BOIBHBIM KOPHEBBIM KJIACCOM
rpynmn. OTO MO3BOJISET 3HAUUTEIBHO YBEJIUUUTH KOIMYIECTBO IOIYIAEMBIX DE3yIbTATOB,
a TaKKe MPUMEHNTD X K N3YUYEHUIO alllIPOKCIMIPYEMOCTH HEKOTOPBIMI HEKOPHEBBIMU KJIac-
caM# T'PYIIII.

B nmokmame onucwkIBaeTCs MCIONb30BaHTE (PUILTPAIIOHHOTO ITOAXONA IS UCCIIEIOBAHUS
AIIIPOKCIMUPYEMOCTH KOPHEBBIMI KJIACCAMU CBOOOMHBIX KOHCTPYKIWI I'PYIIT U IPUBOISTCS
TIOCITENHNE PE3YITHTATHI, TIOJIyYEHHBIE C TIOMOIIIBIO TAHHOTO METOOA.

yeyY

Heanosckut 2ocydapcmaennbili ynusepcumem, 2. Mearoso
E-mail: ev-sokolov@yandex.ru
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Basucer yacTuuHo KOMMYTATHUBHBIX I'DYIIII

E. 1. TUMOUIIEHKO

s mro6oro muOT006pasus rpymn 9N u gro6oro HeopuenTupoBansoro rpada I' = (X; F)
6e3 meTenb U KPAaTHBIX pebep OmpeneseHa YacTUIHO KoMMyTaTuBHas rpymma F (X, T, 9).
[Iycte X = {1, 22...}. ['pymma F(X,T,9M) umeer B MHOT006Gpazuu M cremyoriee mpe-
CTaBJIEHUE:

F(X,IT'M) = (X |zz; = zjz;, ecmu {z;,2;} € E).
AHaJOrUYHO OMpENeNsoTCS YaCTUYHO KOMMYTATHUBHBIE TPYIIIBI B MHOTOOOpAa3uWsIx MpPO-p-
rpynn. Hawubomee usyuensl yacTuano komMmyTaTuBHble rpynnsl F(X, I, ) B MmaOroo6pasun
® Bcex rpymn. OHE 9acTO HA3BIBAIOTCS CBOOOMHBIMU YACTUYHO KOMMYTATUBHBIMU TDYII-
namu. Fcmu rpad I' xoneden, To rpynnet F/(X, T, $) HA3LIBAIOT B aHIJIOA3LIYHON JINTEPa-
Type «right-angled Artin groups». Takxe 0y HIX UCIOIB3YIOTCS Ha3BaHUS «graph groupss
nubo «semifree groupss.

Hac NHTEPECYIOT YaCTUYHO KOMMYTATUBHBIC TI'DYIIIIBI B PAa3PCIINMBIX W HUJIBIIOTCHT-
HBIX MHOT00Opa3usax. Mbl mpuBoguM omucanue 6a3mucoB U YKa3bIiBaeM KAHOHUIECKYIO 3aINCh
snemenToB mis rpynn F(X, T, 9) B ciyuae, korma 9t 0MHO U3 CIIEMYIONINX MHOTOOGDA3UIL:

1)t = N, — mHOrOOGpa3me BCEX HUIBIOTEHTHLIX TPYII CTYIeHN < ¢;

2) M = A? — MHOrOO6PA3Me Beex METABEIeBLIX TPYTIT;

3) M =N, ﬂ Q’lQ;

4) M — MHOrOOGPa3sUe BCeX METAGEIIEBBIX MTPO-P-TPYIIIL.

HI'TY, Hosocubupck
E-mail: eitim450@gmail . com
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Problems on computable numberings

S. BADAEV

Let K be a class of subsets of w that is closed under the Cartesian products. Informally,
we can consider a computable numbering of a family § C K as a sequence of elements of
§ that is uniformly enumerable in K. More formally, we say that a surjective mapping
v:w— § is a computable numbering if

{{z,n) :x ev(n)} ek,

and that § is a computable family if it possesses a computable numbering.
We consider only the pairs (K, §) so that and § is a computable family of sets from the
class K. The general notion for reducibility of numberings is presupposed to use in the talk.
R(F) stands for the Rogers semilattice of computable numberings of §. The problems
on computable numberings are usually formulated in terms of Rogers semilattices. Our goal
is to discuss the current state of study the Rogers semilattices for classes K of

computably enumerable sets,

the sets of a given level of the arithmetical hierarchy,

the sets of a finite or an infinite level of the Ershov hierarchy,
the sets of a low levels of the analytical hierarchy.

Kazakh-British Technical University, Al-Farabi Kazakh National University, Almaty (Kazakhstan)
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Modal extensions of Belnap—Dunn logic

S. A. DROBYSHEVICH

We survey a number of recent results concerning a certain family of four-valued modal
logics. The foundation of this family is a four-valued logic developed by Nuel Belnap and
Michael Dunn. This logic is motivated by the consideration of a computer that receives
information on truth and falsity of statements from different sources. This way the computer
might receive information that a certain fact is true, false, both true and false or neither
true nor false, which gives one epistemically motivated truth values. Defining conjunction
A, disjunction V and negation ~ on threse four values one obtains a logic which technically
coincides with the logic known as first-degree entailment FDE.

To reflect this connection the family of modal logics we are interested in was designated
as FDE-based modal logics by Sergei Odintsov and Heinrich Wansing. This designation might
be too broad for the following reason: all systems we will discuss are not contrapositive in
the sense that ¢ = ¢ does not necessarily imply ~ 1 F~ ¢. The leads to perhaps the most
interesting feature of the logics in question: they all lack the usual replacement theorem.
What they have instead is the so-called weak replacement property: one can replace ¢ with
v as long as ¢ is equivalent to ¥ and ~ ¢ is equivalent to ~ 1 in the usual sense. On the
other hand, FDE itself is contrapositive in this sense, although there is an axiom system for
the logic in which the contraposition rule is merely admissible.

Some of the systems we will discuss are Belnapian modal logics of Odintsov and Wans-
ing, modal bilattice logic MBL developed by Umberto Rivieccio, Achim Jung and Ramon
Jansana, Graham Priest’s Kgpg, Lou Goble’s KN4 and a few more. Most of the works out-
lined will be dedicated to highlighting connections between these logics through the lenses
of proof theory (including Hilbert-style systems, FDE-style systems and display calculi),
relational semantics and algebras (including twist-structures and residuated lattices).

Sobolev Institute of Mathematics, Novosibirsk
E-mail: drobs@math.nsc.ru

17


mailto:drobs@math.nsc.ru

MamnbneBckne urerus 2021 IlrerapHabre noKIamBI

Generalized Baumslag—Solitar groups: Properties, results, problems

F. A. DUDKIN

A finitely generated group G acting on a tree with all vertex and edge stabilizers are
infinite cyclic groups is called a generalized Baumslag—Solitar group (GBS-group). By the
Bass—Serre Theorem, G is representable as m1(A), the fundamental group of a graph of
groups A whose vertex and edge groups are infinite cyclic.

To each GBS-group GG, we can associate a labeled graph A, a particular kind of a graph
of groups. Such a labeled graph corresponds to an action of G on a tree and defines a
presentation of G. Any GBS group can be obtained from infinite cyclic groups using free
constructions: amalgamated free product and HNN-extension.

Our goal is to tell about some recent results on GBS groups: description of the centralizer
dimension, the problem of universal equivalence, K-residuality, connection with knot groups.

Some open problems will be discussed at the end of the talk.

Sobolev Institute of Mathematics, Novosibirsk
E-mail: DudkinF@math.nsc.ru
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Computable and decidable categoricity

V. HARIZANOV

The topic of computable categoricity and algorithmic dimension of structures has been part
of computable structure theory since Frohlich and Shepherdson and Mal’cev. A computable
structure is computably categorical if for every computable isomorphic structure there is
a computable isomorphism. Computable categoricity and its extension to arbitrary levels
of hyperarithmetical hierarchy have been studied extensively. Goncharov has been at the
forefront of this study, establishing some of the most important results including those con-
necting categoricity with definability. More recently, Goncharov introduced and investigated
the notion of decidable categoricity where the structures are decidable. We will present some
fundamental, early and recent results in this area, including a number of collaborative results
with Goncharov and others.

George Washington University, Washington DC (U.S.A.)
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Probability structures

B. KHOUSSAINOV

In this talk we introduce probability structures. Probability structures are algebraic
structures equipped with probability functions on the domains and the atomic predicates.
These structures are fine-grained extensions of type 1 probability structures introduced by
Halpern and Bacchus.

Type 1 probability structures contain probability functions on domains only. Our prob-
ability structures possess an additional statistical knowledge, — probability functions on
atomic predicates. We study a few algorithmic questions on probability structures, present
a method that builds probability spaces for the first order logic formulas, and prove that our
semantics is sound. We also introduce smooth probability structures. The smooth proba-
bility structures carefully refine probability structure so that we have a better control of the
probability spaces defined by first order logic formulas. For these structures we initiate the
study of first order probability logic (FOPLS), investigate axiomatizability of FOPLS, and
address decidability and undecidability questions of the sets of valid formulas.

This work is joint with Xiao (UESTC) and Liu (The Univ of Auckland).

UESTC, Chengdu (China); University of Auckland, Aucklan (New Zealand)
E-mail: bmk@cs.auckland.ac.nz
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Limiting density and free structures

J. F. KNIGHT

The talk describes ongoing work joint with Johanna Franklin and Meng-Che (Turbo)
Ho. Gromov asked, “What does a typical group look like?” He suggested a way of describing
typical behavior in terms of limiting density. Based on a remark of Fine, I conjectured in
2013 that for group presentations with n > 2 generators and a single relator, an elementary
first order sentence has limiting density 1 iff it is true in the non-Abelian free groups. There
are partial positive results due to Coulon, Ho, and Logan, and to Karlampovich and Sklinos,
but the full conjecture remains open. We generalize Gromov’s question to other algebraic
varieties (in the sense of universal algebra). We have examples and results illustrating
different possible behaviors.

University of Notre Dame, Notre Dame, Indiana (U.S.A.)
E-mail: knight.10nd.edu
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Grobner—Shirshov bases for conformal and vertex algebras

P. S. KoLEsNIkKOV, R. A. KozLov

The theory of vertex algebras (or vertex operator algebras, VOAs) appeared in mathe-
matical physics as an algebraic tool for studying the operator product expansion (OPE)
of chiral fields in 2-dimensional conformal field theory which goes back to A. Belavin,
A. Polyakov, and A. Zamolodchikov (1984). The algebraic definition of a VOA was first
stated by R. Borcherds (1986). The development of the theory of vertex algebras is mainly
carried out within the framework of the representation theory. In order to define a vertex
algebra in this way, one need to get the base space V', a linear operator T': V — V (trans-
lation), a selected vector 1 € V' (vacuum) such that 7’1 = 0, and define a family of vertex
operators, formal distributions Y (a, 2) € gl(V)][[z,271]], a € V, satisfying certain properties.
The Dong Lemma along with the Goddard Uniqueness Theorem show that it is enough to
define the series Y (a, z) not for all a € V, but just for “generators”.

We will consider a combinatorial approach to the construction of a vertex algebra. In
order to get a normal form of a vertex algebra defined by generators and relations one need
to solve a Grobner—Shirshov basis problem for a module over an appropriate associative
algebra. Occasionally, the same approach works well for associative conformal algebras.

Let Vert, LSym, and LieConf be the categories of vertex, pre-Lie, and Lie conformal
algebras, respectively. As follows from the definition, there are two forgetful functors

® : Vert — LieConf, W : Vert — LSym.

The first one was studied by M. Roitman (2000), where the left adjoint functor for ¢ was
explicitly constructed. Every Lie conformal algebra L embeds into its universal envelop-
ing vertex algebra V(L), and there is an analogue of the Poincaré-Birkhoff-Witt (PBW)
Theorem on the linear basis of V/(L).

The second functor ¥ has completely different properties. We show that there exist
pre-Lie (super)algebras that cannot be embedded into a vertex (super)algebra. Namely, let
A be a pre-Lie (super)algebra. If A embeds into a vertex (super)algebra in such a way that
a.b = ab for all a,b € A and the locality function on A is bounded then the commutator
Lie (super)algebra A7) is nilpotent. In particular, as follows from the results of [11], a
finite-dimensional simple pre-Lie algebra cannot be embedded into a vertex algebra.

This research is supported by Russian Science Foundation (project 21-11-00286).

Sobolev Institute of Mathematics, Novosibirsk
E-mail: pavelsk@math.nsc.ru
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One jump away: Spectra of differentially closed fields

R. MILLER

The spectrum Spec(A) of a countable structure A is the set of all Turing degrees of
isomorphic copies of A. It is well known that every possible spectrum of a first-order
structure in a finite signature is also the spectrum of a symmetric irreflexive graph. In this
sense, the theory of such graphs is complete. Other complete theories include those of partial
orders, lattices, 2-step nilpotent groups, and fields; whereas more restrictive theories such as
linear orders, Boolean algebras, and algebraically closed fields are known to be incomplete.

The theory DCF of differentially closed fields of characteristic 0 has become prominent
in model theory: it is the analogue of algebraically closed fields when the signature also
includes a differential operator on the field elements. We will present joint work between
David Marker and the speaker, showing that this theory is incomplete for spectra, in the
sense given above. However, it comes close to completeness. The spectra of models of DCF
are exactly those sets of the form

{d : d' € Spec(G)},

for all countable graphs G. So this theory may be considered to be precisely one jump
away from completeness. The crux of the equality, in one direction, is a demonstration that
every model of DCF of low degree has a computable copy — a property well-known for
Boolean algebras (although the details are different) and recently studied in more generality
by several researchers as “strong jump inversion.”
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Reidemeister spectrum of classical linear groups

T. R. NASYBULLOV

Let G be a group and ¢ be an automorphism of G. Two elements x,y of G are said
to be (twisted) p-conjugated if there exists an element z € G such that z = zyp(z)~1.
The relation of ¢-conjugation is an equivalence relation on GG and it divides the group into
p-conjugacy classes. The number R(¢) € NU{oo} of these classes is called the Reidemeister
number of the automorphism .

The Reidemeister spectrum Specy(G) of a group G is the subset of NU{oco} of the form
Specp(G) ={R(p) | ¢ € Aut(G)}. If Specy(G) = {oo}, then the group G is said to possess
the R..-property. The problem of classifying groups which possess the R..-property was
proposed by A. Fel’shtyn and R. Hill in [1]. The study of this problem has been quite an
active research topic in recent years.

Duirng the talk, at first, we are going to discuss several applications of twisted conjugacy
relations and the R..-property in different areas of mathematics, and then talk about twisted
conjugacy classes, Reidemeister spectrum and the R..-property for classical linear groups.
Most of the results we are going to discuss are collected in papers [3, 4, 5].

If F is an algebraically closed field of zero characteristic such that the transcendence
degree of F over Q is finite, then a lot of linear algebraic groups are known to possess the
Roo-property (see, for example, [2]). In the talk we are going, in particular, to consider
linear algebraic groups over an algebracally closed field F of zero characteristic in the case
when the transcendence degree of F over Q is infinite. It turns out that a lot of linear
groups (including Chevalley groups of classical series) over such fields do not possess the
R o-property.
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Multi-agent temporal and modal logics with dynamic accessibly relations

V. V. RYBAKOV

We will report our own results and results of other authors in Multi-agent Temporal and
Modal logics with various temporal accessibility relations and their application in Informatics
and CS. We will start with non-transitive logics where elements of interval logics are applied,
and accessibility relations are non-transitive and chopped into intervals of bounded time.
Next portion of results concerns logics with multi-valuations - the case when the agents have
separated own valuations’ relations for propositions. Next we describe results concerning
logics with branching time. Final part of the report deals with logics which have dynamic
accessibility relations - the case when any state (world) generate (and hence have) its own
accessibility relation. We feel that it most close models the real run of time (or evolution of
any thread in computational process) - any current state has its own time. Mathematically
we study problems of satisfiability and decidability in these logics, problems of admissibility
of possible inference rules. Report will contain examples and illustrations of applications.

Supported by the Krasnoyarsk Mathematical Center and financed by the Ministry of
Science and Higher Education of the Russian Federation (Grant No. 075-02-2020-1534/1)
and by Research Program at the National Research University Higher School of Economics
(HSE University) Moscow.

Institute of Mathematics and Informatics, Siberian Federal University, Krasnoyarsk
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Effective inseparability and positive structures

A. SORBI

We examine the notion of effective inseparability, and how it has been recently exploited
in the study of positive structures, in particular positive lattices [2].

A positive lattice L is said to be uniformly effectively inseparable (abbreviated as u.e.i.)
if its equality relation corresponds to a positive equivalence relation =y, yielding a partition of
the set w of natural numbers in equivalence classes which are pairwise effectively inseparable
in a uniform way (for applications of uniform effective inseparability to positive equivalence
relations see [1] ). The following hold of a u.e.i. positive lattice L, and the preordering
relation <; on w corresponding to the partial ordering relation of the lattice: (1) <y, is locally
universal for the class of positive preordering relations, i.e. inside any nonempty interval of
<, one can computably embed any positive preordering relation; (2) <y, is uniformly dense,
i.e. there exists a computable function f such that if z <p y then x <p f(z,y) <r y, and f
is well defined on equivalence classes of =1: if z =, 2’ and y =, ¢ then f(x,y) = f(2', ).

Luckily, to check that a given nontrivial positive bounded lattice L is u.e.i., it is enough
to check effective inseparability of the pair (0r,17) of equivalence classes corresponding to
the least element and the greatest element, respectively, of the lattice. This has obvious
applications to the study of formal systems, and Lindenbaum lattices of sentences. A Lin-
denbaum lattice of sentences (for this topic see [5]) is a positive bounded lattice L¢ 7, where
T is a recursively enumerable (r.e.) consistent theory, such that: its universe is given by an
r.e. set of sentences C which is closed under the connectives A and V; its preordering relation
is given by provable implication in 7T'; lattice equality is given by provable equivalence in T7
the sentences of C which are refutable in T' correspond to the least element of the lattice,
and the sentences of C which are provable in T' correspond to the greatest element. In these
cases, in order to show that the preordering relation of L¢ 7 is locally universal and uni-
formly dense, it is enough to prove effective inseparability of the pair of sets (Or¢ ., 11 1)
Examples not previously noticed in the literature include Lindenbaum lattices L¢ 7 where:
(a) T is any r.e. consistent extension of either one of Robinson’s systems R or @, and C
contains the 3A( sentences; the same holds if we let T" be any r.e. consistent intuitionistic
extension of either one of the intuitionistic versions of Robinson’s systems; (b) 7" is any
r.e. consistent extension of Buss’ weak arithmetical system Si, and C is the class 32 of
sentences.

We examine also applications of effective inseparability ([4, 3]) to the general problem
of which positive equivalence relations can be realized (up to computable isomorphism, or
computable bi-embeddability of equivalence relations) as word problems of positive algebras.
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Coding and decoding in classes of structures

A. SOosSKovaA

Friedman and Stanley [1] introduced Borel embeddings as a way of comparing classifi-
cation problems for different classes of structures. A Borel embedding represents a uniform
procedure for coding structures from one class in structures from another. Many Borel
embeddings are actually Turing computable.

When a structure A is coded in a structure B, the effective decoding is represented
by a uniform effective interpretation [2]. Part of the effective interpretation is Medvedev
reduction.

The class of undirected graphs and the class of linear orderings both lie on top un-
der Turing computable embeddings. The standard Turing computable embeddings of di-
rected graphs (or structures for an arbitrary computable relational language) in undirected
graphs come with uniform effective interpretations. We give examples of graphs that are
not Medvedev reducible to any linear ordering, or to the jump of any linear ordering. Any
graph can be Medvedev reducible to a linear ordering using computable >3 formulas. Fried-
man and Stanley [1] gave a Turing computable embedding L of directed graphs in linear
orderings. We show that there do not exist L, ,-formulas that uniformly interpret the in-
put graph G in the output linear ordering L(G). This is joint work with J. Knight, and
S. Vatev [3].

We have also a positive result — we prove that the class of fields are effectively inter-
preted in the class of Heisenberg groups generalising an old Maltsev’s result. The second
part is a joint work with R. Alvir, W. Calvert, G. Goodman, V. Harizanov, J. Knight, R.
Miller, A. Morozov, and R. Weisshaar [4].

The research was supported by FNI-SU 80-10-136/26.03.2021 and NSF Grant
DMS-1600625.
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SaMbIKaHUA CIIJIETeHI/II?I, ﬂeﬁCTByIOLHHX Ha OEKapTOBbIX CTEIIEeHAX

A. B. BAcunbeB, 1. H. IIOHOMAPEHKO

[Iycts m — HATypa/ibHOE YKCIIO, a () — KOHEYHOE MHOXKECTBO. 1M-3aMbIKAHIEM T'DYIIIbI
G < Sym(Q) maspBaercs manGomsiras rpymma G(™) momcramoBok Ha (), HMeOIIAsS Te iKe
opOUTHl B MHOYIIMPOBAHHOM HeiCTBUM Ha mekaproBoll crermenu 2, uro m (G. Haiimena
TouHAas (POpPMyJIa I M-3aMBbIKAHUS CIJIETEHUs B €ro MeNCTBUU Ha NEKAPTOBOU CTEIeHN.
Kaxk cnencrBue, mosmyueHo 1OCTATOIHOE YCIIOBUE BIIOXKEHUS 9TOTO 1M-3aMbIKAHUS B CINIETEHIE
M-3aMBIKaHIN (DaKTOPOB.
UM CO PAH, Hosocubupck
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CoBepilleHHbIE PACKPACKU CKPEIIIEHHOUN ITPU3MbI

M. A. JIucunbIHA
Packpacka Bepiiua rpada G Ha3BIBACTCSI CO6EPUeHHOU, €CITU IIBETOBON COCTAB BCSIKOM ChephI
panuyca 1 B aToM rpade 3aBACUT TOJIBKO OT IIBETA €€ IIeHTpA.
I'pad ckpertennoir mpusmbl C' Py — 9T0 Tpad, MOTYIEHHBIN U3 IBYX HEMEPECEKAIOIITIXCST
GECKOHEUHBIX Ienell (BepUINHBI BEPXHEN [eNn — YeTHBIE qncna a BepumeI HIDKHEN Tenu —
HeUYeTHBIE) NOOABIEHIEM COBEPIIEHHOIO MapOoCOYeTaHus (CM. PIHC.)

XX XXX XXX

CoBepiiierHas packpacka rpada CKpeIeHHON TPU3MbI

B pa6ote uccrenoBannr coBepiiiennbie packpacku rpada CP,, B MPOM3BOIBHOE KOHEU-
Hoe unciio 11BeToB. CoBepIlleHHbIE paCKpacKu B k IIBETOB /I BCEX HATYPATbHBIX k OMUCAHBI
panee y rpada 6eCKOHeTIHON Tpu3Mbl Py, [1], 66CKOHETHOTO IMPKYIISHTHOTO Tpada ¢ IUCTAH-
musimu 1 2 Cligg(1,2) [2] u nexcukorpaduaeckux npoussenernit 6eckoneunon nemu Co, Ha
rpads K, u K, [3].

Besikas coBepirienHass packpacka CKPEIEHHON MPU3MbI MEPUONNYHA. SalUChIBATL €€
nepuon O6ymeM Tabmnuiieir pasmepa 2 X [, rme | — mimHa mepumona, mepBas CTPOKa TabIIUIbI
COOTBETCTBYET pacKpacke BepxXHeEH Ienu, BTopas — HumkHeil. Ha pucynke m3obpaxkeHa co-

1 3 2
2 3 1 1
npencTaBieH OejbIM, BTOPOW — CEPBIM, & TPETUHl — YePHBIM, B COOTBETCTBUU C BO3pacTa-
HIEM UHTEHCUBHOCTH IIBETA.

Bbaoxom sBnsercs mapa BepiumH omHou moiu B 4-mukie rpada C' P,,. Packpacky ckpe-
IIIEHHOIN MPU3MBI HA30BEM QU3 BLIOHKMHOU, €CITA IBETOBLIE COCTABLI PA3IMYHLIX OJIOKOB B HEl
60 He mepecekaroTCs, Tubo CoBMamaoT. BepHO yTBepx)aeHuIe.

Teopema. CoepIiiieHHbIE pACKPACKT I'Paga CKPEIeHHON IPU3MbI UCIEPIBIBAIOTCS CJIE-
IYIOIINM CIIIICKOM:

1. nU3BIOHKTHBIE COBEPIIEHHBIE PACKPACKIH;

2. 4eThIpe HEOAU3BIOHKTHBIE COBEPIIIEHHBIE PACKPACKH:

1 1 2 1 1 1 3 2 1 1 2 1 1 1 3 2
1 2 1 1/)7\2 3 1 1)7\1 2 1 1) \2 3 1 1)
CIINCOK JIMTEPATYPBI
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[3] Lisitsyna M., Avgustinovich .S., Parshina O., On perfect colorings of infinite multipath graphs // Sib.
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BepIIIEHHAasI pacKpackKa MCCienyeMoro rpada ¢ mepuonoM ( ) [lepBoiii BET

Boewnas axademusg ceg3u um. Mapwasa Cosemcrxozo Cowza C. M. Bydewnozo, Cankm-Ilemep6ype
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AJ'II‘OpI/ITM HaX0X[AEeHNUsA pellleHnuss CUCTEMbl HEPpaBE€HCTB C HEU3BE€CTHbBIMMN
B MYJIbTHOIIEpaIInaAX

H. A. TIEPSI3EB

IIycts A — KoHeuHOE MHOXkKeCTBO. He yMeHbIIas OOIIHOCTU MOXKHO CUMTATh, uTo A =
{2021, ...,2F=1} 1 24 ecTh MHOXECTBO Beex ero momvuoxkecTs. OTobpaxkenue f : A" — 24
OymmeM Ha3bIBATH MYJIbTUONEPAIIEl pa3MepHOCTHU n, panra k. I[as MHOXecTBa BCEX TaKUX

M 7 o /\/l(n)
yJIbTI/IOHepaL[I/II/I BBeOEM OOO3HaYECHUE k-

Omnpenenum (n+1)-MecTHBIN omepaTop Cynepro3utuu mist fo, ..., fr € ./\/l,(cn) TakK:

(fO*fl)"')fn)(ala"'7afn> = U f()(bl,...,bn).
bi€fi(ar,...,an)
[TousTHE TEepMa ¢ MHOXECTBOM TIePEMEHHBIX X U MHOXKECTBOM KOHCTAHT K HaI MHOXKe-
cTBOM MynbTuoneparuin F C /\/l,(ﬂn) OIIpeNerIsIeTCs CIAEMYIOITIM 00pa30M:
e jri00as KoHCcTaHTa u3 K wian mobas nepeMeHHas n3 X SBJISI€TCS TEPMOM;
o f(t1,....,t,) — Tepm, eciiu f € F u ty,...,t,, TEpMBL.
e to(ty,...,t,) — Tepm, ecau to, ..., L, TEPMBIL.

O6LT_II/II71 By CUCTEMBI HEPAaBCHCTB C HEU3BECCTHBEIMU B MYJIbTUOIICPAIIUAX:
tl(ca $) g q1 (Ca I)

............................ (1)

rne t;,q; — TEePMBI C IIEPeMEeHHBIMU £ U KOHCTaHTaMu ¢ Ham F' C ./\/l,(cn).

Pemennem cucrtemsr (1) HasbiBaeTcss HA60p MyJIbTUONEPALUN (1, ..., §s, TAKOH UTO IS
BCEX ¢ BBIMIOJIHSAIOTCS BKJIIOUEHNS IIPU CTAHOAPTHOM OIpPENeSIeHNN 3HAUEeHUs TePMOB IOCpe-
CTBOM BBEIEHHOT'O OIlepaTOpa CyNIepIO3UIINN:

ti(¢,91(), ..., 95(0)) € 4i(€, 91(6), ., 95())

Paspaboran amropuTm pelleHus CUCTEMbI HEPABEHCTB C KOd(pduimeHTaMu U CO MHO-
TUMU HEM3BECTHBIMU B MHOXKECTBE MYJILTUOMEPAINI ¢ CyNepIo3uIineil. AJITOPUTM PeIeHus
TaKOI CUCTEMBI II0JIydaeTCsl CBeOeHNEeM K HaXO0XKICHUIO PelIeHNsI HEKOTOPOIro OyJIeBOro ypas-
HEHUs 1 OCHOBAH Ha MPENCTABJICHUN CYNEPIIO3UINN MYJIbTHONEPAINl IPOCTPAHCTBEHHBIMUI
GyneBbiMu MaTpuramu [1].

CIIMCOK JIMTEPATYPBI

[1] Hepszes H. A., Ilpencrasnenue anre6p MyJIbTHONEPALUI IPOCTPAHCTBEHHbIME MaTpunamu // Anrebpa,
TEOpUsl YMCENl U OUCKPETHAs T€OMETPHUs: COBPEMEHHBIE TTPOBIIEMBI, TPUJIIOKEHUS U MTPOGIEMbI UICTOPUMN.
MaTtepuansr XVIII Mexnyunaponuoit koudepennuu, Tyma, 23-26 cenTsops 2020 roma. Tyma. TTIIY.
2020. C. 107-111.
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PeﬁepHO-TpaH3I/ITI/IBHbIe HaAKPBbITHUA IIOJIHBIX I"pa(l)OB n acconmmupoOBaHHBbIE
C HUMM CX€MbI OTHOIIICHUI

JI. FO. IIMOBKMHA

Hokman MOCBSIIEH MCCIIENOBAHUIO MTPOOJIEMBI KIaccubukanum pebepHO-TPaH3UTUBHBIX
MUCTAHINOHHO PETYIISPHBIX aHTHUIONAIBHBIX HAKPBITUH MOMHBIX rpados. Ilycts I' — 31O
Takoe HakpbITHe 1 (G — 3TO €ro MpOu3BOIbHAS PeOEPHO-TPAH3NTUBHAS T'PYIINa aBTOMOPdMI3-
MOB. O6o03HaunM depe3 () u S MHOXECTBO BEPIIUH HAKPBITHAS | U MHOXECTBO OpOUTAJIOB
(nmu 2-op6ut) rpynnsl G Ha ) coorBercTBenHo. Torma mapa Inv(G) = (92, S) obpasyer
IIIYPOBY CXeMy OTHOIIEHUI, acconunpoBaHuyto ¢ rpynnoin G. IIpu sTom MHOXecTBO OyT Ha-
KPBITUS SIBIISIETCST OObenuHeHneM Habopa u3 He 60jiee AByX opbuTasoB rpymnnbl G 1 KpoMme
roro, G MHAyIUpPYeT 2-0MHOPOMHYIO I'PYIIIy HOACTAHOBOK G Ha MHOXKECTBE Y aHTHIIONAIb-
HBIX KJIacCOB HAKphITUs I', koTOopas BBumy TeopeMm KanTopa m bBepucaiima sBisieTcs mubo
MOYTH TpocTou, nubo adduuHon. B mamHOM mokname OyIyT IpencTaBiIEHLI HEMaBHUE pPe-
3yJIbTATHI ABTOPA IO KiIaccuuKanumu HakpbiTuit I' u cxem otHomenuit Inv(G), nomyyenubie
mus caydas, korga G — MOYTH IpOCTas IPyIIA.

PaGora asropa Bumosnnena npu nopaepxke rpanta PH® (mpoext 20-71-00122).

Huemumym mamemamury u mexanuku um. H. H. Kpacosckozo, Examepunbype
E-mail: 1.tsiovkina@gmail.com
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k-Closures of finite nilpotent permutation groups

D. V. CHURIKOV

Let G be a permutation group on a finite set 2. Denote by Orby(G) the set of orbits
(k-orbits) of the componentwise action of G on QF. H. Wielandt [1] defined the k-closure of
G to be the group of all permutations that preserve every k-orbit of G as a set

G = Aut(Orb(G, QF)) = {g € Sym(Q) | 09 = O YO € Orb,(G)}.

A permutation group is called k-closed if G®) = G. In this talk we discuss k-closures of
finite nilpotent permutation groups. It is well-known that every finite nilpotent group is the
direct product of its Sylow subgroups. The main result of this talk states that the k-closure
operator preserves this direct product.

Theorem. If G is a finite nilpotent permutation group and k > 2, then G*) is the direct
product of k-closures of Sylow subgroups of G.

This theorem generalizes results of [2, 3] and provides a criterion of the k-closedness for
finite nilpotent permutation groups.
Corollary. For k > 2, a finite nilpotent permutation group G is k-closed if and only if every
Sylow subgroup of G is k-closed.

Acknowledgments. The work is supported by the Mathematical Center in Akademgorodok
under the agreement No. 075-15-2019-1613 with the Ministry of Science and Higher Education of
the Russian Federation.
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Koolen—Park bound and nonexistence some distance-regular graphs

A. A. MAKHNEV

Koolen and Park obtained following bound.
Proposition 1. Let I' be a distance-regular graph, s be a maximal size of coclique in

local subgraph of I'. Then
s(ap +1)—k
()

Distance-regular graph I' of diameter 3 having the second eigenvalue #; = ag is called
Shilla graph. In this case a = a3 devides k and we set b = b(I") = k/a.

By using Koolen-Park bound we proved

Theorem 1. Distance-regular Shilla graphs with b = 3 and intersection arrays {69, 48,
24;1,4,46Y, {93,64,24;1,6,62} do not exist.

Belousov I.N. found intersection arrays Shilla graphs with b = 4 (50 arrays) and with
b=>5 (82 arrays).

Theorem 2 (Belousov I.N., Makhnev A.A., Jinzhun C.). Shilla graphs with b = 4
and intersection arrays {140,108, 36; 1,3,105}, {188,144, 48;1, 3,141}, {196, 150, 48; 1,4, 147},
{220, 168,48;1,3,165},{224,171,57; 1, 3,168}, {308,234, 76; 1,4, 231}, {308, 234, 78; 1, 3,231},
{404,306, 102; 1, 3,303}, {420, 318, 104; 1, 4, 315}, {476,360, 120; 1,3, 357}, {572,432, 144; 1,9,
429}, {644, 486,160; 1, 4,483}, {680,513, 168;1,8,510}, {728,549,183;1,3,546}, {764,576,
192;1,9,573}, {780,588,192;1,12,585}, {804, 606,202;1,2,603}, {868,654,216;1,4,651},
{980, 738, 246; 1, 3,735} do not exist.

Theorem 3 (Belousov I.N., Makhnev A.A., Haiyan L.). Shilla graphs with b =5
and intersection arrays {305, 248, 62; 1, 2,244}, {315, 256, 64; 1, 2,252}, {345, 280, 64; 1, 4,276},
{615,496, 124;1,4,492}, {815,656, 164; 1,2,652}, {855,688,172;1,4,684}, {855,688,170;1, 5,
684}, {910,732,180; 1,10, 728}, {1000,804,201;1,3,800}, {1045,840,210; 1, 6,836}, {1055,
848,212; 1, 4,844}, {1080, 868, 215; 1, 5,864}, {1155,928,232;1,2,924}, {1185, 952, 245; 1, 5,
048}, {1235,992, 248; 1,8, 988},{1535, 1232, 308; 1, 8, 1228}, {1560, 1252, 310; 1, 10, 1248},
{1615, 1296, 324; 1,12, 1292}, {1665, 1336,334; 1,2, 1332} do not exist.

It is supporeted by Russian Science Fund (project 19-71-10067).
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Teopemsbr I'énesiss 0 HemosTHOTE apu@METUKN CKBO3b IIPU3MYy IIpeauKaTa
OIIPOBEP2KUMOCTH

A. B. BECCOHOB

B mokasarenbcTBax cBomx TeopeMm O HemomHOTe 'ément Gopmanmusyer (He)IOKa3yeMOCTb B
dopmasnbroi apudmeruke Henekunna-Ileano (PA)mocpencTBoM mpemmkara IOKa3yeMOCTH
Pr(x,y), MCTUHHOTO TOr[a W TOIBKO TOTMA, KOTMA T SIBJISETCS TENEJEBLIM HOMEPOM He-
KOTOpO# (OPMYJIBI, & Y — HOMEPOM MOKAa3aTeJIbCTBA ATOH (DOPMYJIBI WJIN HEKOTOPOTO €€
KOHCTPYKTUBHOTO mipeobpaszosanus.lIpu sTom kakue-nmu6o unble Beipasumble no-I'énemio (G-
suipasumbie, definable) mpenukaThl OOGBIYHO BOOOIIE HE PACCMATPUBAIOTCA. UTO GymeT ¢ Te-
OpeMaMu O HEIOJIHOTE IIPU aJIbTePHATUBHBIX criocobax dhopmanm3anun (He)IoKa3yeMOCTH !

BwMmecTo rémeneBa mpenukaTa IOKa3yeMOCTU PACCMOTPHUM IIPEOUKAT ONPOSEPHCUMOCMNU
F(x,y), KOTOPBIN BBIIOIHAETCS TOTIA U TOJBKO TOTA, KOTIA T SBIISETCS TENEIIEBBIM HOME-
poM HekoTOopoit dhopmynsl P(z) ¢ omHON CBOGOMHON TIEPEMEHHOM, & Y — TéIeIeBBIM HOMEPOM
BoiBona —P(z), T.e. HOMEpOM BBIBOmA ompuyanud HopMyIsl, morydenaon u3 P(z) momcra-
HOBKOW YHCJIa T HA MECTO MEPEMEHHON 2. DTOT mpenmkar paspemmuM, oi G-Bbipasum B PA
HeKOoTOpoll apudmerudeckoin hopmynoir F(z,y). Pacemorpum dopmyny JyF(x,y), n nupen-
MTOJIOXKUM, UTO €€ TémesieB HoMep paBeH m. [loncTaBuB B 5Ty hOpMyITy HyMepasl m Ha MEeCTO
T, TOIy4uM (popMyIy

JyF(m,y), (1)

(G-BBIPAXKAIOIIIYIO CBOIO COOCTBEHHYIO OMPOBEPXKUMOCTD. [lOUTH HOCIIOBHO TOBTOpSIST Téme-
JIEBCKUE PACCyKIEHUs, HOoKasbiBaeTcs, uTo (1) mepasperuma, eciiu PA ynosrersopsier yciio-
BUSIM, QHAJIOTMYHBIM MéIeseBbIM. TakuMm 06pa3oM, B Halell hopmann3annn (He)IoKa3yeMOCTH
B PA mepBas Teopema 0 HEMOTHOTE COXPAHIET CBOIO CUTy. A uTo GymeT co BTOPOI TeopeMoii?
Pacemorpum npenukat onposepxkumoctu Fals(z,y), KOTOPBI BBIMOIHIETCS TOTAA 1
TOJIBKO TOTMa, KOTIA T SIBIISIETCSI TEMEIEBBIM HOMEPOM HEKOTOPOI (hOPMYJIBI, & Y — TEIeIeBbIM
HOMEPOM JOKa3aTeIbCTBA OMPUYAHUL FTON POPMYIbI. DTOT IPEAUKAT PA3PEIInM, & 3HAUUT,
G-Beipasum B PA mekotopoit apudmeruyeckoir popmyson Fals(z,y). Bossmem dopmysty

Jz3yFals(x,y). (2)

Ona umraercs Kax ’umeercs popMmysia, OTpUIlaHIe KOTOPoi nokazyemo B PA” | uro, B mpern-
[IOJIOKEHU O HepoTuBopeunBocT P A, 03HaUaeT HEMOKA3yeMOCTh 9Toi hopmysisl. [losTomy
(2) G-Bripaxkaet cyiecTBoBanue B PA Hemokasyemoit hopMysibl u TeM camMbiM (G-BBIpAXKaeT
HEIIPOTUBOPEYNBOCTL PA.

Jlerko mowsThb, uTO (2) smementapuo mokasyema B PA (cm. mamp., [1]. Ho sro mpsvo
ommpoBepraeT OOIIETPUHATYIO MHTEPIIPETAIINIO BTOPON TEOPEMBI O HETIOJTHOTE: ~ apudMeTuKa,
€CJI OHA HETPOTUBOPEYNBA, HE MOXKET JI0Ka3aTh CBOIO COOCTBEHHYIO HEIIPOTUBOPEUNBOCTD .
OTcioma cremyeT, 4TO MepBas TeopeMa O HEMOJHOTE He3aBUCUMa OT BTOPOWM: IPU OIHON
dopmanusanun (He)nokazyemoctu B PA 06e TeopeMbl BEPHBI, a IIpU APYTOil — IepBasi TeopeMa
BEPHA, a BTOpAas HET.

Mbr MOXKeM Tak:ke yTBEPXKAAThb, YTO B OCHOBe (HEBEpHOIT!) MOrMBI O HEBO3MOMXKHOCTI
cpencTBaMu apuMeTUKN HOKa3aThb ee COOCTBEHHYIO HEIPOTUBOPEUYUBOCTDL JIEKUT CIIydall-
HOoe cobbiTme. Ecmu Obr ['€menb mitsd mokasaTebCTBa CBOEW MEPBOU TEOPEMBI O HEIOTHOTE
BMECTO TPENUKaTa MOKa3yeMOCTHU BBIOpasI MPEmUKaT OIMPOBEPXKUMOCTHU, TO 3Ta JOTMa BO-
obriie He Obla Obl chopmynupoBana. W yx TeMm 6osiee OHa He MOTJIa OBl HCIOIB30BATHCS
B apryMeHTaIluu NPOTHUB peajim3yeMocTu mporpamMm ['unbbepra GuUHUTHOrO 0OOCHOBAHUS
MaTeMaTHUKN.
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MOI[eJ'II/IpOBaHI/Ie I_II/I(I)pOBbIX HBOﬁHMKOB poneﬁ Ha OCHOBE CEMAaHTHNYECKUX
IIpeaMeTHO-OPNMEHTUPOBAHHBIX A3BIKOB

A. . BATAHOBA, II. E. ITANbYYHOB

[Mudposoit neoitauk (1) - 370 BupTyaspHOe npencTasieHne GU3MIECKOro 06beKTa, Cr-
CTEeMBI UJIU TPOIIECCA B TEUEHUE €T0 XKM3HEHHOTO ITUKJIIa C UCIIOJIb30BAHIEM MTAHHBIX B PEXKUME
peasibHOro BpeMeHn [1].

HudpoBble OBONHUKEN OU3HEC-TIPOIIECCOB Pa3pabaThIBAIOTCS HA OCHOBE MAHHBIX W3 WH-
dbopMaImoHHbIX cucTeM npennpusTuii. OHU MOTYT HUCIOIB30BATHLCS IS MOOETMPOBAHUS
CIIEHAPUEB U CUTYAIlUll, TECTUPOBAHUS ITPOIIECCOB IIPU M3MEHEHUN YCJIOBUIA, pa3paboOTKu >d-
(DEeKTUBHBIX METOMUK YIIPABIIEHUS U Tpom3BomcTBa. s ux co3manms HEOOXOOUMO CO3MATh
0a3y 3HAHUN O MIPeIMeTHON 00JIacTH, CO3IaTh HMU(POBBIX IBOWHUKOB PErJIaMEHTOB U PO-
JIell, yIacTBYOMIuX B mporeccax. OcHoBHas mpobiieMa TaKOro MOAXOMa 3aK/II0UAETCSI B TOM,
YTO MPOIECCHl B OM3HECE MOOBEPTaiOTCs HEIIPEPBIBHOMY W3MEHEHUO, U MN(GPOBONA TBONHUK
TIOJKEH ONEPATUBHO OTPaXaThb B cebe Bce M3MEHEHUS.

PeIHeHI/IeM ABJIACTCA UCIIOJIB30BAHNEC CEMAaHTNYCCKUX IMTPEAMETHO-OPUEHTUPOBAHHBIX A3bI-
koB (sDSL, semantic domain-specific languages). Konnenmus ceMaHTIIeCKOr0 MOIEINPOBa-
HIS 3aK/TI0YAETCS B Uee NCIOTHIEMBIX CIeNN(GUKAINN: CIIEIUAINCT B TPEeOIMEeTHON 001acTr
3amaeT cuenuuKalmy Ha CEMAHTIYECKOM sI3bIKe, I OHU Jajiee OyayT aBTOMATUUECKN UCIIOJ-
HEHBI 1/ 1iIu Tpeobpa3oBaHbl B paborarommuii ko, Taxoil OaXom O3BOIIIET JIETKO MOMOTHATh
I U3MEHATH NOCKJIapATUBHOE OIMMCAaHNE CHUCTEMBI, IIOBBIIIIACTCA Bq)(peKTI/IBHOCTb NCIIOJIB30BaA-
Hust nudpPOBOroO ABOMHUKA [2].

31k dOsl sBriseTcs s3pikoMm sDSL, o uconb3yeTcest o1t Co3maHust IpeaMeTHO-OPUEHT -
poBaHHBIX 3bIKOB (domain-specific languages, DSL), mo3BOISIOIINX OMUCHIBATE MPEIMETHYIO
0671aCTh, CO3MaBaTh OU3HEC-IpaBUIIa [3).

POJH/I B 6H3Hec—npoueccax CTPOATCA Ha 3HaHUAX M KOMIIETCHIUAX OPUTMHAJIA, MCIIOJIb-
3YIOT IIpaBa OOCTYNa K MAHHLIM U IIpaBa Ha MPUHITHE PELIeHUN NI YIIPaBIIEHUs OU3HeC-
nporieccamu. s cozmanms mudpPOBOTO OBOWHUKA POJIU JTaHHAS WHOOPMAIIUS OMUCHIBAETCS
Ha sa3bike d0sl u masee TpaHCIUPYETCS B UCIOITHSIEMBIN KOJI.
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Pa3pa60TKa MeTOOdOB aBTOMAaTM3alldIM CO3daHUA CMapT-KOHTPAKTOB CpeacTrBaMM
CEMaHTNUYECKOIro Moae/inpoBaHUA 61/13HeC-1'IpOI_IeCCOB

A. T". T’ATUEBA

Texymmit T7100aIbHBIN TPOIECC KOMITBIOTEPU3AIINN SKOHOMUUECKUX ITPOIECCOB TpebyeT pe-
IeHus 3aad aBTOMAaTH3aIuu Ou3Hec-mporieccoB. Ha maHHBIT MOMEHT pa3paboTaHbl pas-
JIMYHBIE METONBI (hOPMAJIM30BAHHOIO OMUCAHUS OW3HEC-ITPOIIECCOB, OCHOBAHHBIC HA, CEMAaH-
Tuueckux Momensax [1-3].  Cremyrommm 5TamoM peausaluy aBTOMATH3AIUU TakuxX (Hop-
MaJIM30BaHHBIX OM3HEC-TIPOIIECCOB BLICTYIIAET PENIeHNe 3aaul YIPOIIeHNS ayIuTa CMapT-
KOHTAkTOB. OOHUM 13 BO3MOXHBIX PEIIEHUN 5TON 3am0adl MOXKeT ObIThH obeclieueHume He-
TIOCPENICTBEHHOTO YIPaBJIeHNs TPEOOBAHUSIMU W yCJIOBUSIMU CMApT-KOHTPAKTa SKCIIEPTaMI
IIpenMeTHBIX o0IacTell OM3HEC-TIPOoIlecca.

Henbio paboTwl sgBIISETCS pa3paboTKa METOIOB aBTOMATHU3AINN CO3MAHUS CMapT-KOHT-
PaKTOB CPENCTBAMU CEMaHTUIYECKOTO MOOEIUPOBAHLS OU3HEC-ITPOIIECCOB.

B xome paboTs! 6b171a paspaboTaHa IpOrpaMMHAast CUCTEMa CO3MAHUS U BATUOAIINNA CMAaPT-
KOHTPAKTOB, PeaJTN3yI0Illas UTepATUBHBIN mpotiecc aynuTa. M Teparius 3TOro mporecca BKITIO-
YaeT TeHePalluio TEKCTa JTOTOBOPa HA €CTECTBEHHOM S3bIKE M3 ONMUCAHUS CEMAHTUUYECKON MO-
IeqTu, a TaKXKe ero pelakTUpPOBaHUE SKCIIepTaMu IpenMeTHon obmactu. s mapameTpu3sa-
[IUU CMapPT-KOHTPAKTOB MPENIOJIAraeTCs UCIOIB30BAHIE NEPAPXUIECCKUX ITTaOIOHOB.

Hayunbnii pykoBonurens — O-p ¢us.-MarT. Hayk, npod. [lagpuaymos 1. E.
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CuHTaAKCUYECKUl MEeTO IMOCTPOEHUs MOJINHOMUATILHO-BBLIUNCIINMbIX
H>Y> -Mmonenen

B. H. I'nymkoBA

B koHIeNImu ceMaHTUIeCKOTo MporpaMMupoBanust [1] pazpaboran MeTorn Bepudukammun
MIOJTMTHOMMAJILHO-BRIYUCINMBIX HY-Momerneir, 0cO6eHHOCTE KOTOPOTO COCTOUT B CTPYKTYPU-
POBAHWUU CIIMCOYHBIX HAACTPOEK Han Momenbio npasuiamu K C-rpammvaruk G = (V) Pr)
(V, Pr— muo)kectBa cuMmBosioB u npasui). Ilycrs 9 = (U, Int) Monens CUTHATYDBHL 0 =
(S,C,F,P,p), rne S, C', P, F—MHOXeCTBa COPTOB, KOHCTAHT, IPEIUKATOB 1 (DYHKIUI, COPT
list € S, dyukuus "copr’p : (P UF — I(S)), I(S)- MmHOXKECTBO HAGOPOB § 5IIEMEHTOB
u3 S, U— yuusepc momenu, Int—unTepnperanus curHaTypbl. CrucodHas HaACTPOMKa MO-
nemu cocrout n3 KC-muoxecrsa cruckoB Dg(Ch), Cp C C. Cumcok mpencTasiser IepeBo
TakuM 00pa30M, IYTO OTHOIIEHUIO HETIOCPEICTBEHHOIO MTOMYNHEHNSI BEPIIIUH IEPEBA COOTBET-
CTBYeT OTHOIIIEHUE IPUHAIEXKHOCTH 31eMeHTOB cuucka. CopT cmucka | onpenenseTcs MeT-
KOIl KOpHsI niepeBa tr u 3amaercs dyukumeit p: Dg(Cp) — S. Beibop knacca dhopmysn Teopun
Th Momenu MOTUBHUPYETCS METOMAMU MOIETUPOBAHUS WM OCOOEHHOCTSIMU BEPUGUIIIPYEMBIX
cBoricTB. B camom ycmernraoMm mpakTudecku 3HaunMoM MeTome "model cheking” Bepuduriu-
pyeTcs perynaspHas MOCIeN0BATEIbHOCTD JENCTBUN U COCTOSIHUN CUCTEMBI, IPEICTABICHHON
KOHEYHBIM BPEMEHHBIM aBTOMATOM. Vcmosnb3oBaHUE CHEIUATIBHBIX II€PEMEHHBIX-TOKATBHBIX
YaCOB MPUBOMUT K HEPEATMCTUIHBIM BBIYUCIEHUSIM aBToMaTa. OOBEIMHNM JIOTMYECKN B3a-
IMOCBSI3aHHBIE CPECTBa crenuduKanum CUCTeMbl: I'paMMaTuKy (mpasmia Pr mepapxusu-
PYIOT IPOCTPAHCTBO COCTOSHUUN UM NENCTBUIl MONEIMPYEMON CUCTEMBI), TIPUKIATHYIO Teo-
puto T'h hopMaIbHON MOMeIn, KOHEUHBIA aBTOMAT, MPENCTABIsIeMbIX I'padoM KaK CITHMCKOM
cMexHbIX BepuinH. B [2] Beimenen kmace AgT-GopMyi, mist KOTOPBIX MOXKHO MOCTPOUTH
MOJIEJIb ISl TTOCIIeNOBATEIBHBIX IPOrpaMM (pr) TPAQUIUOHHBIX S, Ha KOTOPOl MOXKHO Be-
puGUINPOBATH CBOWCTBO YaCTUIHOW KOPpPEKTHOCTHU pr. Ilas cucTeM pealbHOrO BpeMeEHU,
CPEeNCTBa MOOEIMPOBAHUS KOTOPBIX NOJIKHBI MOAIEPXKUBATL OECKOHEUHBIE AJIbTePHATUBHLIE
BBIYHCJIEHNS, BBOOUTCS Ki1acc GOPMYJI BUIA:

(Vn)(V.TEf)(gp(i’, t, n) - wl(ja t n) \ w2(i'7 t, n))
Popmyna ¢ COOEpXKUT OTPAHUYEHHBIN KBAHTOP V IO CIUCKAM CMEXKHOCTHU BepPIINH Trpada
C HETATUBHBIM BXOXIEHUEM €. BblmeseHHBIN s3bIK crenudukanumii u3 >— GOpMYyJI perraeT

OTKPBITYIO TTpobsieMy, chopmynupoBauuyio B “model cheking”. Ou saBnsercs 6osee BbIpa-
SUTEJIbHBIM 1 IIPOCTBIM IIO CPABHEHUNIO C TEMIIOPpAJIbBHBIMHI JIOTTKAMMN.
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Pa3pa60TKa NHTEJIJIEKTYAJIbHOI'O IIOMOIITHUKA OJIsA HaBUT'alluM

A. O. 3ANIEB

[lonmynsspHOCTB CeTU MHTEPHET U, KaK CiIencTBUe, pa3puTue [T TexHOMOr M yIIpOCTUIIN XKU3Hb
venoBeka. IlosgBuitach BO3MOXKHOCTB TOJIOCOBOW TEpemadn COOOIIEHU, W3-3a Uer0 HadaIn
Pa3BUBATLCS YMHBIE TIOMOITHUKY U 9aT-O00THI.

B pamkax paboThl MHTE/IEKTYabHBI MOMOIIIHUK - 5T0 WHGOPMAIIMOHAS CUCTEMa, CO-
3maBaeMas MJIs HaBUTAIWU. B Hee BXOOUT CUCTEMa IaTUYNKOB, OpaciieT, KOTOPBIN HAIEBaeT
Ha PYKY NOJIb30BaTeNlb, 1 MOOMIILHOE NIPUIIOKEHNE.

[Ipm monananum aboHEHTa B 30HY MNENCTBUS CUCTEMBI, TPOUCXOOUT UAeHTUGUKAIIS abo-
HEHTa U TMPOU3BOMAUTCS €r0 MOCTOSHHAs JIOKajdu3anusa. [Ipum mocTymieHnn TosI0COBOTO HIn
TEKCTOBOT'O 3aIpOca, CUCTEMa B PEXUME MUAJIOra OMPENesIseT IeIb 3aIIpoca, CTPOUT ala-
NTUBHBIN MapPIIPYT U C UCIOJIB30BAHIEM T'OJIOCOBOTO HABUT'ATOPA NOBOAUT aOOHEHTA IO IIeIIN
TN BBITAET €My HeOOXOMMMYIO MH(MOPMAIIAIO.

Henbio paboOTHI SBISIETCS CO3MAHIE KOMIIJIEKCA, COCTOSIIIETO U3 HECKOIBKUX JacTen:

1. YeTwipexypoBHEBasi ceMaHTUYECKAsT MONETb TPEIMETHON 06JIaCTH;

2. Onronormyeckas Momesb moib3osarens (1, 2];

3. Monymnpe onpenertieHnsT 1 IEKOMIIO3UILINY 337189 TOJIb30BATES;

4. Momynb TOUCKa ONTUMAIBHON MOCIIENOBATEILHOCTH NeiicTBuii|3];

5. Monynb aHaim3a TOHAJILHOCTH;

Ha nammOM 5Tame ObLIM pEIIEHBI CIEMYIONIAE 3a0adn: ITPOBENEH aHAIu3 JIUTEPATYPHI,
u3ydeHa MpeaMeTHas o0JacTh, pazapaboTaHa OHTOJOTMUECKAs MOMEIb PEIIaeMOn 3a0atvu,
OTpenesIeHbl TEXHOJIOT MY [T TTIOCTAaBIEHHON 3a,0a4l, ONMMCAHHBIE MOMYIN ObIIIN PEaIn30BaHbI,
COCTaBJIEHBI B EIUHHYIO CUCTEMY U IMPOTECTUPOBAHBI.

B pamMkax mambHeRIero pa3sBuTus ObLIA MOCTABIEHBI CIEOYIOIINE TII00aTbHbIE 3a0a9N:
TeCTUPOBAHUE MHTEJUIEKTYAJIbHOTO TTOMOIITHIKA Ha PEATHHBIX MOJIb30BATEISIX B IIOBCEIHEB-
HOH KW3HU, BO3MOXKHOE UCIPaBIIeHNEe NI KOPPEKTUPOBKA PabOThI KaK OTIETHHBIX MOIYJIEH,
TaK W CUCTEMBI B II€JIOM, pacCIIupeHre oOIacTU NeNCTBUS, ITyTeM MOOaBIIEHUS HOBBIX ITpen-
MeTHBIX O0jlacTell, a TakxXKe MOCTPONKa B3aMMONENCTBUU HE TOJBKO BHYTPU KOHKDETHOMN
IpeqMeTHON 00JIaCTU, HO U MEXIYy HUMU.
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NHaTepmmBUHIroOBhIE CEMAaHTUKN HEIIPEPBIBHO-BpeMeHHBIX ceTenl lleTpu
co ciaboll BpeMEeHHOU cTpaTeruen

A. IO. 3YBAPEB

HenpepsiBao-Bpemennas cets [lerpu (HBCII) — dopmannsm, mo3BOISMIONINI ONUCHI-
BaTh KaK (QYHKIIMOHAIIbHBIE, TaK 1 pealbHO-BpEMEHHbBIE XapaKTEPUCTUKN CUCTEM, UYTO JACTO
Tpebyercs npu Bepudukanuu. llepexonsr 8 HBCII umeroT gachkl 1 BpeMeHHOI WHTEPBAJI, a
COCTOSIHUST OIPENESISIIOTCS Pa3METKON W BEKTOPOM 3HadeHmit 4acoB. (CMeHA COCTOSHUS —
pe3ynbTaT XOOa BpeMeHU WiIn cpadaThiBaHUs nepexona. llepexonm moxeT cpaboTaThb U3 CO-
CTOSIHUSI TOJIBKO B TOM CJIydae, eCiIi OH Pa3pellleH B pasMeTKe (KaxKIoe BXOIHOE MECTO COmep-
XKUT DUIIKY) 1 3HAUEHEE er0 YaCOB JIKUT BO BDEMEHHOM HHTepBaJie. Jachl Hepa3pereHHbIX
MIEPEXOI0B HEAK TUBHBI U COPOIIEHBI. B mTpoMexKyTOTHOI TPOCTPAHCTBEHHON CTPATEr U, B OT-
JIm4ye OT aTOMAapHON U yCTOMYNBO-aTOMAPHOU, IIPU CcOpOCe YUUTHIBAIOTCS IIPOMEXYTOUHbIE
pasMerku (mocse moTpebiieHrst U [0 MPou3BonCTBa ¢uiek). Kpome Toro, B mpoMexyTou-
HOM M aTOMapHON CTPATErusIxX Yachl IIePexoma, KOTOPLIA cpaboTali, Bcerma cOpachbIBalOTCSd,
Jero MoXeT He ObITh B ycronmumBo-aroMapuoin crpaTernun. B HBCII ¢ cumbhO#l BpemeHHOI
CTpaTeruen paspeneHHbI tepexon 00s13aH cpaboTaTh He NI03[1Hee BepXHell I'PaHUIIbL €TI0 Bpe-
MeHnHOro naTepBaia, tTorna kak B HBCII co cmaboit cTpaTerueit Takoro orpaHuvIeHus HET.
N3BecTHO, YTO IBEe BpEMEHHBIE CTPATETUH SIBJISIOTCS HECPABHUMBIMU.

[TocnenoBaTenbHOCTE U3MEHEHUH COCTOSIHUI B PE3yJIbTATE XONa BPeMeHNU U cpabaThIBa-
HUI 1epexonoB (mpober) ompenesseT KIacCHIecKyl MHTepauBUHIOByIO cemanTuky HBCIIL.
B pabore onpeneneHsr n n3y4eHbl THTEPIUBUHTOBBIE CEMAHTUKN, OCHOBAHHBIE HA BPEMEHHBIX
nporeccax, B Tepmuuax HBCII co ciaboit BpeMeHHOI cTpaTerueit m pa3HbBIMEU IIPOCTPAH-
CTBEHHBIMIU CTPATEerusMu. BpeMeHHOU MHTEePJIMBUHIOBLIN IPOIEeCC 0OpPa30BaH U3 MPUINH-
HOI1 CeTH, BPeMEHHOrO rpaduka (BBIIOIHEHNE IPIYNHHON CETU BO BPEMEHN ) U TOMOMOP(HOTO
otobpaxkenus: mpuunaaon cetu B HBCII. [lpuuunnas ceTh — anukiandHas CeThb, MPEOCTa-
BJIEHHAsI MHOXKECTBAaMU YCJIOBUH M COOBITUM, KOTOPBIM COOTBETCTBYIOT MECTa U IE€PEXONbI
HBCII. Hamuas KOHCTPYKIIAS OMpenesnseT MPUINHHYIO 3aBUCUMOCTD U MAapaslIeSTu3M COObI-
Tl CUCTeMbl. BpeMeHHOI rpaduk — MOCIeNOBATEILHOCTD CPE30B MPUUNHHON ceTu (Makx-
CUMAJIBHBIX 10 BKJIIOYEHIIO MHOXKECTB IapaUIeSIbHBIX YCIOBUIl) CO 3HAYEHUSMU TII06AIIb-
HOTO BpeMeHU cucTeMbl. [lomydeHHBIE MUTS KaXXOOW MPOCTPAHCTBEHHOW CTPATErMN OT'DaHU-
JeHUsI Ha BpEMEHHBIE 3HaYeHUs B I'paduKe ONPENesIsIOT IOy CTUMOCTH BDEMEHHOTO IIPOIIECCA.
B xome paboTw 6bl1a OKa3aHa TeopeMa JEMOHCTPUPYIONIAs KOPPEKTHOCTD IPENJIOXKEHHBIX
MHTEPJIUBAHTOBBIX CEMAHTUK.

Teopema. CyiecTByeT B3auMHO OQHO3HAYHOE OTOOPAXKEHUE MEXKIY MHOXKECTBOM IIPO-
6€eroB U MHOXKECTBOM JIOITy CTUMBIX BPEMEHHBIX HHTePJIUBUHIOBbIX mpoieccoB HBCII.

HAncmumym cucmem ungopmamuru um. A.Il. Epwosa CO PAH, Hosocubupck
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NHaTeneKTyalIbHBIA HOMOIITHUK C MCIIOJIB30BAHUEM TEXHOJIOT U
MOIeJIMpPOBaHMs GU3HEC-IIPOIIECCOB

9. B. JIgmyk

NuTenmek TyaabHBIN TOMOITHAK — 3TO MPOTPAMMHEBIA areHT, KOTOPBI PaCIO3HAET KO-
MaHIbI TTOJIL30BATENS U BHITIOJIHSIET HA WX OCHOBaHWHU Tpebyemble 3amadu. [lom mporpamm-
HBIM ar€HTOM 3[€Ch ITIOHIMAETCSI KOMIIOHEHT IIPOrPAMMHOIO 00eCIIeUYeHNsI, KOTOPBIN CIIOCOOEH
HeﬁCTBOBaTb C JIOCTaTOqHOﬁ TOYHOCTBIO, YTOOBI BBIIIOJIHITH 3a0a491 OT IMEHUM CBOETO IIOJIb-
3oBaTens [1].

Nmeer cMmbIcT paccMOTpPETH HUCIOJIbL30BAHNE WHTEJJIEKTYAJIBHOTO TOMOIITHUKA B Kate-
CTBE CPENCTBa MJIs TMONNEPKKU MPUHSATHUS PEIICHUA 1 aBTOMATU3AINN HEKOTOPHIX OM3HEC-
npoueccos [2, 3|. PesynbraroMm Takoil HHTErpanun MOXeT CTaTh IPOrPAMMHBIIL Ar€HT, KOTO-
PBII BBINIOJIHSIET ONUCAHHBIE (DyHKIIMU IIPU IIOMOILIM IOJIOCOBOTO MHTepdenca, IpuieM Ipen-
cTaBieHue HGOPMAIINY HA €CTECTBEHHOM S3bIKE TTO3BOJISET YIIYUIINTD MOHUMAHIE ITPOUCX0-
IATTIX OM3HEC-TIPOIIECCOB KOHEUHBIM ITOJIB30BATEIEM, UTO TaKXKe BBIIEISIeT MPEIIOKEHHYIO
cuUCTeMy Ha (POHe OPYTUX CPEOCTB MONEIWPOBAHUSI UM aBTOMATU3AIINMN.

st MomemupoBanmst GU3HEC-TIPOIIECCOB, UCIOIIB3YEMbIX IIPU MOCTPOSHUN OTBETOB UHTEII-
JIEKTYaJILHOTO TIOMOIITHUKA, MPENJIaraeTCsl UCIoIb30BaTh 136K dOSL u koHmenuio Semantic
Domain-Specific Languages [4]. Momnemu, mocTpoeHHBIe TPU MOMOIIN GU3HEC-TTPABUIL, OKa-
3BIBAIOTCS 6OJIee TUOKMMU [0 CPABHEHUIO C IPOLenypHbIMU nonxonamu (Hanpumep, BPMN)
B CJIy OTCYyTCTBUA HeO6XOI[I/IMOCTI/I B OonpenejyIcHUM BCEBO3MOXHBIX aJIbTEPHATUBHBIX CIE-
HapueB IIPOTCKaHUA 6M3HeC—HpOHeCC&Z JOITy CTUMBIMHI 6y,HYT CAUTaTBCA BCE COCHapuu, HE
3aIpereHHble OU3HeC-TTpaBUTaMHU.

B nambmeiimiem ciemyeTr pacCMOTPETh MEPCIEKTUBBI UCIOIB30BAHUS HEHPOHHBIX CeTel
IJIsL paCIIO3HaBaHM HOBBIX CYIHHOCTefI 7 aBTOMaTHUYE€CKOI'O paCIInpPeHMUA CEMaHTHYECKON MO-
Iesu IpenMeTHOn obnactu. Takum o6pa3oM, MPU MOCTPOEHNN MUAJIOTa GakTUIecKn OymeT
MOCTUTHYT HEAPO-CUMBOINIECKUN NCKYCCTBEHHBIN UHTE/IIEKT, MHOTOUNC/ICHHBIE TPEUMYIIIe-
CTBa KOTOPOTO TaK¥XKe PaCCMOTPEHBI B paboTe.
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Pa3pab6oTka aBTOMaTHU3MPOBAHHBIX METO/IOB HAIIOJTHEHUSI OHTOJIOT NN
npegMeTHON 06JIacTU IIPU IMOMOIIY BUPTYaJILHOTO MOMOIITHUKA

A. C. OpnoBckuit, I1. E. ITAJIBYYHOB

BupryanpHBIE acCHCTEHTHI TPUMEHSIOTCS B PA3IMYHBIX cepax OiIs aBTOMATU3AINN O0IIe-
HUSI C TIOJIb30BATEIEM Ha €CTEeCTBEHHOM s3bike [1] ¢ IeIbi0 COKPATUTH 3aTPAThl HA TPU-
BJICUECHIUE PEAJBHBIX JTIofell. B paMkax maHHOTO MccaenoBaHus ObIT pa3paboTaH IPeIMeTHO-
cnenuPUYIHBIN BUPTYaJIbHBIN cOOECETHUK, 3a1adeil KOTOPOTO SIBIISETCS OTHICKAHUE OISl HOJIb-
30BaTelIs Ha OCHOBE €ro 3ampoca Hambosee pelleBaHTHBIX TOBapOB B MHTepHeT-maraszmHax
KOMIIBIOTEPHON TexHUKHU. [IporpaMmmuas cucrema cocTouT m3 4 KOMIIOHEHTOB:

1) Menemxkep muajiora — yopaBiisieT COCTOSHUEM IUAJIOra, IPUHUMAET PEIryIuKU MOITh-
30BaTElIsI U BO3BPAIIIAET OTBET IMOCJIE B3aUMONECHCTBUS C OCTAJIBHBIMU 3 CEPBUCAMU.

2) Monynb 06paboTKI €CTECTBEHHOTO s3bIKa — BBINOJIHAET U3BJIeUeHne HaMepeHnit (in-
tents, nmpumensiercst ciayx6a DialogFlow) um mMeHOBaHHBIX CyIIHOCTEN (IIPUMEHSIETCS IIPO-
rpammusbiil makeT Pullenti SDK) u3 3ampocos monb3oBaTests.

3) IlouckoBblil areHT 1Jis aHAIN3a BeG-CATOB — HA OCHOBE M3BJIEYEHHBIX HA MIPEIbIITY-
[IeM 5Tale CyIIHOCTell (Ha3BAHWUI MAra3WHOB, TUIIOB U XaPAKTEPUCTUKOB TOBAPOB U T.II.)
uireT Tpebyemyo mHPOPMAIUIO Ha CaliTax W OTIPABISIET MEHEIXKEPY OHTOJIOTUN 3aIlPOCHI
IJIST CHHXPOHU3ALINYI COCTOSHUS.

4) Momyns 06paboTKI OHTOJIOTMiT — IOJIyYaeT NaHHble OT 6oTa mis caintoB u SQWRL-
3aIIPOCHI OT MOMYJIsi 0OPabOTKM TEKCTOB, IIOCTPOEHHBIE HA OCHOBE M3BJICUEHHBIX UM CYIITHO-
creit [2]. Basa smamuit npemmerHoil obmactu xparutcs B dopmare OWL-onTosmoruu, aro
ITO3BOJISIET ABTOMATHU3MPOBATD CIIOXKHBIN JIOTMIECKU BBIBOI O COBMECTHIMOCTY TOBAPOB DU
momortin SWRL-nipaBut.

PaspaGorka BenéTcsi Ha OCHOBE YeTHIPEXYPOBHEBOI OHTOJIOIMUECKOR Mozmenn [3).
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ABTOMaTI/IBI/IpOBaHHOG U3BJICeUCHNE 3HAHUN 13 MEOUNIINMHCKNX TEKCTOB

P. C. Iloronuu

Pabora mocsiiieHa TpUMEHEHUIO TEOPETUKO-MOMETBHBIX METOMOB I U3BjeueHus u Gop-
MAJILHOTO TIPEICTABICHUS 3HAHUN U3 MEIUIIUHCKAX TEKCTOB [1].

[Menb paboTer 7 aBTOMaTu3anus HamoaHeHus 6a3 3Hanuil miaTdopmel IACPaaS 3nanu-
MU U3 TEKCTOB ONUCAHUN OOJIe3HEN, 0COOEHHOCTAMMI KOTOPHIX SABISIOTCS HAJININE MEITUTTITH-
CKUX TE€PMUHOB-CIIOBOCOUETAHUN W M300UIINE TPENJIOKEHUN C COUMHUTEIBHBIMU CBI3SIMU.

st perrienus 3amayuy U3BJICUECHUs 3HAHUN U3 MEIUIIMHCKAX TEKCTOB MCIOJIB3YIOTCS Me-
TONBI TIPe0OPa30BaHNs MPEMJIOXKEHN €CTECTBEHHOTO I3bIKa B 6€CKBAHTOPHBIE (YOPMYITHI JIO-
TUKU OPEIUKATOB B Buie (HparMeHTOB aTOMAapHBIX muarpamm (2, 3]. Ilasee, mo ¢parmen-
TaM aTOMapPHBIX OUATPAMM CTPOUTCS CMBICIIOBOE IEPEBO, KOTOPOE CIIYKUT ITPOMEKY TOTHBIM
IpeIcTaBIeHneM 3HAHWI 715 TOCJIeMyoleil Tpaucsauu B popmat undopecypcos IACPaasS.
B pesyabTaTe paboThl peasim3oBaHa MporpaMMHasl CUCTEMAa, 0OECIIeYnBAIOIas aBTOMaTU3H-
poBaHMe M3BJIEUEHNE 3HAHUN M3 TEKCTOB MENUIIMHCKUX MOKYMEHTOB U ITPeoOpal3yroiias 3Tu
sHanus B popmat uupopecypco [ACPaaS.

[Ipeobpa3oBanume TeKCcTa B MAIIMHOYUTAEMBIN (DOPMAT COCTOUT U3 HECKOIHKUX HTAIIOB:

(1) Cocrasnenue croBapeii.

(2) IIpeoGpazoBanue MpemIIOKEHU BO (HPArMEHTHI ATOMAPHBIX [IMATPAMM.

(3) IIpeobGpazoBaHme MHOTOMECTHBIX IPEOUKATOB B IBYMECTHBIE.

(4) Pa36op OMHOPOMHBIX YJIEHOB MPEIJIOKEHNUIT I COUNHUTEbHBIX CBA3EH B IBYMECTHBIX
pennKaTax.

ITocTpoenne CMBICIIOBOTO IEpeBa.

OxcnopT ns3BiedéHHBLIX 3HaHUN B uHdopecypcsl IACPaasS.
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YEeCKOTO BBLIBOMA IJIs MOPOXKIEHUs 3HAHUN B OoHToJiormyeckonn momenu. Bectuuk HI'Y. Cepus: Wudop-
manmonuble Texuosioruu. 2019. T. 17, N 3. C. 29-42.
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Pa3pa6orka Monysisi o6paGoTKM KOHTEHTA OJIsi PEKOMEHIATEJILHON CUCTEMBI
3JIEKTPOHHBLIX KYPCOB

T. M. ITookyp

HucTaHImmonHOEe 00pa30BaHUE SIBIISIETCS OOHUM U3 MEPCIEKTUBHBIX HAITPABICHUN Pa3BU-
THUs COBpEMEHHOTO oOpa3oBaHus. BBumy pocTa ero momysaspHocTu B ceTu VIHTepHET MOSBITS-
eTcst 6OITBITIOE KOJTUYIEeCTBO 00pa30BaTEIbHBIX 3JICKTPOHHBIX m1aTdopM. B HacTosIee BpeMs
B MUPE CO3MaHO W aKTUBHO pa3BuBaeTcsa 0koyo 400 mmaTdopM IS BEIeHUS OHJIAWH KypPCOB
1].

HecMoTps Ha BBICOKMIT TeMN Pa3BUTHUS 3JIEKTPOHHOTO OOYUYEHUs, TOTpeOnuTeIn HEe MO-
I'yT yIOBJIETBOPUTH HEKOTOpbIe 0OpasoBaTeabHble moTpebuocTu (2, 3|. Kaxnbri cTymenT
3a/1a€TCsT BOIIPOCOM, KAKOW KyPC JIyUIlle BHIOPATH U3 MHOXKECTBA MPEIJIOKEeHHBIX. (OCHOBHOI
CII0XKHOCTBIO IIJII CTYINEHTOB B BBIOOpE Kypca sIBJIseTcs pa3nudue miaaTdopM B nHTepderice,
XapaKTePUCTUKAX U KATErOPUsIX Kypcos [4].

st pertennst 5Tol TpoOIEMBI BEOETCs pa3pabOTKa PEKOMEHIATEILHON CUCTEMBI DJIeK-
tpouHbx KypcoB ChooseYourCourse [5, 6]. Taxkoit cucteme st TOCTPOEHUST PEKOMEH AU
TpebyeTcss HAOOP MAHHBIX, & WMEHHO, aKTyaJIbHBLIX 3JIEKTPOHHBIX KYPCOB, COOpAHHBIX U3
pPa3InUHBIX 00pa30BaTeIbHBIX IIaTdopM. B pamkax manHOW paboThI OBIT pa3paboTaH IIPo-
TPaMMHBIT MOMY/Th M cOopa um oOpabOTKM MAaHHBIX O Kypcax m3 cetu WHTepmeT. OTOT
MOIIYy/b BKJIIOYAEeT aBTOMATU3MPOBAHHBIE aJITOPUTMBI OJIS IMIOCTPOEHUST HAOOPOB KITIOUEBBIX
CJIOB KYPCOB U TIOCTPOEHUs Kiiaccudukanuu KypcoB. Ha oCHOBe MCXOMHBIX MAHHBIX O KypcCe,
a TakXKe MaHHBIX, IOJIyUYEeHHBIX B pe3ysjbTaTe paboThl ajJropuTMOB, Oblila pa3paboTaHa Me-
TPUKa CXOXKECTHU KYPCOB, KOTOpas B NaJIbHENIIEM OyOeT MPUMEHSITHCS B PEKOMEHIATETHHON
cucteme ChooseYourCourse.
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Pa3spaborka ru6puaHbIX MOJeJIEN HA OCHOBE CHMHTE3a JIOTUYECKOI'o BLIBOIA
U HEMPOHHLIX ceTeln

II. B. IIPOTACOB

[Ipobnema mHTEpIIpeTalIUU PE3yIbTaTOB PAOOTHI HEMPOHHBIX CETEN BBIPAXKAETCS B TOM,
9TO CeTU MPENCTABISIIOT U3 cebs «IEPHBIN SIITNK», HE TTO3BOISIONINN OITPENETNTDb, KaK ObLI
mosyueH pe3yiabrar. [losToMy Oblja co3maHa cUCTEMa, TO3BOJISIONIAs WHTEPIPETUPOBATH
pe3yIbTaT B YIOOHOM MJIsl U€JIOBEYECKOT'O BOCIIPUSTHS BUIE.

Cucrema sSBISETCS CBSI3KOW W3 OHTOJIOTUU IJIsl U3BJIEUEHUs NOMOJTHUTEIBHBIX 3HAHUN O
KJIaccu(pUITMPYEMBIX TIOHSTUAX, M3 KOTOPOU Ha BXOI HEMPOCETU MOCTYMAIOT MaHHLIE, CAMOUN
HelpoceTH (B pacCMaTPUBAEMOM CIIydae KIacCUPUIMPYIOIas), MEXaHN3Ma BBIBOMA U CBSI3Y-
fo1rero MomyJisi. MexanusM BBIBOIA OCHOBaH Ha TexHojormm Semantic Web u mo3sosnser Ha
OCHOBE IaHHBIX OHTOJIOrWH, onucaHHbix Ha si3bike OWL DL [1], momyuurs Tpebyemyro uH-
TEPIPETAIIAIO C TTOMOIIBIO MAIIIMHBI JIOTUYECKOTO BbIBoAa. IlocTpoenne Toruueckoro BeIBOOA
ITPOMCXOOUT y2Ke Ha OCHOBe pa3OmeHUs Ha KIIACCHI.

s 5TUX 1enell n3 HECKOJIbKO BapUAHTOB MAIINH JIOTUYECKOTO BBIBOMA ObLIM BHIOPAHBI
MaIHbL Ha ocHoBe sioruku onucanuit ALC (attributive language with complement) [1, 2, 3],
IJIST KOTOPBIX KOHIIENTHI BBIBOMSITCS PEKYPCUBHO, HaUuMHAas C aTOMapHBbIX. M3 mammmH HaA
OCHOBe TaKOU JIoTuku ObliT BoIOpaH ¢peiiMBopk DL-Learner. Css3yioiuii MODyiab OTBET-
CTBEHEH 3a HENOCDPEICTBEHHOE yIpaBieHne (ONIUMOHAIILHBIM) 3aIlyCKOM HEMPOCeTH, aHAJIU-
30M MAHHBIX U OTIPABKON O0OpabOTaHHBIX MAHHBIX MexaHu3My BbiBoma. llis Gosmee wem 2
KJIaCCOB MAIIIMTHON JIOTMYECKOTO BBIBOIA CTPOUTCS OIMMCAHUE MJIs KaXXKIOOro Kjlacca.

Paspaborannas rubpumHas cuctTeMa Ha MPAKTUKE MOXKET MPUMEHSITHCS JIJIsI OIIEHKHN KOP-
PEKTHOCTH pa3neseHns 0OObeKTOB Ha KJIACCHI, CDABHEHUS Pe3yIIbTATOB PAOOTHI HECKOJIBKUX
HeWpoceTel, a TaKxKe YIIPOIIEHWS M YCKOPEHWs IIPOIIecCa IMPEIOCTABIEHNS Pe3yIbTaTOB 3a-
Ka34MKy B KOMMEDPUYECKO! pa3paboTKe HEMPOHHBIX CETEN.
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Pa3zpaboTka MHTEJIEKTYaJIbHOI'O 3JIEKTPOHHOT'O aCCUCTEHTA NJIs BUPTYaJIbHON
IpUEMHON

A. C. TPETYBOB

[lepBuunbIl BU3UT UesloBeKa B HE3HAKOMOE €My MECTO BCErIa CBS3aHO CO CTPECCOM U MHOXKe-
CTBOM BOITPOCOB. [IpmMepamu Takmx cUTyalnuii MOTYT CJIYXKUTH MEPBBINA MOXO B YHUBEPCH-
TeT, 3acejieHe B HE3HAKOMYIO TOCTUHUILY, TTOCEIICHEe HOBOIO TOPTOBOTO IeHTpa. B HacTo-
SITATA MOMEHT IJIS1 KOOPAWHAIIAN U TTOMOITIN KJTMEHTaM OPraHm3allil HAaHUMAIOT OTOETbHBIX
COTPYIHUKOB Ha HOJIXKHOCTHU CeKpeTaped M O0OpyLYIOT CIelUaJjbHble CTONKU NHGOPMAIIUN.
Ionroe BpeMsl BO3MOXXHOCTB TIOJTHOM aBTOMATU3aIINU PAOOTHI TAKUX COTPYIHUKOB Ka3alach
HeBO3MOXKHOI. Ho ¢ mosiBrIeHreM HEAPOCETEBBIX TEXHOJIOTUN PeIleHne TaHHON 3a0a4n CTaJI0
BO3MOXKHBIM.

ens paboTer 7 co3maHme MHTEIEKTYAJIBHOTO 3JIEKTPOHHOTO aCCUCTEHTA ISl BUPTY-
aJIbHON TPUEMHOMN.

B pamMkax paboTsI ObLI cO3/1aH Be6-CepBUC I NHTEIIEKTYATHHOTO 3JIEKTPOHHOTO aCcCu-
cTeHTa. Paszpaborana cTpyKTypa 6a3bl JAHHBIX C YIETOM XPaHEHUs 3HAHUN 00 OpTaHU3aIun
B BHE OHTOJOrmueckoi Monmenu [1, 2]. PeanusoBan GyHKIIMOHAT PACIO3HABAHUS HOJIH30Ba~
TeJIbCKUX 3amad 1 (GopMupoBaHUs OTBEeTOB. [ mpenocTaBieHUs MOIB30BATEIBCKOTO IO-
cTyma ObLT paspaboTan yaT-60T Ha miaatdopme Telegram.

B nambreliiem miaHupyeTCcsl pa3BUTHE pabOThI, B YaCTHOCTU paciiupeHue (QyHKIIU-
OHaJla, NoOaBJIeHME BO3MOXKHOCTHU T'OJIOCOBOTO B3aUMONEWCTBUSI, TECTUPOBAHUE CUCTEMBI B
pPeXKMME BBICOKUX HAI'PDY3OK.
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Paspa6oTka ajiropuTMa peKOMeHOAalnun 3JIEKTPOHHBIX KYyPCOB MIJIsI CUCTEMbI
ChooseYourCourse

E. A. ITECTAKOBA

B mocnentee BpeMst Kak HUKOTIa CTAHOBUTCS aKTYaJbHOU 3amada mudpoBu3anuu obpa-
soBanus (1, 2|. OTAMYHBIM CPENCTBOM IJIsl TIOJIyYeHUs HOBBIX 3HAHWN WU YTIIyOIleHUs B
n3ydaeMble paHee MPeaMeTHl SBJISIeTCS caMOoOOpa3oBaHME MPU TOMOIIM 3JIEKTPOHHBIX KYP-
COB, BBUIOXKEHHBIX HA PA3JINYHBIX 00pa30BaTeNbHBIX MmTaTdopMax. OmHAKO OIrPOMHOE KO-
JINYEeCTBO BBIJIOXKEHHBIX Ha 3TUX INTaTHOpMax KypCcoB, KHUAT U BUIECOYPOKOB, a TaKkKe UX
IIOCTOSTHHOE M3MEHEHWE W PACIIMpEHNE 3aTPYOHSIOT MOUCK ITOAXOOSINNX W JeNCTBUTEIHHO
TIOJIE3HBIX PECYPCOB.

s pertieHust 3Toit TPoOIEMBI OBLIO MPENJIOKEHO pa3paboTaTh PEKOMEHIATEIbHYIO CU-
creMy [3], IOMOTAOIIYIO IIOJIL30BATEIIO B IIOAOOpE JIEKTPOHHBIX KypcoB. Perenune, peko-
MEHIOBaTh IIOITb30BATEITIO ONMPENEIEHHBIN KYPC WM HET, 3aBUCUT OT MHOXKECTBA XapaKTe-
PUCTUK: TEMATUKN KypCa, YPOBHS MOATOTOBKM IOTB30BATEINS, NJINTETBHOCTH Kypca, CTO-
UMOCTH Kypca, s3bIKa TpernomaBaHus, aBTOpPOB Kypca u T. 1. [lmsg cbopa m XpaHeHUs UH-
opManmm 0 MPeNnoOYTEHUX IOJIB30BATENISI pa3paboTaHa MONEb IMPOGUIIS MOIb30BATE I,
opMupyoIIascs Ha OCHOBE BLIODAHHBIX BPYUHYIO IIOJIB30BATEIEM IapaMeTPOB U MCTOPUN
B3aMMOMIENCTBUSL ¢ IPYTUMU Kypcamu [4].

B pamkax mamHO#W paboThI, NI aKTyaJTU3allNN 3HAUECHUH Podusis ObIT pa3paboTaH ajl-
TOPUTM, OCYIIIECTBIISIONINI aBTOMATHIeCKOe OOHOBJIEHIE MaHHBIX HA OCHOBE NENCTBUN HOIb-
30BaTessA. AJITOPUTM YUUTHIBAET BEC COBEPIIIEHHOIO NEMCTBUS (IIPOCUUTHIBAEMOTO IO Pa3pa-
60TaHHOMY aJITOPUTMY ) U KOSGOUINEHT JABHOCTH NEMCTBUS, COMOCTABIISIET HAHHYO HH(OP-
MAIIIIO C VKe comepKailleiicss B mpoduiie n akTyanu3upyet. [lomydennas qaHHBIM CIIOCOO0M
rH(bOpPMAINS IPUMEHIETCS B pPa3pabOTaHHOM AJITOPUTME MTOCTPOEHUST PEKOMEH AT,
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Pa3paGoTka MomyJsisi paciio3HaBaHUs SMOIIUI B €CTECTBEHHOM SI3bIKE

A. A. ITumknu

C pocToM mOMyJISIPHOCTH U OOCTYIHOCTU BHEOPEHUs MUGPOBBIX TEXHOJIOTUA B Pa3Ind-
HbIe chepbl XKU3HU YeJIOBEKa, BaXKHOCTH CIOCOOHOCTHU MAIIMHBI aHAJIU3UPOBATH U 0Opaba-
TBIBATh PeYb UYeJIOBEKa TaK XKe BOo3pociia. Boipoc m crpoc Ha Takue perrerus. Ceromus,
MHOT'ME€ KPYIIHbIE KOMIIaHUU CTPOAT CBOU CUCTEMBI HJId aHaJIA3a MHEHUN U HaMepeHI/IfI I10-
TeHINAJIBHBIX TOKyTIaTenae. 11t ToJI0COBBIX aCCUCTEHTOB, KOTOPHIE IPONO/IKAIOT HAOUPAaTh
MOy ISIPHOCTD, aHAJIN3 AMOLIUN TaK K€ OTKPBhIBAeT HOBbIE BO3ZMOXKHOCTH.

Onnako, nCCTeMOBaHMUs aHAIN3a YMOIIT U HAMEPEHU BCe eITle UMEIOT P HEePEITeHHBIX
npobiiem. TpymHOCTH, CBSI3aHHBIE C KOPPEKTHBIM ONpENEIEHNEM IIeI SMOINU 1 ee Xapak-
Tepa, HAKJIAOBIBAIOT OTPAHNYEHNS HA MCIOJIb30BAHUE MJAHHOTO BUIA aHAJIN3a ITOBCEMECTHO.

[enbro maHHON pabOTHI SIBIIETCS Pa3pabOTKa IPOrPAMMHOIO MOMYJIS [JIsl YMHOTO aCCHU-
CTEHTa, CIIOCOOHOTO PACIO3HABATH SMOIIUU UEJIOBEKA.

s mocTu:keHus 11e1u ObLI OIMpeneseHbl CIemyole TpeboBaHs K cucTeMe 06paboTKm
SMOIINI: aHAJIN3 YMOINN OOJIXKEH TPOUCXONNTH HA YPOBHE CYIIHOCTHU, OIIpeNeIsis, KaKas CyIIl-
HOCTBb KaKHNE€ 3MOIUN BBI3BIBACT, a TaKXKE€ MOMOYJ/Ib OOJI2KCH O6paGaTI)IBaTb MHCHUA, CPDaBHU-
BAIOIIIIe HECKOJILKO CYIITHOCTEN Mexmy coboit. Kpome Toro, He06XOmmMo pas3niessiTh SMOIUN
Ha KaTerOpuu 1O TPONOIIKUTETBHOCTH.

B nmanpretimieit paboTe miIaHUPYeTCs paspaboTKa ajJroOpuTMa IJIs PACIO3HABAHUS DMO-
III/II71 B €CTE€CTBEHHOM J3bIKE, €TI0 peaJin3allld 1 OIITUMU3alMA.
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AnroputM momosiHeHUs1 00y dYarolliero MHOXeCTBAa CBEPTOYHON HEMPOHHOW ceTu
HAa OCHOBE NPOMU3BENEHUs I'ayCCOBBIX (PYyHKIINN

A. C. IIEPBUH

Onna n3 aKTyaJabHBIX IIPo6sIeM TiIyboKoro obyuenuss — 3hPEeKTUBHOCTD MaHHBIX. llpm
IIONX0oNe aKTUBHOTO OOYUeHUST UMEETCsI CPABHUTEIHHO HeOOMBIIION HAOOD pa3MedYeHHbIX TaH-
HBIX, O0OITBIIION HAOOD HEMAPKUPOBAHHBIX JTAHHBIX, & TaKXKe OTPDAHUYEHHBIN OI0MXKEeT IOJIIS UX
MapkupoBku. OmpeneneHa Momeslb OOyUYeHUsT Ha IMOMEUEHHBIX HAHHBIX. 3allada COCTOUT B
TOM, 4TOOBI BEIOpATh Hamboiee MOOXOAIIIe 0Opa3Ibl A1 MOBLIIIEHNS KadyecTBa MOIEIN Ha
TeCTOBOM Habope maHHbIX [1, 2, 3].

B pabote mpeniaraeTcss HOBBII ajJrOPUTM AKTUBHOTO OOYYEHWUs, OCHOBAHHBI Ha pac-
npeneneanu ['aycca. OCHOBHas umest aJropuTMa COCTOUT B TOM, UTOOBI UCIOIH30BATH 9Ta-
JIOHHBIE 00pa3Ibl U3 KAXKIIOTO KJIacCa M BBIYUCIUTD ITapaMeTPhl PACIpeNeSIeHns NI KaXKIION
KOOpIUHATHI TpencTabiieHus. Pyukiusa ['aycca ucmnombp3yeTcss Kak Mepa pacCTOSHUS MEXITY
HEMapPKIPOBAHHBIMI BEIOOPKAMU U IIPEICTABIEHNEM KJIacCa. JTO MO3BOJIIET KOMOMHIPOBATH
ee C JTI00BIM aJITOPUTMOM PAHXKUPOBAHUSI.

[Monxon 6bLT MpOTECTUPOBAH HA YacTu 3amadn Imagenet (20 ciryyallHBIX KJIACCOB U3 UC-
XomHOro Habopa mauublx Imagenet 2012) [4]. Mepa, ocHoBanuas Ha pacmpenenenun ['aycca,
OblJIa UCTOB30BaHA B COUETAHUU ¢ METOIOM OTOOpa BHIOOPKU HA OCHOBE YBEPEHHOCTHU. JTa
KOMOWHAITS TTO3BOJIMIIA IOOMTHCS 3HAYUTEITHHO JIyUIINX PEe3yILTAaTOB.
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IIpoexTupoBaHmue 0611Iell CTPYKTYPhI HHTEJIJIEKTYAJIHBHOT'O IIOMOIITHUKA
C IPUMEHEHUEM MeTONOB I'MOpUAHOro U O0bICHUMOI'O UCKYCCTBEHHOTO
MHTeJIJIEKTAa

A. A. SIKOBCOH

B coBpemernOM MuUpe BUPTyabHbIE MU(PPOBBIE TOMOIITHUKYN CTPEMUTETHHO PA3BUBAIOTCS
B pa3HBIX O0OJIACTSIX, TAKNX KaK MHTEPHET-MAapPKETHWHT, aBTOMAaTHU3AINs OM3HEC-TIPOIECCOB.
[Ipu sTOM coxpaHsieTcs ompeneseHHOe HeIOBEPUE K CUCTEMAM UCKYCCTBEHHOTO MHTEJIJIEKTA.

Ylnpo cucTeMBl COCTONT U3 HECKOJIBKUX KITIOUEBBIX KOMIIOHEHTOB: MHTepderc, MOIyilb
WHTEPIIpeTaINy BBOa, 6a3a 3HAHWN TPENMETHON OOIACTH, MHTEIIIEKTYATLHBIN MOIYJITh yIIpa-
BJICHUSI aHAJIUTUYIECKUMU KOMIIOHeHTaMu. [IpenBaputenbHyo 06paboTKy 1 TOATOTOBKY BXOI-
HBIX OAaHHBIX obecreyuBaeT I/IHTeJIJIeKTyaJII)HI)If/i MOOYJ/Ib aHaJIn3a IMOCTYIIAIOIIUX B CUCTEMY
3aIIPOCOB, TOCJIE Yero MepenaeT WX B MOMY/Ib yhpaBieHus. MOmy/Tb MHTEIEKTYaILHOTO
YIIPaBIIEHNS aHAIUTUIECKIMY KOMIIOHEHTaMU BKJTIOUAET B ceOs maTepdeiic B3anMoIenCTBI
c 6a301 3HAHWN, KOHTEKCTHBIE AJITOPUTMbI WITN HEMPOCETH, BBHITIOITHSIIONNE 0OpabOTKY TaH-
HBIX C OMOpOW Ha 6a3y 3HaHWM, a Takxke OJOK ympasieHus. [Ipm sToMm, cucTteMma HOTXKHA
OOIIYCKATh HCIIOJIB30BAHNEC HECKOJIBbKUX JIOTUYICCKUX OJIOKOB aHAJIN3a OJAaHHBIX, a TaKXe€ CHU-
cTeMy COOPKM WM BBIBOHA JIOTOB 3TUX KOMIIOHEHTOB. IIpo3padHocTh pabOThHI MOXKET MOCTU-
raThbCcs IIyTeM BHENPEHUS COOTBETCTBYIOINNX aJITOPUTMOB M pa3paboTKoill mHTepderica 00-
MeHa mHpoOpMAaIeil Mexx Iy 6J0KaMu 1 yrpasisionieir cuctemoit. [Tomyuennas cucrema, 6y-
aeT MacmTaﬁMpyeMa B CMBEBICJ/IE KOJIMYECTBa aHAJUTUYCCKUX KOMIIOHECHTOB, €OVMHCTBECHHDBLIM
orpanuvueHneM OyIeT COBMECTUMOCTD KOMIIOHEHTOB MEXKIY COOOM, a TaKKe IOCTYITHOUN 0a30M
3HAHUU.

B pesynbTaTte paspaboTaHa apXUTEKTypa BUPTYAJIBLHOTO I(PPOBOTO TOMOIITHUAKA, TPU-
TOoHAas IJId MCIIOJIB3OBAHUA B PA3/INYHBIX IIPEOMETHBIX O6J’IaCT$IX, B 3aBUCMOCTH OT UCIIOJIb-
3yeMoil 6a3bl 3HAHUI.
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O mpo6iiemMe peain3yeMOCTU MHOXECTBA CyOBEKTUBHBIX OIIEHOK 3KCIIEpTa

I'. O. SIXBAEBA

[TorsiTHE «CyOBEKTUBHON BEPOSITHOCTHI OBIIO BBEMMEHO B 30-X romax mporioro Beka @psnkom
Pamceem, n monpa3symeBaeT cTemeHb YBEPEHHOCTH SKCIIEPTA B HACTYIJIEHUM TOTO UJIA WHOTO
cobbiTus. Eé mpuMeHsIOT TOrma, KOrna HEeBO3MOYKHO BOCIIOIB30BATHCS OOBEKTUBHON BEPOSIT-
HOCTBIO II0 TPUYNHE HEMIOTHOTHI UJIX OTCYTCTBUS HaHHBIX O HAOIONEHNUSIX B IIPOIILIOM, U3-3a
BBICOKOI CTOMMOCTH TIOJTy Y€HUsI OOBEKTUBHON BEPOSITHOCTHU. 3a(UKCUPyeM OCHOBHOE MHOXKe-
cTBa A 7 MHOXeECTBO OOBEKTOB IPEIMETHON OOJIACTH U CUTHATYPY 0 ! MHOXKECTBO MOHSITHUI
npenMeTHOW obsactu. B mamHON paboTe MBI OTPAHUYUMCS CIIy4YaeM, KOTZa CUTHATYPa o
COINEPXKUT TOJILKO IIPENUKATHBIE CUMBOJIBL. BBemem MHOkecTBO KoHcTaHT C = {¢c, | a € A}
u obo3znauath 04 = 0 U C. Torma moboe cobbITHE IPEIMETHON 00IacT MOXHO hopMaIn-
30BaTh B BUIlE HEKOTOPOTO IPEMIIOKEHUS (0 CUTHATYPHL O 4.

Omnpenenenne [1]. Tpoiiky 2, = (A, 04, ) GymeMm Ha3BIBATH HEUETKOH MOIENBIO, €CIIN

(1) Orobpaxerue p: S (ca) — [0, 1] sBiIsIeTCsT HEUETKON MEPOIL;
2) ¢ ~¢ = plp) = p (), mua moberx ¢, P € S(0a).

3amaBas HeUeTKyI0 Momeib 2, MbI JO/IKHBI PAcIoIaraTh 3HAHIEM O CyObeKTUBHOI Be-
POSITHOCTH BCEX TpemIokennit MuoxectBa S (04). OmHako skcmepT (Wiin make CPYIna S5KC-
[ePTOB) MOXKET He ObafaTh TAKUM TOJIHBIM 3HAHWEM, 6OJiee TOTO0 MHOXKeCTBO S (04) Mo-
JKeT OKa3aTbCsa OECKOHEUHBIM. TeM He MeHee, CYIIIECTBYET KOHEUTHOE MHOXKECTBO COOBITHI
Hpe]IMeTHOI';I O6JIaCTI/I, O BEPOATHOCTHBIX 3HAYCHUAX KOTOPBIX SKCIIEPT MO2KET HOaThb CBOIO
SKCIIEPTHYIO OLCHKY [2, 3].

Pacemorpum MuOkecTBO mpemmoxkeruin S € S (04). O6ozHaumMm uepes og CUTHATYDPY
MHOXkecTBa npemmoxenuit S. OueBunuo, uto 0g C 0. Ilycts Cg = C Nog 7 MHOXKECTBO
KOHCTAHT, BcTpeuatormxes B S. Oupenenum muO)kecTBo Ag = {a € A |c, € Cs}.

Omnpenenenune. Paccmorpum mMHOXecTBO mpemioxeruit S € S (04) u orobpaxkenue
ns : S — [0,1]. Bymem roBopuTh, UTO HedeTKas Mmomenb B, = (B,04, ) cormacyercs c
O3HAUUBAHUE )5, €CIIH
(1) As C B;
(2) ns (¢) = p(p) msa moboro npemytoxeHus @ € S.

Ounpenenenne. Osmaunsanue ng : S — [0, 1] sBisiercs peanmsyeMbIM Ha MHOXKECTBE
B, ecnu
(1) As C B;
(2) Oycts 0 = 0g\¢y. Torma maiimercs Taxoit kmacc mpememenros E = {B; =
(B,o)|i € I}, aro Fuz (*B;) cornacyercs ¢ 1g.

Teopema. Paccmorpum MHOXKECTBO npennoxennii S € S (0 4) u orobpakenue g : S —
[0,1]. IIycte Ag = Ag U {a1,a2}, rme aj,as ¢ Ag. Torma ecnm curmarypa o = og \ Cg
CoOOepKUT TOJIBKO OIHOMECTHBIC IIpEauKaTbl, TO OJ/I4 JIFOO0OI0 MHOXKECTBa B TakKoro, 49rTo
Ag C B nmeem

ns peanausyercs Ha Ag < ns peanmusyercs Ha B.

CanencrBue. Paccvorpum mHOXecTBO npemoxerntt S € S (04) u orobpaxeHue g :
S — [0,1]. Ilycts curHatypa os COLEPKHUT TOJBKO OLHOMECTHBIE IPEAUKATHI U KOHEYHOE
(mm mycToe) MHOXECTBO KOHCTaHT. Torma HaigyTCs Takue MHOXKECTBO OECKBAHTODHBIX
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npenyoxernii S’ € S (04) u osmaunBanme ng : S’ — [0, 1], uro mus moboro mHOXKECTBA B
takoro, uro Ag C B nveem

Ns peanusyercs Ha B < ng peanusyercs Ha B.
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One model of circadian oscillator

V. P. GOLUBYATNIKOV, N. E. KIRILLOVA
We consider nonlinear 6-dimensional dynamical system of biochemical kinetics
dp du

o = kl1(u) - To(w) —p); - — = ka(l'2() - L2(p) — u);

W = kaTy(a)  Lo(p) —w): % = kaCa(a) - La(p) — 2); 1)
dx db
% :k5(F5(b)—x); % :k(;(LG(Z)—b);

as a model of functioning of circadian oscillator described in [1, 2]. Here, all smooth positive
monotonically increasing functions I'; correspond to positive feedbacks, and monotonically
decreasing smooth positive functions L; describe negative feedbacks in this gene network.
Hence, F; > 0, L; < 0. We do not specify analytic forms of these functions.

All the variables in the dynamical system (1) are concentrations of the components of
this oscillator. Let a; = maxI';, and d; = maxL;; j =0,...,6.

Lemma. Domain QG = [O,agal] X [O,agdg] X [O,Clgdg] X [O,a4d4] X [O,a5] X [O,a(;] is
positively invariant in the phase portrait of the system (1).

Theorem. If the inequality

L LLTy ' [ LoThTg 4+ T TG LTy <1 @)
1 —-TLLELaTYy 1 —-TY L5y — I L5T s ’
holds in Q°, then the system (1) has a unique equilibrium point Sy in Q° .

Actually, this system does not have equilibrium points outside of Q°.

We show that the condition (2) holds for a wide natural class of gene networks considered
in [1, 2]. In terms of linearization matrix of the system (1) at the equilibrium point Sy, we
formulate also some sufficient analytic conditions of existence of its cycle in @Q°.

Similar results can be obtained for more complicated 7-dimensional model of this cir-
cadian oscillator. More simple 3-dimensional models of such a gene network do not have
cycles, see [3].

Supported by RFBR, grant 20-31-90011.
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O c/I0>XHOCTU HEKOMMYTATUBHBLIX CyOCTPYKTYPHBIX JIOTUK C OQHOI IE€pPEMEHHON

M. 1. KaroBudy, C. JI. Ky3HENOB, A. O. IIEOPOB

Ucuncnenne JlamGeka ¢ emununein Ly [6] — sTo anre6Gpamdeckas joruka Kiacca da-
CTUYHO YIOPSIIOYEHHBIX MOHOWIOB C NEJIEHWSMU, T.e. TAKUMU ONEPAUsIMEA \ U /, UTO
b<a\c < a-b=xc < a < c/b Ilaunas noruka — cyOGCTPpyKTypHas: B Heil
HET NIPABUJI COKpaIleHus, ociaabiaenns u nepectanosku. Omuaxo Li MOXHO pacmmpuTs 5Kc-
HOHEHIAJIOM [2], IO 3HAKOM KOTOPOIO TH IIPABUIIA MOy CKAIOTCSI.

Bamaua BerBoguMocTH 171 Ly ¢ 9kcnoHeHmamoM Hepaspemnma [7]. B pa6ore [3], cpenu
IIPOYEro, IMOCTPOEHA MONCTAHOBKA, IIO3BOJISIOIIAS IOKA3aTh HEPA3PEIINMOCTh yXke BO (dpar-
MEeHTe C ONHOI mepeMeHHoI. i1 1r060ro 1 IpenbsBieHa CUCTEMa TaK Ha3bIBAEMBIX CHIIBHO
He3aBUCUMBIX hopMmydt Py, ..., P, OT OIHOII IEPEeMEHHOI, TIOACTAHOBKA KOTOPBIX BMECTO Iepe-
MEHHBIX D1, . . . , P COXPAHSET BBHIBOLUMOCTD B 06€ CTOPOHBI IIPU YCJIOBUM, YTO SKCIIOHEHIINAIT
[IPUMEHSETCS. TOJIBKO HA BEPXHEM YDOBHE.

Mbr npenyiaraeM HeCKOJIBKO PACIIMPEHUIT U YTOYHEHNI HTOr0 Pe3yIbTaTa.

Teopema 1. CyrecTByer 6eCKOHEUHAS CHIIBHO He3aBucuMas cucrema popmyia Py, Py, . ..

Takas ITo pa3mep ¢opmybl P, DOJIUHOMUAIBHO 3aBUCUT OT M.

Teopema 2. 3amaya BbEIBOZTUMOCTH B MHHUMAJIbHOM (parmerTe Ly Tombko ¢ omHOM
ImepeMeHHOH, OMHOI omepaIldell NejIeHUS U SKCIIOHEHIIAJIOM HEePAa3PEILIMa.

Joka3aTenbCTBO TEOPEMBL 2 OCHOBAHO Ha KOMOMHAINU KOHCTPYKImi u3 [3] u [1].

Crnenyrorrue pe3yabTaThl KacaoTces pacimuperus Ly ntepanueir Knunan o un ycunusatoT
pesynbTaTsl pabot [5] u [4]. B obuem ciiygae a* onpenemnsiercst kak min{b | 1 < b u a-b < b};
B 60JIee YaCTHOM *-HempepbIBHOM ciiyuae — Kak sup{a™ | n > 0}.

Teopema 3. Pacmmupenwue Ly mrepanuerr Kiaunu miis obriero ciaydas, a Takxke OIIe-
panmerl Tu3BIOHKIUU (CyIpeMyMa ABYX 5JIEMEHTOB), BO ()parMeHTe C OLHOH IePEMEHHOI],
Hepa3permMo I Y.\ -ToJTHO.

Teopema 4. Pacmmupenne Ly wrepanmeri Knuau B *-HenpeprsiBHOM citydae, Bo ¢par-
MEHTE C OIHOH IIEePEMEHHOMH, H(l)—HOJIHO.
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CBO,Z[I/IMOCT]) CBOIICTB l"I/I6pI/II[HbIX JIOTMK K CBOMCTBaM HaIllapHWUKOB

JI. JI. MAKcuMOBA, B. ®. FOH

PaccmaTpuBaroTcs cnernuabHble PACIIUPEHUS MIHUMAJIBHOW JIOTWKHU J, Tak Ha3bIBae-
Mble TUOpuAHbIE JTOTUKU. ['MOpUIHBIE JOTUKKM — 3TO PACIINPEHUs MepecedeHus UHTYUIIIO-
HucTckon u HeraTupHOU joruk Int m Neg. Mwunumansuas rubpunnas moruka Hyb = J +
1LV (L —p).

Kaxnoit J-noruxe L COOTBETCTBYIOT €€ MHTYWIMOHUCTCKUN Lj,; M HeTaTUBHBIA Lycq
Hanapuuku [1]. Oxa3esiBaeTcs, MHOTE CBOMCTBA TMOPUIHON JIOTUKY CBOMSTCS K TIOMXOMSAIIIIM
CBOICTBAM €€ HAITapHUKOB.

PaccvoTpuM mpoGiemMbl paznmYnMOCTU U y3HABAEMOCTU B KJacCe TMOPUIHBIX JIOTHUK.
Oru nowusitus 6eutn BBenens! B [2]-[4]. Ilycrs Ly — J-moruka u L — KOHEYHO aKCHOMATH-
supyemas Jioruka, cogepxkamas Lg. I'oBopum, uro L pasauvuma nad Lo, ecim cylecTByeT
aIIrOpuTM, TpoBepsioimit BKiouerue Lo + A > L mns mo6on dopmyner A. Jloruka L —
y3nasaema nad Ly, eciu cyIecTByeT ajJropuTM, TPOBEPSIOIINIL IO JTF000N KOHEUHON CUCTEeMe
akcuoM Ax pasencTsBo Lo+ Ax = L.

HokazaHo, YTO PA3IMINMOCTD U Y3HABAEMOCTH B TMOPUMIHBIX JIOTUKAX CBOOUTCS K Pa3-
JUIUMOCTH (COOTBETCTBEHHO, Y3HABAEMOCTH) HAIIAPHUKOB:

Teopema 1. Ilycts L — rubpunHas JIOTUKA.

(1) Ecu Ljy; pasmmanva Hang Int, a Ly, Hag Neg, To L pasmmanva zHam Hyb.
(2) Ecin L pasmranva #ag Hyb, o Ly, pasmmanva van Int, u Ly, Hag Neg.
(3) Lin: y3uaBaema uam Int, a Ly, Hax Neg <= L y3naBaema Hax Hyb.

PaccmoTpumM paznmumunble BapumaHTHI WHTEPIOSIIMOHHOTO CBONCTBa M CBOHCTBa beta.
HokazaHo, YTO MHTEPIOISIINOHHBIE CBONCTBA THOPUIHON JIOTUKU CBOMATCS K WHTEPIIOJISIIN-
OHHBIM CBOWCTBAM €€ HeTaTUBHOI'O M MHTYUIINOHUCTCKOTO HAITAPHUKOB:

Teopema 2. Ilyctes L — rubpunuas mgoruka. Torma L mmeer CIP, IPR miun PBP eciu
7 TOJBKO ecau oba HamapHUKa L, 1 Lypey IMEIOT TO ke CBOHCTBO.

PaGora Beimonaena B pamkax rocynapcrsensoro 3ananus MM CO PAH (npoekt 0314-
2019-0002 ).
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I'no6anbHOo monmycTtumebie npaBuiia W C P-jioruk.

B. B. PumaAnukum

[NoBopuM, YTO GUHUTHO ANIPOKCUMUPYEMast JIOTUKA A, PACIIUPSIONIAs JOTuKy S4, mmeer
caaboe c6olUcmeo Ko-Haxpbimut, eciau it JTF060T0 KOHEUYHOTO KOPHEBOTO A-(peiima F u
MIPOU3BOJILHON HETPUBUAIBLHOW aHTHUIENN X CT'yCTKOB u3 JF, ¢peiiMm JFi, MOITydeHHbIH moba-
BIICHIIEM KaK KOPHs OIHOSJIEMEHTHOTO PeIIeKCHBHOTO KO-HAKPHITHA KO dpeimy J,c pr cl,
Takxke aBiseTcs A-pperivom. Jloruku, obramaronme STUM CBOICTBOM OyIeM naJjiee Ha3bIBaTh
W C P-ao2ukamu.

["oBopuM, 9TO TPABUIIO T 2406a4bH0 dONYcmMumo 6 so2uke L, eciia r OOIyCTUMO BO BCEX
(UHUHTO aIIPOKCUMUPYEMBIX JIOTUKaX, pacmmpsomux jgoruky L. Habop mpasui BeiBona R
HA3BIBAETCS 0a3UCOM 240004610 JONYCUMBIE NPasus so2uky L, ecnu (1) Kaxmoe mpaBuio
u3 R riobansuo nomyctumo B L; (ii) mo6oe riaobaibHo OomycTuMoe B L TpaBuio BEIBOMUTCSE
13 R BO Bcex GUHUTHO ANMPOKCUMUPYEMBIX JIOTHKaX, pacimupsomnmx L. basuc R rimobanbHo
MOy CTUMBIX B L TIpaBuiI HasbIBaeTCsa nezasucumvim, ecmmV A(D L) Vg e R  (R—{q} ¥\ q)
(T.e. HesaBuCHM BO Becex jormkax A O L). AmamormuseiM obpasom ompenersem WC P-
2400aabH0 donycmumbie npasusa 1 6asuc miiss W C P-rio6alibHO IOy CTUMBIX IIPABUII, €CIIH
paccmaTpuBaeM Tosrbko W P-moruku, pacimpsiorme Joruky L.

Teopema 1. IlpaBmio BbIBOma T AOIMyCTUMO BO BCEX (PUHUTHO AIIIPOKCUMUDYEMBIX
WCP-norukax, pacampsrorux S4, r.e. W C P-riobanabao momyctumo B S4 <= 1 gomy-
crumo Bo Bcex tabmuuabix WCP-jmorukax, pacmmpstorux S4, T.e. W C P-rabmauuso morry-
crumo Ham S4.

Hnst Bcex uncenn n > 1, 1 <14,5 <n; n € N, onpenesiuM GOpPMYJIBI:

7Ti5:pi/\/\_‘pj; Ap = /\ Omi;

j#i 1<i<n
Apr =00 N\ (i —=09)]; B:=qV-0q.
1<i<n

OnpenenMM TaK2Ke II0CJIeI0BaTeJIbHOCTDb IIPpAaBUJI BbIBOOA.:

:Qﬂﬁzf; Rn = (Ana A2 »;nZZ&~~
pATp O-dAn

Teopema 2. IlpaBuna R,, n > 1, gomycTumbsl B JIF060IH (PUHITHO AIIPOKCUMUDYE-
MOIT JIOTHKE N\, pacHmupsrorien S4, umeroren cjiaboe CBOHCTBO ko-HakpbiTui, T.e. W (C P-
ry06aJapH0 qomycTuMsel B S4.

Teopema 3. Muoxectso npasui {R,, n € N}, obpazyer He3aBUCUMBII 6a3UC TPABUIT
BeiBona, W C P-rinobansHao momyctuMmbrx Ham S4.

Rli
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O cBolicTBax (-TIOTIOJTHEHUS CUCTEMbI TPEX3HAYHOU JIOTUKU, COCTOSIIIEN
u3 pyskiuu Beb66a

JI. B. ITABYHUH

IIycts P3 — MHOXeCTBO BCeX (DYHKIUI TPEX3HAYHON JIOTUKHU, X — MHOXKECTBO CHUMBOJIOB
nepeMeHHbIX cO 3HaueHusMu u3 F3 = {0,1,2}, F C P3 — HemycToe MHOXeCTBO QyHKIIUIL.
Omnpenenum Mo MHIYKIUN MOHATHE a-mepma Had F' om muoxcecmea nepemennviz X:

1) nepemennas x u3 X €CTb q-TepM;

2) ecnu cumBoit f o6Go3HaUAET N-MecTHYIO dyHkmio u3 F' (n > 1), ® ects a-Tepm u o,
<esy T, — TepeMenHble u3 X (He 06s3aTenbHO pasauunbe), T0 f(P, xa, ..., T,) €CTh a-TepMm.

Ecnu a-TepM He SBIII€TCS TIEPEMEHHOI, TO OH HasbIBaeTCs a-@Gopmyaot (em. [1]).

MuoxecTBO Bcex dyHKIuU u3 Pj, peanu3yeMbix a-dopmynamu Han F', Ha3bIBaeTCS Q-
nonoanenuem MEHOXKeCTBa F' u oboznauaercs depes [F|,. Ecnu [F|, = P3, To F Ha3bBaeTcs
a-noanot cucmemoti. Bompocsl a-TIOMHOTH il k-3HAYHON JIOTUKN PACCMaTPUBAJINCH B pa-
6orax [1]-[6].

IIycts Vs(x,y) = max(x,y) + 1 — dysxuus Be6ba uz Ps, ' = {V3}, ' = [Fl,, F'(n)
— MHOXKECTBO n-MecTHbIX Gyukuuit u3 F', F" = [F'|,, |M| — wmommocts MHOXKECTBa M.

IIpensoxenune. |F'(1)| =6, |F'(2)| = 264, |F'(3)] = 297600.

Teopema. Muoxecrso F" comepxknT Bce OMHOMECTHEIE U OByMECTHEIE (hyHKIUT u3 Ps.

Bonpoc o paserctse F” = P3 ocTaeTcs OTKPBITHIM.
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Axiomatizing origami planes

L.. BEKLEMISHEV

We provide a variant of an axiomatization of elementary geometry based on logical
axioms in the spirit of Huzita—Justin axioms for the origami constructions. We isolate the
fragments corresponding to natural classes of origami constructions such as Pythagorean,
FEuclidean, and full origami constructions. The set of origami constructible points for each
of the classes of constructions provides the minimal model of the corresponding set of logical
axioms.

Our axiomatizations are based on Wu’s axioms for orthogonal geometry and some mod-
ifications of Huzita—Justin axioms. We work out bi-interpretations between these logical
theories and theories of fields as described in J.A. Makowsky (2018). Using a theorem of
M. Ziegler (1982) which implies that the first order theory of Vieta fields is undecidable, we
conclude that the first order theory of our axiomatization of origami is also undecidable.

Joint work with A. Dmitrieva and J. Makowsky.
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Moisil’s modal logic and related systems

S. DROBYSHEVICH, S. ODINTSOV, H. WANSING

In 1942 [2], G. Moisil developed a series of modal logics motivated by—at the time—
quite novel considerations. As it turns out these logics are closely connected to some now
well-known non-classical logics. The aim of this talk is to shed some light on Moisil’s work,
outline these connections and to supplement formal proofs to some facts Moisil seems to
have envisioned.

The novelty of Moisil’s approach was to associate a logic not with a single matrix but
with a class of algebraic systems, namely, the class of bi-residuated lattices, which contain
residual operations with respect to both the join (represented by the implication connective)
and the meet (represented by the difference connective) operations. This system, which we
denote here BiM, turns out to be equivalent to C. Rauszer’s logic HB [4], which, in turn,
is a conservative extension of intuitionistic logic with the difference connective. In this way
Moisil has anticipated by more than thirty years the development of bi-intuitionistic logic.
This logic is also related to Dummett’s linear logic and to Gédel-Smetanich (here-and-there)
logic via its special and three-valued extensions, respectively. Finally, Moisil has shown that
three-valued Lukasewicz logic 4.3 can be defined within the three-valued BiM-extension.

The modal aspect of Moisil’s [2] comes in the form of the general modal logic GML, which
conservatively extends BiM with operators n (impossibility), v (contingency), pu (possibility),
and v (necessity) definable via implication and difference connectives. This logic makes clear
how different Moisil’s view of modalities was compared to the modern one. Motivated by
this fact we compare Mosil’'s approach to modal logic with those by J. Lukasiewicz and
K. Dosen.

The final logic from [2] we are interested in is the general symmetric modal logic GSML,
which is obtained by adding to GML an involutive and contrapositive negation motivated by
the properties of Lukasiewicz’s negation. As Moisil himself pointed out, the difference con-
nective becomes definable via negation and implication in GSML, illuminating the connection
of GSML to both Heyting-Ockham logic N* and the logic HY PE [1]. These connections
were already discussed in [3] and we elaborate on them here.
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On modal counterparts for special N4 -extensions

S. ODINTSOV, A. VISHNEVA

In [1], it was proved that an analog 7 of Goedel-Tarski translation 7' faithfully emdeds
paraconsistent Nelson’s logic N4+ with strong negation ~ into logic BS4, the Belnapian
analog of normal modal logic S4. Notice that the restriction of 7 to ~-free fragment of the
language coincides with 7" and that ~ does not commute with 7.

Modal counterparts of N4 -extensions (see [2]) in the class of BS4-extensions are de-
fined similarly to modal counterparts of superintuitionistic logics, but we use translation 7
instead of Goedel-Tarski translation.

There are four families of special N4"-extensions:

n(L) =N4"+ L, p*(L) =n(L)+{~p— (p = q)},

(L) = n(L) + {==(pV ~p)}, 1°(L) =n*(L) +{==(pV ~p)},
where L is a superintuitionistic logic and —p abbreviates ¢ — L. Special logics of the form
n3(L) are called ezplosive. Normal special logics are those of the form n™(L). It is known
that every superintuitionistic logic has the least modal counterpart. Now we can prove an
analog of this result only for special N41-extensions.

Theorem. Let L be a special N4 -extension. The logic BS4 + {1y | ¢ € L} is the
least modal counterpart of L in the class of BS4-extensions.

We demonstrate also that modal counterparts of explosive special logics need not be
explosive, and that modal counterparts of normal special logics need not be complete. A
BS4-extension is called complete if pvV~ p € L. Complete logics are analogs of normal logics
in the class of BS4-extensions.
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The logic induced by effect algebras with /7

K. V. SHISHOV

Quantum logic originally started as an algebraic structure of a set of projective operators
in Hilbert space. This structures were later called orthomodular lattices, which were actively
investigated. However, most of the attempts to build any adequate logic on the basis of this
lattice for various reasons were unsuccessful.

The effect algebras appears in the 90s thanks to D.Foulis and M.Bennett [3]. The effect
algebras is to be a generalisation of many important for quantum physics and quantum
logics algebraic structures, including orthomodular lattices.

Investigations in the field of residual effect algebras appeared to be the most attractive
area for modern quantum logicians. This research would will make possible to connect
quantum logic with other substructural logics.

Logic of Lattice Effect algebras was introduced in [1] and [4] as logic of residuated lattice
effect algebras. The main feature of these logics is the presence of a logical connective of
implication, which is unambiguously can be expressed as Sasaki arrow (or Sasaki projection)
with good properties. The introduction of an implication with deductive properties and
good axiomatisability of Lattice Effect algebras Logic became possible only thanks to a
well-constructed residual algebra of effects.

In this work we extend the residueted effect algebra and their logic by the unary opera-
tion /7. This operation is defined as an operation, double application of which corresponds
to involution operation /. /7 has an essential role in new direction of quantum logic - quan-
tum computational logic [2] . Also we will report our own result of researching the properties
of the logic induced by effect algebras with /7.

The study was implemented in the framework of the Basic Research Program at the
National Research University Higher School of Economics (HSE University) in 2021.
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Another H(l)-boundedness argument for infinitary action logic

S. O. SPERANSKI

Let ACT,, denote infinitary action logic. It corresponds to so-called *-continuous action
lattices, and may be given by a suitable infinitary sequent calculus (see [1, 3] for details).
W. Buszkowski proved in [1] that the derivability problem for ACT,, is I1-hard. Next,
using some specific syntactic machinery, E. Palka showed in [3] that the above problem is
I19-bounded, and hence I19-complete.

I shall present a somewhat simpler and more general argument for the I19-boundedness
result. Notice that the new argument can also be applied to the expansion of ACT,, obtained
by adding subexponentials for weakening and exchange (but not for contraction, which is a
crucial point), as well as to other calculi of a certain sort.

This talk is based on joint work with Stepan L. Kuznetsov; see [2].
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MamnbneBckne urerus 2021 Teopust BEIYUCIIMOCTH

O HyMepanuiax KJIaCCHMYEeCKHUX CUucTreM

P. H. IanaxauoB, C. K. II:>KABIuEB, H. X. KACBIMOB

s mymepanun v yepes ker(v) 6ymem 0603HAYATH HYMEPAIMOHHYIO YKBUBAJIEHTHOCTD,
KOTOPYIO, IJIsT KPATKOCTHU, HA30BEM SIIPOM V.

OmnpenesnieHue 1. YHuBepcaabHas aarebpa Ha3bIBACTCI MPEACTABUIMON HAad SKBUBA-
JIEHTHOCTBIO 1), €CJIU CYIIIECTBYET €€ HyMePAaIUus C SAPOM 1).

Ounpenenenne 2. DKBUBAJIEHTHOCTD 1) HA3BIBACTCSI M-3KBUBAJICHTHOCTHIO (DABHOMED-
HOU M-3KBUBAJEHTHOCTBIO), €CJIU CYILIECTBYEeT TaKOe ceMencTBO I BeramcamMpIx QyHKIMIT
(mepeunciaumvoe cemerictBo F' BeraucauMpIx QyHKIUI), UHIYIUPYIOIIAX HePECTAHOBKU (ak-
TOP-MHOXK€eCTBa W /1), YTO IS BCAKOH Hapbl HATYPAJIBHBIX YUCENI X, Y HAHAETCS Takas (hyHK-
mus f € F, koropas m-cBonut Kiacc x/n K Kaaccy y/n.

Teopema 1. Ecmn (G,v) — HymMepoBaHHas rpymmna, To Sapo ker(v) ee Hymepanmum —
PpaBHOMEDHAS M -3KBUBAJIEHTHOCTE.

CnencrBue 1. Hu Ham Kakoi IIPEOIIOJIHON SKBHBAJEHTHOCTHIO HE IMPENCTABUMA HUKa-
Kad IpyIIa.

Teopema 1 mopoxmaeT mBa €CTECTBEHHBIX BOIPOCA:

— HACKOJILKO BEJINK KJIACC PABHOMEDPHBIX 1M-3KBUBAJIEHTHOCTEN?

— SIBJISIETCS JIM YCJIOBUE PABHOMEPHOCTM IJIS M-3KBUBAJEHTHOCTHU ITOCTATOYHBIM [IJIS
MIPENCTABUMOCTY HAJl HE TPYIIIGI!

Ilpenmoxenune 1. /[lisg 0600 BBIYUCIUMON MEPeCTAHOBKH f 06€3 KOHEUHBIX IIUKJIOB,
pa3buBaroriieil w Ha 6eCKOHeYHOe UHCJI0 OPOUT, CyILleCTBYeT KOHTHHYYM TaKUX PABHOMEDHBIX
M-5KBUBAJICHTHOCTEH, AJI1 KOTOPBIX BEIYucInMoe ceMercTBo Fy = {f™|n € Z} spmgerca m-
CBOMSIIIIAM.

IIpenmnoxenune 2. CyrecTByeT BEIYUCIUMAS TEPECTAHOBKA, SIBJIAIOILIASICS 1M -CBOMAIIIEH
IJIsI TAKOH PaBHOMEPHOM M-3KBUBAJIEHTHOCTH, Hal KOTOPOI He IPeNCTaBUMa HUKaKas IDYIIIa.

OTmeTuM, 4TO aJITOPUTMUUIECKAS CIOXKHOCTH SKBUBAJCHTHOCTH U3 MPENJIOXKEHUs 2 Ha-
xommTes B Kacce 119; 6oee TOIHO, oHa ABIsAeTcs 3bdeKTHBHO T -0THeTuMOil, HO He Xayc-
nop¢OBOIA.

Ompenesntenue 3. YHuBepcajibHas ajarebpa Ha3bIBAETCS TPAHCJIAIIOHHO MOJIHOM, €CJIH
BCIKas Mapa Pa3jInIHBIX ee 3JIEMEHTOB IEePEBOAUTCA B JIIOOYIO OPYTYIO Iapy Pa3InIHBIX
9JIEMEHTOB MTOAXOASIIEN TPAHCISIIUEHN.

Knaccuueckuin mpuMep TPAHCISIIMOHHO MOJTHON aJIireOpbl — JII0060€e TejIo.

Teopema 2. Hamx 110601 HEraTUBHON 5KBUBAJIEHTHOCTHIO IIPEACTABUMA, TPAHCISAIITOHHO
moJIHas YHUBEpcaJbHasd aareopa.

Ecnu TpancasnmonHO mOsTHas ajrebpa mpencTaBUMa HA MO3UTUBHOW SKBUBAJIEHTHO-
CTBIO, TO 3Ta YKBUBAJIEHTHOCTL pa3pellmMa, 9YTO CBUOETENLCTBYET O Oojlee OOraThIX BO3-
MOYXKHOCTSIX HETQTWBHBIX SKBUBAJEHTHOCTEN OTHOCUTEHHO TMO3UTUBHBIX C TOYKU 3PEHUS
opeacTaBUMOCTH HaO HUMHA O0oraThIX KJIaCCOB CHCTEM.

Hayuonaaonbitli ynusepcumem Ysbexucmana, Tawkenwm (Y36exucman)
E-mail: dadajonovrn@mail .ru;sarvar. javliyev@mail.ru; nadim59@mail.ru
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Huskne jguHenHbIe IIOpAOKHM MMEIoIle BblIUnCJIMMbIE€ KOIINHA

M. B. 3yBKOB

K. Ixxokyur u P. Coap [1] mocTponny HU3KUI JIUHENHBIN TOPSIIOK, He MMEIOIINI BbIUM-
cMMON Konuu (HA CAMOM [IeJie, OHU ITOCTPOMIIN TAaKOU IOPSIOK B KAaXKIOil HEHYJIEBOI mepe-
qucaumont crenenn). C mapyroit cropoust, P. Hoyau u M. Mo3zec [2] mokasanu, 4To KaxK b
HU3KAH AUCKPETHBIN JIMHENHBIA MOPSIIOK MMEeT BLIYUCIMMYIO KONUKO (JIMHEMHBIN TOPSIOK
ABIISIETCS MUCKPETHBIM, €CJIA OH He CONEPKUT MPEeNesIbHBIX dIeMeHToB). U3 sTux pesynbra-
TOB €CTECTBEHHO BO3HUK BOMPOC (& MO CyTH Lesas IIPOrpaMMa UCCIIEIOBAHNI ), KOTOPBIl GBI
noctasiien B 1998 romy B 0630puoit pabore P. oyunu [3]: onucars mopsinkoBsie cBoicTBa P
Takue, YTO Ui JIFO60r0 HU3KOTO JIMHENHOro mopsinka L u3 Bemonaumoctu P(L) criemyer
CYIIIECTBOBAHUE BBIUUCIUMOIO MIPENCTAaBICHUS L.

B nmannoit pabote 6buto HaiimeHO HOBoe Takoe cpoiictBo P(L). Hamomuum, uro ecin
A = {ag, a1, ag, ...} mepeuncienue (BO3MOXKHO ¢ MOBTOPEHUSIME) HEKOTOPOTO MHOXKECTBA,
TO JIWHEWHBIN TOPSNOK BuOa 1+ ag+7+ a1 +n-+as+n-+... Ha3bIBaeTCA 7)-IIPENCTABIEHTEM
MHOXecTBa A.

Teopema. FEcan Huskwuii JTuHEHHBbIN TOpSAoK uMmeeT Bug L + w*, rme L saBasercs n-
npencraBIeHIEM HEKOTOPOI'O MHOXKECTBA, TO OH IMeET BBIUHC/INMYIO KOIIHIO.

Kpowme Toro nomyuena onenka Ciro:KHOCTA M30MOpGU3Ma MEXKIY HU3KON U BBIYUCIIMON
KOISIM.

Teopema. Ecin L' aBngercs n-mpemcraBiieHHEM HEKOTOPOrO MHOXKECTBA, TO IJIA
Huskoro nopanka L = L' + w* cymecrByer Ag—ﬂsoMopqubH/“I eMy BBIYHC/INMBIN JIMHEHHBIIT
nopsnok. CymecTByer Huskuit nopsnok sux L = L' + w* #ze apaatormitcs AY-mzomopdreM
HUKaKOMY BBIIYUC/IIMOMY IODSIOKY.

Pa6ora aBTopa wacTuuno nmommepxkana rpantom PODPU 20-31-70012.
CIIMCOK NUTEPATYPHI

[1] Jockusch C. G., Soare R. 1., Degrees of orderings not isomorphic to recursive linear orderings, Annales
of Pure and Applied Logic, 52 (1991), 39-61.
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Linear Orders, Mathematical Logic Quarterly, 35 (1989), 237—246.

[3] Downey R. G., Computability Theory and Linear Orderings, in Handbook of Recursive Mathematics
V. 2., eds. Ershov Yu. L., Goncharov S. S., Nerode A., and Remmel J. B., with Marek V. W. (Elsevier,
Amsterdam, 1998), 823-976.

Kaszanckut gedepasbrvitl yrusepcumem, Kasams
E-mail: maxim.zubkov@kpfu.ru

68


mailto:maxim.zubkov@kpfu.ru

MamnbneBckne urerus 2021 Teopust BEIYUCIIMOCTH

K npoﬁneMe BXOXIOEHNUsI B N30JIATOPBbI IEHTPAJIOB

. B. JIATKuH

HanomamM, 9T0 M30711TOPOM NOATPYNNEl /1 Ha3BIBAETCS MHOXKECTBO BCEX TAKUX dIIEMEH-
TOB TPYIIIbI, TOOXOMISINAS CTEleHb KOTOPBIX momanaeT B H. B munbmoTenTHON rpynme G
st 7I060ro neHTpasa ;G (T.e. WleHa HIDKHEro HEHTPAJIbHOTO psina) ero msonstop I(v;G)
(HA3BIBAEMBIN HaJiee 7;-M30JIITOPOM) — HOPMAJIbHAs IIOATPYIIIA.

B [1, 2] msyuanace npo6ieMa BXOXIEHWs B Y-M30JSITOPBI IJIsI BHIYACIAMBIX TDYIII 1
BOIIPOCHL O BBIYNCINMOCTHA (PAKTOPOB II0 3TUM IMOATPYIIIIAM:

Teopema 1. [1, 2] us mroboro Habopa é = (ea, ..., €,) BBIYHCIUMO IIEPEUNCIIMBIX
TBHIOPUHTOBBIX CTEIMEHEN HAalAETCs HUJIBIIOTEHTHAs CTyIleHH n rpymma 6e3 kpydenus G(é),
Y KOTOPOI NMPpHU HEKOTOPOU BBIYHUCIUMOU HyMepanuu [3 CIOXKHOCTH MPOOJIeMbI BXOXKICHUSI B
j-H30/IATOp paBHa e; A1 2< j <n. boiee Toro, npm 150601 BEIYHCIUMON HyMepaIun 3TOH
rpynnel 414 3 < j < N CI0XKHOCTH IPOOIeMbI BXOXKACHUA B 7)j-H30JIATOD HE MEHBIIE €5, a
daxTop rpymma Bceii rpynmnsl no TakoMy msoasropy G(é€)/I1(v;G(é)) Bbrumcamma Torma u
TOIBKO TOrza, xkorga e;=0.

OTcrona cremyeT M3BECTHBIN Pe3yIbTaT: CYIIECTBYIOT HE BBIYUCIUMEIE MO3UTUBHO Hy-
MepOBAHHBIE HUJIBIIOTEHTHBIE TPYIILL 6e3 Kpydenus. B To xe Bpems, eciu (G, pu) — mo3u-
TUBHO HyMEPOBaHHAs HUJIBLIIOTEHTHAs TPyMHa 6e3 KpydeHWs, TO Bce (PaKTOp TPYIIBI BUIA
v G/(I(vj+1G)Nv;G) n I(v;G)/1(vj+1G) — mo3uTuBHO HyMepyeMble abeseBbl IPYIILL €3
KpydJeHus, a moToMy u BerauciaumMsle [3], snecs 1<j<n u I(11G)=711G=G.

[TpuMeHsist HEKOTOPBIE TEXHUUECKNE TPUEMBI U3 [4], yIaéTcss HECKOIBKO YCUIIATE BTOPYIO
9acTh TeOpeMHI 1:

Teopema 2. [lnsg mroboro Habopa ¢ = (ea,...,€,) BBIYUCIUMO MEPEUUCTUMBIX THIO-
PDUHTOBBIX CTelleHeN HaHOETCSI He aBTOYCTOHYMBAas HUJIBIIOTEHTHAs CTYIOEHW N rpynma 6e3
kpydenus G(€), y KoTopol mpu Jiio60¥ BEIYUCIUMONR HyMepanuu aias 3 < j <N CJI0XKHOCTH
1pob/IeMbl BXOXKIEHUA B 7Y;-M30JIATOD pPaBHa €;, a (pakToOp rpyIia IO TakOMY H30JIATODY
G(e)/1(v;G(é)) Bbrumcamma TOrga M TOABKO TOrAa, kKoraa ej=0.

CIINCOK JIMTEPATYPBI
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O ¢bpunbGeproBuix HyMepalusax

C. C. OCIINYEB

P. M. ®punbepr B 1958 romy mokaszaj, ITO CEMENCTBO BCEX OMHOMECTHBIX YACTUIHO BHI-
YUCIUMBIX QYHKIUN 06/1a0aeT BeIYUCINMON HyMepaliueir 6e3 moBTopenuii. JaHHBIT pe3yiib-
TaT TOPOOWII IIeJIoe HAIIPABJIEHWE WCCIIENOBAHUN B TeOpu:u HyMepanuil. bbImo momydeHo
MHOXKECTBO Pe3yIbTaTOB, UCCIENYIONINX CYIIIECTBOBAHNE M KOIIMIECTBO OTHO3ZHAYHBIX HYyMe-
palmii ceMeNCTB PA3INIHBIX O0OBEKTOB, & TaKXKe UX CBS3b C IPYTUMU BBIYUCIIMBIMHI HYyMe-
pamusayu. B 1997 romy C. C. 'omuaposeim u A. Copbu B crarbe « O606IIIEHHO BHIUNCTIMbIE
HyMepaluy 1 HeTPUBHAJIbHBIE MTOTypemieTkn Pomxepcas OB mpenjioxkeH MOOXON K MW3yde-
HUIO BBIYNCIMMBIX XapaKTepu3aluil I KJIaCCOB ajareOpanmdeCKux CTPYKTYP, B YACTHOCTH,
paccMaTpuBaTh HyMepalnuu, o0/aalolIre TOU MW MHOU aJITOPUTMHUYECKON CJI0XKHOCTBIO
(Tax HasbBaeMble, ['-gviuucaumbie nymepayuu). Teopus GpuIGEProBEIX HyMepAIU HAIILIA
CBO€ TIPONOJKEHUE VIS PA3INIHBLIX 1 apumdMeTrdecKOn U aHAIMTUYIECKON MepapXuil, ue-
papxuu EpioBa u T.1.

B nokmame 6ymyT mpencTaBiieHBl HeMaBHUE Pe3yIbTaThl aBTOpa 006 OOOOIIIEHHO BBIYH-
CIIMMBIX (QpUOOEPTOBBIX HyMePAIIIX.

HAncmumym Mamemamuru um.C. JI. Coboaesa CO PAH, Hosocubupck
E-mail: ospichev@math.nsc.ru
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OG6 0600611IEHHO BBIYUCINMBIX HYyMeparusax

@®. PAKBIMKAHKBI3BI, b. C. KAIMYP3AEB, H. A. BAXKEHOB

Hywmepanus v HasbiBaeTcst A-eviuucaumot, ecimu MaOX)ecTBO {(2,Yy) : y € v(x)} aBasercs
BBIUKCIIIMO MEPEYUCTUMBIM OTHOCUTEbHO A. ['oBOpmM, uTO Hymepanus U c60dumcsd K
HyMEPAIUN (i, €CITU CYIIeCTBYeT Buruuciaumas Gyukmus f(n), rakas aro v(n) = u(f(n)) nms
mo6oro n € N [1]. Eciu v u pp — A-Beranciumble HyMepanuu ceMeicTsa S, TO TOBOPST, UTO
[ SIBIISIETCI MUHUMAADHDIM HAKPLIMUEM V, €CIIA V < [, [ ﬁ v u s j0060it A-BBIYUCTIAMON
HyMepauuu ¥ BepHO V <y S u = vy=vV Yy = L.

B paGote [2] 6b10 mpUBENEHO ABA TPOCTHIX MPU3HAKA CYIIIECTBOBAHUS MUHUMAIIBHBIX
HAKPBITUN.

Teopewma 1 [2]. Ecau Hymepanus He spiasgercsa 0'-riaBHoi, Torga 4y Hee CyIecTBYeT
MHUHIMAJIEHOE HaKPBITHE.

Teopema 2 [2]. Ecan s Hymepanmii v € Com%(S ) cyiecTByeT 0"~V _prrypcammast
BCIOZY ONpenereHHas nuaroHaabHas dyakmas, Torga g v B RO (S) cymecTByer MuauMas-
HOE HAKDBITHE.

B mamHO#l paboTre mCCIEMyeTCs YCIOBUU CYIIECTBOBAHMUS MUHUMAJIBHBIX HAKDBITHH. B
JAaCTHOCTH, HOKA3BIBAETCS UTO NOCTATOUYHBIe yciaoBuu bamaesa u Ilom3opoBa He SIBIISIOTCS
HeOOXOMUMBIMU.

Teopema 3. Ilycte 0’ <7 A. CymecrByer A-BerumcamMas ceMelicTBO S Takoe, 4ToO
ans Beex v € Com™(S) BeimomHero

(1) v mHe umeeT A-BBIYHCIUMYIO AUATOHAJIBHYIO (OYHKIIHIO;
(2) cymecrByer 1 € Com™ (S) KOTOPBIIT ABIAETCS MUHIMAIBLHBIM HAKPBITHEM I U.

CIINCOK JIUTEPATYPHI
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OG6006111IeHHO BBIYKCINMbIEe HyMepanuii 3p¢peKTUBHO OUCKPETHBIX CEMENCTB

®. PAKBIMKAHKBI3BI, b. C. KAIMYP3AEB, H. A. BAXKEHOB, A. A. ICAXOB

[TycTs v u ff — BBIUKCIUMBIE HyMepanuu. ByneM roBopuTh, 4TO HyMEpaus ¥V c600UmMCs
K HYMEPAIUN (i, €CJTU V = (1 O f 1miIs HeKOTOpo# Beraucaumon pyukiun f. HazoBém mymepa-
o v ceMeiictBa S A-eviuucaumoti, eciu eé yHuBepcagbHoe MHOXKecTBO {(z,n) : x € v(n)}
aBisgeTcs A-Borauciumo nepednciuMbiM. Hymeparmus v cemeiicTBa S ABIISIETCS YHUBEPCAAb-
wmoti, ecmu B < v ms seex € Com®(S) [1]. Ecmn orobpaxenme v: w — S sBisercs
B3aMMHO OMHO3HAYHOI, TO HYMEPAIUS V Ha3bIBAETCS Ppudbepeosoti.

CewmeiicTBO Beromy ompeneneHHbIX GyHkimu A HaseBaeTcs A-addexmusno duckpem-
HOt, eCIIU CyIIeCTByeT A-BbIUUCIIMAs MOCIIEIOBATEIFHOCTh HAYAIBHBIX CEIMEHTOB {0 }icyw
TaKoe, 4To

(1) (Vf € A)Fi)loi C f1;
(2) o; C 0j — 0y = 0j;
B)oCcfijeA&ko, Cfre A= fi=fr

B nanmoit paboTe MCCIEMyIOTCS CYIIIeCTBOBAHUsS OO0OOIIIEHHO BBIUUCIUMBIX YHUBEPCAITH-
HBIX U HpUaGeproBelx HyMepanuu 3PQEeKTUBHO MUCKPETHBIX ceMmeiicTs. B pabore [2], [3]
OB MOKa3aHBbl PA3IMIHBIE PE3yIbTAThL. [lomydeHs! caemyomme pe3yIbTaTh:

Ilpennoxenune 1. Ilycte F — 6eckoHedHOE A-BBIYnCInMO 3(P(HEKTHBHO OUCKPETHOE
CEMEICTBO BCIOAY OINPENECHHBIX (hyHKIUM U A — rumepuMMyHHO-CBOOOIHA, TOTIA CEMer-
cTBO F HMEET yHUBEPCAIBHYIO A-BBIYUCIUMYIO HYMEDAIIHIO.

Teopema 1. Ilycte A — He Berumcammoe MHOXecTBO. FEcim cemerictBo F umeer
A-BpruncanMyro ¢puabeproBo HyMepanuro, Torga J mveeT 6€CKOHEUHO MHOTO IIOIApHO He
CPABHUMBIX A-BBIYHCIUMBIX (DpUAOEPTOBBIX HYMEPAIIUH.

CIIMCOK JIMTEPATYPBI
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O6 orcyrcrBuu (0,1)-perieHnii y CUCTEMBI YPAaBHEHUN

A. B. CEIUBEPCTOB

,HJISI MHOTI'UX 3ada4 PaCllIO3HaBaHUA N3BECTHBLIC aJITOPUTMBI MMEIOT BBICOKYIO BBIYUCJIN-
TEeJIFHYIO CIIOXKHOCTH B XYIIIIEM CIydae, OMHAKO CYIIECTBYIOT TaK Ha3bIBaeMble TeHEPUIECKTE
aJITOPUTMBI, paboTarorue 6e3 ommOoK 1 OBICTPO IMIPUHUMAIOIINAE WM OTBEPraIOIe TTOUYTH
71506011 BXOZI, HO YBENOMJLSIOIIME 00 OTKa3e OT PEIICHNs Ha MaJioil nose Bxomos [1, 2].

3anmaua. Jlaaer m X n marpuna A m BekTop b ¢ neabmvu kospunumenravu. Vmeer ju
cucreMa JUHEHHBIX ypaBHeHHI Ax = b Hekoropoe (0, 1)-peruenue?

Korma Bce snemenTsr m X n marpuiisl A u BekTopa b HeoTpunaTenbHbIE, METOI INHA-
MIUECKOTO TIPOrPAMMUPOBAHNUS TTO3BOJIAET mepedncanTsb Bee (0, 1)-pelnenns cucreMbl Hepa-
BeHCTB Ax < b. Ilpu m > 13logy n m HEKOTOPBIX IPENIOIOKEHUSIX O PACIPENEIEHIN KO-
sddunmenTos, cpenuee uncio (0, 1)-perrernii TOIMHOMUATIBEHO OTPAHIYEHO, CIIEIOBATEIHHO,
5T perenus Jierko Haiitu. JlokazaTenbeTso, koTopoe npemnoxua H. H. Kyswopun [3], ocro-
BaHO Ha OIlEHKE XBOCTOB OMHOMMAJIBLHOTO pacHpeneseHus. Ecmm ke cucTeMa HEPABEHCTB
nmeeT Maiio (0, 1)-perenuil, erko BEIGPATH Te pEIleHUs, HA KOTOPBIX HEPABEHCTBa 00pa-
IAIOTCSI B PABEHCTBA.

HoBeril MeTOn yTOUHSIET CTPYKTYPY MHOXKECTBa TPYIOHBIX BXOHNOB M CBOOONEH OT Mpem-
TIOJIOXKEHUS O HEOTPUIIATETHHOCTHI KO3(hIUITIEHTOB.

Teopema. IlycTh mesoe 4mcio q paBHO CTeNEeHH MPOCTOro umciaa. [lms kaxmoro ta-
KOO ¢ CyIUeCTBYIOT CyOimHenHas ¢GyHKOUI Sq(n) = o(n) u reHepmIecKmii aaropuTM IIO-
JINHOMUAJIBbHOI'O BPEMEHU, KOTOprI;‘I OJI BCEX ITOJIO2KHUTEJIBHBIX IICJIbIX YHCEJI t, m T n =
1+ ¢+ -+ ¢', ymoBrersopsrommx HepaBeHCTBY m > n — +/q(q+ 1)n — s4(n), m mms

OYTH KaxkKAOro Habopa m3 m jmHedHbIX ¢opM {j(To, -+ ,Tp_m), TEE j > N — M, OOIYyC-
KaeT JIMIIb Takou BXoM, miid koroporo He cymectByeT (0, 1)-pemenns cucreMsl ypaBHEHUIT
zj = {;(1,x1, -+ ,&p_pm). Bomee Toro, s ykasaHHBIX N H M CYIIECTBYeT TaKOH OTINY-

HBII OT KOHCTaHTHI MHOrodaer crenenn O(vVnitl) or kospdununenros nuueiitnerx ¢popm {;,
YTO, €CJIM AJTOPUTM He IPUHUMAET M He HOIMYCKaeT BXOH, TO 3TOT MHOTOYICH 0OpaIaeTcs
B HYJIb.
Cayuait ¢ = 1 6611 paccMoTpeH panee [2].
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Primitive recursive algebraic systems of different signatures

A. E. ALAEV

Let A be a structure of finite signature L. We say that 2l is a primitive recursive (p.r.)
structure if its universe A C w is a p.r. set and all functions and predicates in L are p.r. on
A. We say that 2 is a punctual structure if it is p.r. and A is an initial segment of w.

Let 2,8 be two isomorphic structures, where A, B C w. They are primitive recursively
isomorphic, A 2, B, if there exists an isomorphism f : % — B s.t. f, f~! are p.r.f. We
write that 2 <, B if there is a p.r. isomorphism f :  — 5. It is known that if A <, B
and A = w then there exists a punctual structure € =, 8.

Theorem 1. Suppose that A = (A,-, 7!) is a group and the structure (A,-) is p.r.
Then there exists a p.r. structure 8 such that B <, 2.

Theorem 2. Suppose that 2 = (A, -, 7!) is an Abelian group and the structure (4, )
is p.r. Then there exists a p.r. structure B such that 2 <, B.

Theorem 3. Suppose that 2 = (A, +,-,—) is an associative ring and the structure
(A,+,-) is p.r. Then there exists a p.r. structure B such that 2 <, B.
Theorem 4. Suppose that A = (A, +,-,—) is an associative ring and the structure

(A,+,-) is p.r. Then there exists a p.r. structure B such that A <, B.

In theorems 2,3,4 we can replace p.r. structures by punctual structures.

Proposition 1. Let 2 = (A, +, —) be a p.r. non-zero torsion-free Abelian group. Then
there exists a p.r. structure 8 = (B, +) s.t. B = (A, +) and the operation x — —z is not
p.r. in *B.

Proposition 2. Let 24 = (A, +,-,—, 71) be a p.r. field which is not locally finite. Then
there exists a p.r. structure B = (B, +, -, —) s.t. B = (A, +, -, —) and the operation z > z =}
is not p.r. in ‘B.
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Computable Stone spaces

N. BAZHENOV, M. HARRISON-TRAINOR, A. MELNIKOV

Following the works [1, 2], we investigate computable metrizability of Polish spaces up
to homeomorphism. We use Stone duality to construct the first known example of a Polish
space M such that M is a computable topological space, but M is not homeomorphic to a
computably metrized space.

An effectively compact presentation of a Polish space M is a computable metrization of
M equipped with an effective enumeration {(B}, B!, ... ,B;i)}iew of all finite open covers
of M, which consist of basic open balls with rational radii. We say that an effectively
compact Polish space M is effectively categorical if for any pair of effectively compact X
and Y homeomorphic to M, there is an effectively continuous surjective homeomorphism
from X onto Y. We prove that effectively categorical Stone spaces are precisely the duals
of computably categorical Boolean algebras.

Let X be a separable Stone space, and let C(X;R) be the Banach space of continuous
functions X — R. We prove that the following conditions are equivalent:

(1) C(X;R) has a presentation as a computable Banach space;
(2) X is computably metrizable.

REFERENCES

[1] Harrison-Trainor M., Melnikov A., and Ng K. M., Computability of Polish spaces up to homeomorphism,
Journal of Symbolic Logic, 85:4 (2020), 1664-1686.

[2] Hoyrup M., Kihara T., Selivanov V., Degree spectra of homeomorphism types of Polish spaces,
arXiv:2004.06872

[3] Bazhenov N., Harrison-Trainor M., Melnikov A., Computable Stone spaces, arXiv:2107.01536

Sobolev Institute of Mathematics, Novosibirsk

E-mail: bazhenovOmath.nsc.ru

University of Michigan, Ann Arbor (USA)

E-mail: matthhar@umich.edu

Victoria University of Wellington, Wellington (New Zealand)
E-mail: alexander.g.melnikov@gmail.com

75


mailto:bazhenov@math.nsc.ru
mailto:matthhar@umich.edu
mailto:alexander.g.melnikov@gmail.com

MamnbneBckne urerus 2021 Teopust BEIYUCIIMOCTH

Degree spectra of computable functions on (w, <)

N. BazHENOV, D. KALOCINSKI, M. WROCLAWSKI

Existing results provide some insights into obtaining computable, c.e. or Ay degrees as
a spectrum of a total unary recursive function on natural numbers with standard ordering
[1, 2]. These results, however, fall far short from the full classification of such functions in
terms of degree spectra. In this talk, we briefly discuss the current state of knowledge and
new results in this direction.

We say that f is a quasi-block function if there are arbitrarily large initial segments of w
closed under f. We show, among others, that a computable quasi-block function has a c.e.
degree spectrum, if it has a non-decreasing computable lower bound ¢ with lim,, g(n) = co.
An example is demonstrated showing that quasi-block functions with no computable lower
bound but with c.e. degree spectrum exist. Another sufficient condition for having the c.e.
degree spectrum is that a computable structure (w, <, f) has a finitely generated infinite
substructure.

A block function f is a quasi-block function with initial segments closed under f~! as
well. Such functions can be decomposed into atomic blocks—finite intervals closed under f
and f~! with no such proper subintervals. We will discuss the following result:

Theorem 1. If a computable structure (w, <, f), with f unary, has only finitely many
isomorphism types of atomic blocks, then either f is intrinsically computable or its degree
spectrum on (w, <) consists of all Ay degrees.

Finally, we will develop notions and comment on the construction of a function having
an unusual degree spectrum.

Theorem 2. There exists a computable block function having neither trivial, nor the
c.e., nor the Ay degrees as a spectrum on (w, <).

We will finish by formulating some open questions.
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1-Computability of Boolean algebras with extra ideal in the language

M. N. GASKOvA

We call the sequence of predicates Eg, Atg, Alsg, Atmg, Eq, Atq,... — the standard se-
quence of predicates, where Eq highlights {0}, and for all n > 0 predicate At,, highlights the
set {x € A|z/E,, — atom of factor algebra A/E, .}, Als,, highlights ideal {x € Alz/E,, —
atomless element of factor algebra A/E, .}, Atm, highlights ideal {x € A|z/E, — atomic
elemet of factor algebra A/E,.}, E,11 = Als,, + Atm,, = {z € A|Jy € Als,,,z € Atm,, : z =
y + z}. F,, highlights iterated Freche ideal (finate summs of elements of At,,).

Structure A of finate langauge is called computable if the set of its elements is com-
putable subset of w, and all functions and predicates are computable. Structure is n-
computable if there exists an algorithm to check ¥,,-formulas. S. S. Goncharov in [1] showed
that Boolean algebra A is n-computable iff A is computable and the first (n + 1) predicates
of standard sequence of predicates are computable in A.

In current work 1-computability of Boolean algebras with predicate for an extra ideal
added to the language is studied. P. E. Alaev suggested a hypothesis and in current work
we managed to proof the following statement.

Theorem. Let B* be Boolean algebra. Then (B*, 1) is 1-computable iff (B*,I, At,I —
0, Aty is computable, where I — 0={z|Vy <z :(y=0Vy & I)}.

Acknowledgements. The reported study was funded by RFBR according to the
research project N 20-01-00300.
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On the degree of decidable categoricity of a model with infinite solutions for
complete formulas

S. S. GONCHAROV, M. I. MARCHUK

Goncharov[1] investigated computable categoricity restricted to decidable structures. A
decidable structure M is d-decidably categorical if for every decidable copy N of M, there
exists a d-computable isomorphism from M onto N. The decidable categoricity spectrum
of M is the set

DCatSpec(M) = {d : M d-decidably categorical}.

A degree dy is the degree of decidable categoricity of M if dg is the least degree in the
spectrum DCatSpec(M).

There was the following hypothesis. If there exists a decidable prime model M and
a set of complete formulas of Th(M) has degree d, each complete formula of the theory
Th(M) is satisfied by infinitely many tuples of elements, then d is the degree of decidable
categoricality of M. We show that this is not the case.

We prove the following theorem.

Theorem. There exists a prime decidable model M and a Turing degree d such that
the set of complete formulas of the theory Th(M) has degree d, each complete formula of
the theory Th(M) is satisfied by infinitely many tuples of elements and the spectrum of
decidable categoricity for M is equal to the set of all PA -degrees.
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Index sets of positive preorders

B. S. KALMURZAYEV, N. A. BAZHENOV

The main object of our research is computably enumerable (positive) preorders with
respect to computable reducibility. We say that a preorder P is computably reducible
to a preorder @ iff there is a computable function f such that xPy iff f(x)Qf(y) for all
x,y € w. We investigate and classify the arithmetical complexity of some index sets of
positive preorders and positive linear preorders. We refer to some fixed universal computable
numbering {P;: ¢ € w} of all positive preorders. Unfortunately, the family of all positive
linear preorders does not have a computable numbering, so we will refer to the universal
computable numbering of some superfamily of all positive linear preorders.

Papers [1, 2, 3, 4] established the complexities of the index sets of such classes of c.e.
equivalence relations (ceers) as the following: universal ceers, dark ceers, light ceers, self-full
ceers, precomplete ceers, weakly precomplete ceers, and e-complete ceers. In addition, they
consider the c-degree of a given ceer F, its upper cone and lower cone (under computable
reducibility). In the talk we will discuss complexity of index sets of analogous classes of
positive preorders and linear preorders.
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Non-empty open intervals of c.e. sQ;-degrees

R. SH. OMANADZE

We say that a set A is sQi-reducible to a set B (in symbols: A <;g, B), if there
exist computable functions f and g such that, the following three conditions are satis-
fied: (i) (Vz)(z € A <= Wy C B), (i) (Va)(Vy)(y € Wiw) = v < g(x)), and (iii)
(Vo) (Vy) (@ # y = Wy N Wi,y = 0). This relation generates the sQ;-degrees. Condi-
tion (i) characterizes @-reducibility, which yields the @Q-degrees; (i) and (ii) together define
s@Q-reducibility, generating the sQ-degrees.

Our notation and terminology are standard, and can be found e.g., in [1, 2].

In this talk we will present the following results.

Theorem 1. Given any c.e. sQ1-degree a such that 0sq, <sq, @ <sQ, Osq,, there exist
infinitely many pairwise sQ-incomparable c.e. sQ-degrees {c;}ic., such that

(Vi) (a <s@, ¢i <sq@: 0%q,)-

Theorem 2. Let A, B be noncomputable c.e. sets such that B is not simple, A <;g, B
and A ® B <;q, B. Then there exist infinitely many pairwise sQ)i-incomparable c.e. sets
{C;}icw such that

(Vi) (A <0, C;i <50, B).

Theorem 3. Let A, B be noncomputable c.e. sets such that A <;o, B and A =5¢ B.
Then there exist infinitely many pairwise sQ1-incomparable c.e. sets {C;};c., such that

(Vi) (A <sq. Ci <sq@ B).

Theorem 4. If A is a maximal set and B is a non-maximal hyperhypersimple set,
then either Al|sq, B, or there exist a non-maximal hyperhypersimple set C' and maximal set
D such that

A <sQ: D <sQ: C <sQ: B.

Theorem 5.
(1) A =50, AXw<—= (VB)(B <5Q A— B <3Q1 A.
(ii) ASSQB<:>AXLU<SQlBXw.
Theorem 6. Let A, B be noncomputable c.e. sets such that A <,g, B and B =,q,
B X w. Then there exist infinitely many pairwise sQ1-incomparable c.e. sets {C;};c., such
that
(V1) (A <s0, Ci <sq, B).

Theorem 7. The sQ)-degrees of c.e. cylinders are a dense uppersemilattice.
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On the Soare—Stob theorem

M. M. YAMALEEV

In our work we study relative enumerability of 2-c.e. Turing degrees in c.e. degrees below
them. We consider an old question which arises from the well-known work of Soare and Stob
in 1982 [1]. The Soare-Stob theorem says that for any noncomputable low c.e. Turing degree
a there exists a non-c.e. Turing degree d which is above a and relative enumerable in a.
The question is whether the degree d can always be constructed as 2-c.e. We answer this
question, and also consider its possible generalizations. All results are obtained in a joint
work with Arslanov M.M. and Batyrshin I.I., and our main theorem is as follows.

Theorem. There exists a noncomputable low c.e. degree a such that any 2-c.e. degree
d > a, which is relative enumerable in a, must be c.e.

Acknowledgement. The author is partially supported by the Program of development
of Scientific and Educational Mathematical Center of Volga Region (project No. 075-02-
2021-1393)
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CoOTHOIIIEHUsI 10 MOAYJIIO 2 NJisi KPYTOBBIX €QUHUI] KPYTOBOTO MOJIsSI (Qyn

P. 2K. Anges, A. II. T'onoBA, O. B. MUTHHA

KpyroBoe mnose, momydeHHOEe HPUCOENMHEHWEM IPUMUTUBHOIO KODHS (¢ M3 1 CTeleHn
2" > 4, obosrauaercs Qon. Iycts n > 4. Ilns mo6oro nesnoro j monoxum d; = 14+af +a™7
ur; = dj+dym-—2_; —2. B pabore [1] ompenenena moarpynmna K (o) KPyroBBIX €IUHUIL
rpynnsr enuann Un(Z[a]) komsua Z[a|, koTopoe SIBIISIETCS KOIBIOM LeNbIX Hoist Qan. U3
[2] cenyet, uro Un(Z[a]) = K(«a) nnsa n < 8.

n—2__

Jemma 1. K(a) = (a) x D(a), rae D(a) = [[r—, ~*(dars1).

Bynmem u3yuaTs COOTHOILIEHNS MEXIY CTENEHIMU Topoxaatorux rpymnmnst D(«). B cury
anre6pamvIecKol COMPSKEHHOCTU MTOCTATOYHO PACCMATPUBATDL CIIydall, KOTOa u3ydaeTcs di
U €0 CBSI3U. _

Mycts q(k) = dy 'dyn-1-x_1 m P(k) = H?:_,f_l d? mna moGoro k € {1,...,n — 3}.

Jlemma 2. Ilmsg mo6oro k € {0,1,...,n — 3}

(1) 7" =1 (mod 2) md}" #1 (mod 2),
k k k—1 k—1

(2) d3p 1 =di (mod2)md;, , ., ,#di  (mod 2)
72k—1 o

(3) d; = dyn-3P(k) (mod 2),

(4) d%::ll_k_l = dgn—Z_Qk—l = dgk—l + Tok—1 (mod 2),

[Iycts Rz — nonrpymnma (mo ciaoxkenuio) B mosie Qaon, TOPOXKIEHHAS SIIEMEHTAMU

{rasa|1e{0,...,2"72 —1}}

n R= Ry + 2Z[a + a7

Teopema.

(1) s mroboro mesoro | mmeem diry = 1+ 141 +1—1 € Ru
don—3r; = 1; (mod 2).

(2) Ims mroboro k € {1,...,n — 3} umeem d;kl_lrgk—1 €Rnu
k) =1+ dyi 191 = 1+ P(k)rge—1 (mod 2).

[Tomyuennble pe3ynbTaThl MIPUMEHSIIOTCS IPU M3YUEHUN €IUHUIL IIeJIOUYNCIeHHBIX T'PYII-
MIOBBIX KOJIEI MUKIINIECKNX 2-TPYIII.

NccnenoBanue BuimosaeHo npu ¢unancoBon nonnep:xkke PODPU u BPODU B pamkax Ha-
yuaroro npoekTa 20-51-00007, mpu nognepxke [IpaBurenscrBa PP B coorBeTcTBuu ¢ [locta-
HoBiieHueM 211 ot 16.03.2013 r. (cormamenue 02.A03.21.0011) u npu YacTHIHON TOAAEPIKKE
JlaGopaTopun kBauTOBOI TOmONOruu YesrssGuHCKOTO TOCYHUBEPCUTETa (TPAHT IPABUTENb-

crBa PP 14.750.31.0020).
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AnreﬁpanquKaﬂ reoMeTpuda Hano CBOOOMHBLIMI HUJIBIIOTEHTHBIMI rpyIiniamMmn

M. I'. AMArsiosenu, A. I'. MsSCHUKOB

OcHOBHBIE TIOHATHS AATeOPAMYIECKON T€OMETPUN HAL TPYNIaMu ObLIN M3JI0XKEHBI B Pa-
6ore I'. Baymcnara, A. I'. Macaukosa u B. H. Pemecnennukosa [1]. Bomee obmas, yuu-
BepcajlbHas ajireOpamdeckas reoMeTpusl, IpUMeHNMas K ITPOU3BOJIBHBIM ailfeOpamdecKuM
cucrtemMaM, paccmarpubaercs B padorax b. W. Ilmorkuuna, O. FO. Haunusgposoir, A. I'. Msc-
unkoBa u B. H. Pemecnennukosa (cm. xuury [2]). B Hacrosimee Bpems anreGpanmdeckast
reoMeTpusl Hall TPYIIIaMU CTajla BaXHBIM HHCTPYMEHTOM HCCIIEIOBAHUN B KOMOMHATOD-
HOH, TEOMETPUUECKON M TeOpPeTHKO-MONeTbHON Teopuu rpynmn. Hambomee mosmHO paspabo-
TaHBI ajareOpo-reoMeTprYecKre MeTONbl IJI CBOOOMHBIX I'PYHII, TUNEPOOINYECKAX TPYII U
YACTUIHO-KOMMYTATUBHBIX Ipymn (cM. 0630p [3]), a Takxke st CBOGOMHBIX Pa3pelInMbIX
I KECTKUX pa3pelmMbix Ipymn (cM. 0630p [4]). OnHuM w3 IpUHIWINAIBHBIX OTKPBITHIX
BOIIPOCOB B TOU 00JIacTU SBJISETCS MOCTPOEHUE ajireOpamdeckoil reOMeTpUM HaJl HUJIBIO-
TeHTHBIMHU I'pynnaMu 6e3 KpydeHus!, B YaCTHOCTH, Hal CBOOOMHBIMU HUJIBIIOTEHTHBIMU I'DYII-
mamu. [ToMrMoO HETTOCPENCTBEHHOTO MHTEPECA K HUIBIIOTEHTHBIM TPYIIIaM, BaXKHOCTb 3TOTO
BOIIPOCA 3aK/II0YAETCSI TAKXKe B TOM, UTO BO MHOTUX CJIydasx nmonrpynmna Purtunra F' mas-
Hoit rpynnbl GG BeigenseTcs B (G HEKOTOPOW KOHEYHOW CHCTEMOU ypaBHEHUN, ITOITOMY aJire-
Opamueckas TeoOMeTpUsl Hall HUIIBIIOTEHTHON IPYNIol [’ HemocpencTBEHHO BKIIANBIBAETCS B
aIre6panIecKy0 TeOMEeTPUI0 UCXOMHON, BO3MOXKHO HEHWIBIOTEHTHOHN, rpynnel G. B sTom
IOKJIaZe MbI ONUCHIBaeM ajireOpamdeckne CBOUCTBA KOOPAWHATHBIX TPy ajarebpamdecKux
MHOXKECTB U UX HEMPUBOAUMBIX KOMIIOHEHT HaJ CBOGOMHOI HUIBLIOTEHTHON rpymnoit N (To-
OJIOTUsl 3apPUCCKOTO 3[eCh HETEPOBA, a MOTOMY KaxKIoe ajrebpamdeckoe MHOXKECTBO €CTh
KOHEUHOe OObeNUMHEeHNe CBOMX HEMPUBONUMBIX KOMIOHEHT). OJTHU pPe3yJIbTaThl MO3BOJSIOT
HANIEeSITHCS Ha PelIeHrne OpYyTruX QyHIaMeHTAJIbHBIX BOIIPOCOB B ajlreOpanmdecKoil TeOMeTPUn
Han N, HampuMmep, MOJYUYUTH PA3yMHOE OMUCAHUE MHOXECTB PEIIEHUl KOHEUYHBIX CHUCTEM
ypaBHenuit Han N (HecmoTpst Ha TO, uTo {modanToBa mpobiema Han N Hepaspermma).
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[3] Kharlampovich O., Myasnikov A., Model theory and algebraic geometry in groups, non-standard actions
and algorithmic problems. Proceedings of the International Congress of Mathematicians, Seoul 2014.
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Theory, GAGTA BOOK 2, 2021.
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O cna6o momnostHsieMbIX KOBpaX JineBa TUIa

II. C. banuH, 4. H. HyxxuH, E. H. TPOAHCKAA

Kosep annurusubix nonrpynm {2, | r € ®} HaI KOMMYTATUBHBIM KOJIBIIOM, ACCOLUIPO-
BaHHBIN C CHCTEMOI KOopHell P, Ha30BeM donoaHIeMbIM U CAGO0 DONOAHIEMbIM, €CITU BBIIOII-
HAIOTCSA COOTBeTcTBeHHO BKmodenms: (1) A A2, C A, r € &; (2) A2A_,. C A, r € D,
rae 22 = {a? | a € A, }. Oupenenenns xKopa Taxoe Kax B [1].

B pa6ore [2] mo xoBpy 2 onpeneneno koBpoBoe koibno Jlu L(P, ) u, B yacTHOCTH, HO-
Ka3aHo, 9T0 Kojblo L(P,2) Torma m TOIbKO TOrAa WHBAPUAHTHO OTHOCHTEIBHO KOBPOBOIL
nonrpynnsl $(2A), korga BomomnHaoTcs BkmodeHns (2). Ilo ompenenenuro xombmo L(®,2A)
HOPOXKIAETCS (OTHOCUTEIBHO OOEUX ONEPAINil — CIIOXKEHUs U JINEBA YMHOXKEHUsI) BCEMU
mHOX)ecTBaMu Ape., 7 € O, rme {e,, r € ®; hy, s € II} — 6Gasuc lleBase coorser-
crytoweit aiare6per Jlu, IT — dynnamentansHas cucrema xopreit miis ©. B [2] 6bu1 Takxke
chOpMyIIIPOBAH CIIEAYIOLINIT BOIPOC, 3amucaHublil nosauee B Koyposckoit Terpamu [3, Bo-
upoc 19.63]. Bepro au, umo ekaouenud (2) asagiomea 00CmMamounbimy 041 3aMKEHYMOCTU
xoepa {2, | r € ®}7

OueBunHo, ycnosus (2) sBisorcs ocitabienueM Biioderuit (1). Bomee Toro, mst xonen
HEUYETHOI XapakTepucTuku ycaoBus (1) u (2) skBuBajgeHTHBI. MBI IEPEHOCHM DE3yIIbTATHL
cTaThu [4] 0 pasmeneHny KIaccoB CJ1abo MOMOHIEMBIX U IOMOIHAEMbIX MATPUIHBIX KOBPOB
HaJ TOJISIMI XapakTepucTuku 0 u 2 Ha KOBPHI JII0O0TO JIMeBA THUIA HAI KOMMYTATHBHBIMI
KOJIBIIAME YEeTHON XapaKTEPUCTUKU. Y CTAHOBIIEHO, YTO STHU KJIACCHI KOBPOB DA3IEIISIOT
TaK¥Ke [IPUMEPHI HEIPUBOAUMBIX 3aMKHYTHIX KOBPOB Tuma By u C) Hal HeCOBEPIIIEHHBIMIU 10
JIIME XapaKTEPUCTHUKY 2, TapaMeTpPU3yeMble IBYMs aIIUTUBHBIMI IOATPYIIAMI, KOTOPHIE
IOCTPOEHBI B paboTe [5] I mosyyeHns HeCTaHAAPTHLIX Ipynn Mexny rpynnamu [lesase
HAJ[ [IOJIEM U €O HOMIIOJIEM.

PaGora BTOporo aBropa mommepxaHa KpacHOSPCKMM MaTeMATHYECKUM LEHTPOM, (u-
HaHcupyeMbIM MuHOGpHayKn PP B paMkax MEpONPUATHI [0 CO3MAHIIO U PA3BUTUI PErNO-
nasibHbIX HOMII (cormarmenne 075-02-2021-1388) u PODU (mpoekt 19-01-00566).
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JIokasibHO cBOOOMHBIE IIOATPYIINBI 'PYIIII C OOHAM OIIpEeaeJIsAioInammM
COOTHOIILIEHEM

A. 1. Bynkun

B sToll cTaThe MBI HAXOOUM YCJIOBUS, IIPU KOTOPBLIX HOPMAaJIbLHOE 3aMBIKAHNE KaXKIOn
N-TIOPOXK AEHHON TIOATPYIIIEI TPYIIILI ¢ OMHUM ONPENEIISIONIIM COOTHOIIIEHNEM SBJISIE€TCS JIO-
KaJIbHO CBOOOMHOU T'DYIIOMN.

Ecnu T — rpynnosoe ciioBo B andasure X, To yepes [T] 0603HAUMM MHOKECTBO HJIEMEH-
toB u3 X, Bxomamwx B 1. Yepes (tq,... ,tn)G OymeM 000O3HAYATHL HOPMAaJTbHOE 3aMBIKAHIE
HOATPYIIBI, HOPOXKISHHON deMeHTaMu tq,...,t, B G (T.e. 5TO HOpMAaJbHAs MONTPYIIIA
rpynnsl (G, TOPOXKAEHHAS BIIEMEHTaMU t1, . . ., t,); G’ — 5T0 KOMMyTanT rpynmst G.

Teopema 1. Ilycts

G = (z1,...Ts; [x1, Tnt1][T2, Tnta] - - [Tn, Ton] R),

TO€ Tpil, Tnt2, Lyt .-, Lon € |R]. Ecam ty,... t,—1 € G, 10 G'(t1,...,th_1
CBOOOIHOI T'DYIIIION.
Teopema 2. Ilycts

VG apmgercs

G ={a,x1,...,x5; P),
roe P = P(a,x1,22,...,25) = |a,x1][a,z2] ... |a,2,]S (n > 7) and x1,...,27 € [S]. Ecan
t1,ta,t3 € G, T0 G'{t,to,13)C ABIAETCA TOKATBHO CBOGOMHOI TDYIIIOL.

Aamatickutt 2ocynusepcumem, Baprnaya
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MHuorooo6pa3musi, IIOpPOXKAeHHBIE TPOCTHIMIA MOHOTOHHO YIIOPSOOY€HHBIMU
rpynmnamMu

C. B. BAPAKCHH

Hanomuum, uro m-epynna (G, @) sto amrebpamdeckas cucrema (G CUTHATYPBL M =
(,e,71 V. A, @), KoTopas sBnsercs (-rpynmoit 1 OMHOMECTHAs OMepallds ( ecTh aBTOMOP-
¢usm BTOpOro mopsamka rpynmst (G-, e,”!) w anTumsomopdusm permerkn (G, V, A). Bynem
TakXke ropoputh, uro m-rpymmna (G, ) momyckaer npencrasienue B Bume (G,€), a) mo-
PSAOKOBBIMU TONCTAHOBKAMU JIMHENHO YIOPSIOUeHHOro MHOXkecTBa (2, ecniu G C Aut(Q)
u p(g) = aga nus mo6oro g € G, THE G —PEBEPCUBHBI aBTOMOP(PU3M BTOPOTO TOPSIKA
MHOXKeCTBa 2.

ABTOp panee mMokKas3aji, ITO MPOCTAasi HE O-AIMIPOKCUMUPYeas (-TPyIna MOPOXKIAeT MITN
MHOTOOOpa3une HOPMAJIbHO3ZHAYHBIX /(-Tpym, win MHOroOOpasume Bcx (-rpymnmn. A. 3eHKoB u
O. UcaeBa mocTpousu mpuMep TPOCTON M-TPYIIILI, OMPEIeTNB PEBEPCUBHEBIN aBTOMOPHU3M
Ha rpynme B(R) orpanmdeHHBIX aBTOMOP(MU3MOB UMCIOBON TPSIMOU. BepHBI ciemyroriume
YTBEPKICHUS:

Teopema 1. Ilpocras m-rpynmna uad SBASETCS IPOCTON {-TDYIIIOH C OIpPEReTeHHBIM
Ha HEeH PEBEePCHBHBIM aABTOMOP(PU3MOM, UIU JeKAPTOBBIM IIPOU3BENECHUEM ABYX IMPOCTHIX (-
TrPYIII, U PEBEPCUBHBIN aBTOMOPPU3M © MEHSIET UX MECTAMI.

Cnencrsue. IIpocras He 0O-amIpoKCHMHUDPYyeMas M-I PYIIIa IOPOgaeT UIM MHOrOoOpasue
HOPMAaJIbHO3HAYHBIX M-TPYIII, UIX MHOT00Opas3ue BCeX M-TPYIHIII.

MokHO TOCTPOUTH MPUMEP MPOCTON HOPMAJIBHO3HAUHOW M-TPYIIBI C MOMOIIBI KOH-
crpykunu ®.Xomma. [Iycrts (H, ) - m-rpynma, o6amaorias TOYHBIM TPAH3UTUBHBIM IIPE]I-
crasieHueM 1. y. MHOX)ecTBa (). Conpsixkenue siaemenToM ¢ Ha obbenuuenun C(H,()) Bio-
YKEHHBIX APYT B IPYyTra CITIETEHUH YBeIMINBAOIIErOCs YUCIIa M-I Py noncTanosok (H, Q, a)
IIEPEBOMUT IOPOXKIAIOIINE 3JIEMEHTHI HA ONWH YPOBEHb BBEPX, IOJIYIIPSIMOE IPOU3BENEHUE
D(H,Q) = C(H,Q) N\ t, 10 UHOYKIUK ONPENEIeHbl BIIOXKEHHBIE APYT B IPYyra M-TPYIIIbL

(Fo(H, 9, 0) = (H.9), Ao = @ (Fia (H, 9, 0) = (D(F(H, ), 0)9) Aigr = T[ Aim

(o, @]
obwenunenue (G(H,Q),p) = U (Fi(H,Q), ).
i=0
Teopema 2. Ecau m-rpynma (H,p) HOpMaabHO3HAYHA U O6IA0A€T TOYHBIM TPAH3U-
tuBHBIM npencrasiaenneM (H, Q. a) aBroMopgusMaMu JIHHEHHO yIOPSAOUCHHOTO MHOXKECTBA
() ¢ HEMOABMXXHBIM 3JIEMEHTOM Wy € ) peBepcuBHOrO aBTOMOp(uU3Ma a MHOXKeCcTBa §), TO

m-rpymna (G(H,Q), p) HOpMaIbHO3HAYHA U IIPOCTA.
CINCOK JINTEPATYPHI
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O nopoxnenun rpyun SL,(Z + iZ) n PSL, (Z + iZ) TpemMs NHBOJIIOUNIMU, ABE
13 KOTOPLIX I€PECTAHOBOYHEI

P. . I'Bo3nEB, 4. H. HyxxuH, T. b. [IIAUTIOBA

['pymmel, MOPOXKIEHHBIE TPeMs WHBOJIIONUAMEA, OBE UX KOTOPBLIX ME€PECTAHOBOYHEI, OY-
neM HasbBaTh (2 X 2, 2)-mopoxkneHubiMu. QueBunHO, u3 (2 X 2, 2)-TOPOXKIAEMOCTH KAKON-TO
rpynmsl cienyer (2 X 2, 2)-nopoXaaeMoCTh JTI000r0 ee HeeAMHIIHOIO TOMOMOPGHOTO 06pasa,
P 5TOM, MbI HE UCKIIIOYAEM TOTO, UTO IABE WU BCE TPU WHBOJIOIUN COBIAHAOT. B pabo-
tax [1] u [2] ycranoBiena (2 X 2, 2)-IOPOKIAEMOCTH TPOEK TUBHBIX CIIEIUATBHBIX JTMHETHBIX
rpynn PSL,(Z + iZ) Ham KOIbIOM LEJIBIX TayCCOBLIX Yuces Z + iZ nupu n > 8 U COOTBeT-
crBenno npu n = 7. JlokazaTenbcTso B [1, 2] COCTOATIO B TOM, UTO MOPOKIAOIINE TPONKH
YKa3bIBAJIUChL B SIBHOM BuIe, 6Gojiee TOro, mpu n # 4k + 2 OHM BLIOUPAINCh U3 CHENUAIIb-
HOIt jiuHertHON rpynnst S L, (Z 4 iZ). lostomy miist TaKuX pa3MepHOCTEN CIpaBeinB Gosee
CWIbHBIN pesynabraT. llpu n > 7 u n # 4k + 2 rpyuna SL, (Z + iZ) ssnsiercs (2 X 2,2)-
nopokeHHo. Mbl paccMaTpuBaeM ocTaBImecs Majbie pasmeproctu n < 6. ITokazana

Teopema 1. (a) I'pynma SLo(Z+i7Z) He mopoxnaeTcs HIKAKAM MHOXKECTBOM HHBOJIIO-
.

(6) Ipymmer PSLy(Z + iZ), SLs(Z + iZ), PSLsy(Z + iZ), SL.(Z + iZ) u PSLy(Z +
i7.) MOpOKMAIOTCA TPEMs HHBOJIIOUUIMU, HO HE HOPOXKMIAIOTCSI TPEMs MHBOJIIOIUIMU, OBE U3
KOTOPBIX MEPECTAHOBOYHEL.

(B) I'pynma PSLg(7Z + iZ.) mopoxknaroTcs TPeMs COIPSKEHHBIMU UHBOIIOLUAMY, ABE U3
KOTOPBIX IEPECTAHOBOYHEL.

O6wenunsis Teopemy 1 ¢ yKazaHHBIME BbIlIe yTBepxKuaeHusMu u3 [1, 2|, nomygaem mgis
rpynn PSL, (Z + iZ) cremyomnmii moYTH 3aKOHIEHHBIN Pe3yIbTaT.

Teopema 2. Ilpu n # 5 rpynma PSL,(Z + iZ) Torma u TOIBKO TOLga MOPOXKIAETCS
TpeMs UHBOJIONUIMHU, ABE U3 KOTOPBIX IMEPECTAHOBOYHBI, KOraa n > 6.

I'pynna PSLs(Z +iZ) (= SLs(Z + iZ)) nopoxnaeTcss TpeMs. WHBOJIIONUSIMI, HO HEU3-
BeCTHO, Oyner ju oHa (2 X 2, 2)-nopoxnennoni?! ['pynma SLg(Z + iZ) ue sasnsercs (2 X 2,2)-
MOPOXKIIEHHON, HO HEU3BECTHO, TIOPOKIAETCS JIU OHA TPEMsT WHBOJIFOIIASIMIE !

PaGora Broporo aBropa mommep:xkana KpacHOSPCKUM MaTeMaTUYeCKUM HEHTPOM, (-
HaHcupyeMbiM Muno6puayku P® B paMkax MeponpusTuil o CO3MaHUIO U PA3BUTHUIO PETUO-
HastpHBIX HOMI (cormammenne 075-02-2021-1388) u POPU (mpoekt 19-01-00566).
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0] rpyIiirmiax C rnnepeCrTaHOBOYHBIMHM CTPOTO BTOPBIMM M CTPOIro TpeTbnmMHN
MaKCMMaJIbBHBIMMU IIOATPDYIIIIaMM

IO. B. 'oPBATOBA

Bce paccmaTpuBaembre rpynnsl koneunsl. HamomuauMm, uto noarpynna H rpynnst G Ha-
3BIBAETCS 2-MAKCUMAALHOT nodepynnoti Tpynnbl G, eciu H SBIseTCS MaKCUMAJIBHON ITOMI-
TPYIION B HEKOTOPO# MakcuMasibHOU moarpynmne M rpynmner G. AHAJOTUYHO MOTYT OBITH
OTIpEeNesIeHbl 3-MaKCUMAJTbHBIE TTOATPYIIBL. Takke n-MakCHMAaJIbHAsS MOATrpynna rpynnst G
Ha3bIBAETCI CMPO20 N-MAKCUMAAbHOT, €CIIN OHA He SBJISIETCs N-MaKCUMAaJIbHOU OO PYIIION
HII B OTHON COOCTBEHHOW moArpymne rpynmnsl G.

B pa6ore [1] aBTOPBI MOIyYMIN TOYHOE OMUCAHUE TPYII, B KOTOPBIX KaXKas 2-MaKCU-
MaJIbHasl TOATPYIIIA IEPECTAHOBOYHA, CO BCEMU 3-MAaKCUMAJIBHBIMU TOATrPyInaMu. Pa3BuBas
OAHHBI pe3yjbTaT, B HACTOSILEN paboTe MPUBOLUTCS TOYHOE ONMCAHUE IPYHI, B KOTO-
PBIX KaxKOas CTPOro 2-MaKCHMaJIbHAs MONTPYIIa ITeEPECTAHOBOYHA CO BCEMU CTPOrO 3-MakK-
CUMAaJIbHBIMI TIOATPyHnaMu. B JacTHOCTH, mOKa3zaHA 3KBUBAJIEHTHOCTH CTPOEHUs T'DYIII, B
KOTOPBIX KaKOas 2-MaKCHMaJlbHas IOATPYIIIa IIePecTaHOBOYHA CO BCEMU J-MaKCHMAaJIbHBI-
MU TIOATPYIIaMU, & TaKXKe T'PYHI, B KOTOPBIX KaXKIas CTPOro 2-MaKCHMaJbHAas MOATPYIIIa
IIepecTaHOBOYHA CO BCEMU CTPOTO 3-MaKCUMAJIbHBIMU IIOATPYIIaMU.

Jlemma 1. Ilycte G — rpynma. Ecmu kaxxmas cTporo 2-maxcuMasibHas HOATPYIIIA U3
GG mepecTaHOBOYHA CO BCEMU €6 CTPOro 3-MaKCHMAJBHBIMU roarpynmamu, 7o G pa3permnmMa.

Jlemma 2. Ilycte G — rpynma. Ecim kakmas cTpOro 2-MakcuMaJjibHAS TIOATPYIIITA
rpynnbl G IepecTaHOBOYHA CO BCEMU €6 CTPOro 3-MakcuMaIbHbIMU noarpymnmnavy u |w(G)| >
3, To G HHJIBIIOTEHTHA.

Teopema. Ilycts G — HeHmIbDOTEeHTHAs rpymmna. lorma ciemyrorme yCIOBUS SKBU-
BaJIEHTHEL

(1) kaxmas 2-makcumaspHas noarpymnna rpynmnbl (G- IepecTaHOBOUHA C KaXKIou eé 3-
MAaKCHMAaJIbHOU IONT DYIIION;

(2) kaxmas cTporo 2-mMakcuMasbHas moarpynmna rpynmsl (G IepecTaHOBOYHA C KAXKION
eé cTporo 3-MakCUMaJIbHON IMOATPYIIIOH.

CIINCOK JIUTEPATYPHI
[1] Jleruekosa E. B., Cxu6a A. H. Koneunble rpynns ¢ 9aCTUYHO I€PECTAHOBOYHBIMU BTOPBIMU U TPETHUMUI

MaxcuMassEbiMu noarpynnamu // Hoxknanst HAH Bemapycu. 2006. 50 (3). 1012-1017.
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O JI0KaJIBHO IIOYTH pPa3penimMbIX I'PYIIIIaX KOHEYHOIro MmeTabesieBa paHra

O. IO. IJAIKOBA

.. 3aituessiM 66110 BBeneHo mosTre F-pamra rpynnet G [1]. Ilycts G — rpynma, F
— HEKOTOpAasl HEIyCTas CUCTeMa ee KOHEUHO MOPOXKIEHHBIX MOATPYyMI. F-panroMm rpynmbl GG
Ha3bIBaeTCs TAKOe HAMMeEHBIIIee UNCJIO 7, YTO JII00as MOArpynmna cucTeMbl F' MoxeT OBITH
IOpOXKIIeHA He Oojlee WeM 1 djeMeHTaMU. B cioydae, Korma Takoro 4dmcia r HeT, F-panr
rpynmnel G cuuraercs GeckoHeuHbIM. Ecimu F — cuctema Bcex MeTabesIeBbIX HeabeIeBbIX
KOHEYHO TOPOXKIEHHBIX MOArpyHn Heabenepon rpynmnsl (G, To F-panr rpynnel G Ha3bIBAETCS
MeTa0eJIeBbIM. Y CTAHOBJIEHO, UYTO Pa3pernMble HeaOelleBbl IPYIIIBI KOHETHOTO MeTabeseBa
paHra MOr'yT UMeTb GECKOHEUHBIN CHelUAIbHBIN paHr [2].

OCHOBHBIM pe3y/TbTaTOM PabOTHI SBJISIETCS TeopeMa.

Teopema. HeabeneBa okaJIpHO MOYTH pa3perIuMas T'DyIIIa KOHEYHOro MeTabesieBa
paHra JOKaJIbHO MUHUMAKCHA.

CIINCOK JINTEPATYPBI
[1] Hamkosa O. FO. JIokambHO mOYTH paspelmnMbie TPYINbl KOHEYHOTO HeabesleBa panra. Y Kp. MaT. XYPH.,
1990, 42 (4), 477-482.

[2] Hamxosa O. FO. O paspemmmbix rpynmax KOHEYHOro merabeneBa panra. Cub. mar. xypH., 2020, 61
(6), 1331-1342.
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O InmepnmoanveCKux rpyIiiinax, HaCbIIIIEHHBbIX KOHEYHbIMHA T'PDYIIIIaMHX @poGeHMyca

b. E. IIYyPAKOB

I'pynna G wacviwena epynnamu u3 muoxrcecmea 2pynn X, eciau a0bas KOHETHAS IOMI-
rpynmna u3 G comep:XuTcs B moarpymmne rpynnsl G, n30MOpGHON HEKOTOPOU Trpymime u3 X.
I'pynny G masweiBaem 2pynnoti @pobenuyca ¢ donoanenuem H u gdpom F, ecou:

(1) F u H — cobcrBennble nonrpymnnsl rpynnel G u G = F\ H;

(2) (G, H) — napa ®pobennyca, t.e. H N HY9 =1 mus mroboro snementa g € G\ H;

(3) G\ F# =|J HY.

DJeMeHT a HA3BIBAETCS Koneunbim B rpymie GG, eciin Bee monrpynns! suna (a,a?) (g € G)
KOHEUHBI. ['pymma, B KOTOPOU KaXKIBIN 3JIEMEHT ITPOCTOTO TMOPSIKA KOHEUEH, HA3BIBACTCS
cAa060 CONPAHCEHHO OUNPUMUMUBHO KOHeunol. ['pymma, Bce ceueHnsT KOTOPOU O KOHEUHBIM
nonrpynnaM (BKITIOUas eQUHUYHYIO) CIa60 CONPSKEHHO OCUIIPUMUTUBHO KOHEUHBI, HA3LIBA-
E€TCSI CONPAHNCEHHO OUNPUMUMUBHO KOoHeunol, umu 2pynnot Illynkxosa.

B [1] monydensr pe3yabTaThl 0 MEPUOAUIECKUAX CIA60 COMPSKEHHO GUIPUMUTUBHO KO-
HEYHBIX U OMHAPHO KOHEUHBIX TPYIINAaX ¢ HETPUBUAIBHBIM JIOKAJTBHO KOHEUHBIM PaIUKAJIOM,
HACBIIIIEHHBIX KOHeUYHBIMU Tpynnamu Ppobennyca. Ilokazama ciaemyrorias TeopeMa.

Teopema 1. Ilycts G — mepmommyeckas rpyIia, HACHIIIEHHAS KOHCYHBIMU T'DYIIITAME
®dpobeHuyca ¢ AOMOTHEHUAMU YETHBIX HOPIAKOB, i — €& mHBOonus. Eciam mig HeKOTOPBIX
ss1eMeHTOB a,b € G ¢ ycnoBuem |a| - |b| > 4 Bce moarpymner Buga L, = (a,b9), roe g € G,
koHeuHbl, T0 G = AX Cg(i) — rpynna @poberuyca ¢ abesaeBbIM sapoM A.

WUccnenoBanue BeImONHEHO 3a cueT rpaHTa Poccuitckoro Hayusoro ¢douna (mpoekt 19-

71-10017).

CIIUCOK JIMNTEPATYPBI

[1] Durakov B. E., Sozutov A. I. On Periodic Groups Saturated with Finite Frobenius Groups // The
Bulletin of Irkutsk State University. Series Mathematics, 2021, 35, 73-86.
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O KOHEUYHBIX IIOATPYIIIIaX TOYHO KPATHO TPaH3UMTHUBHBIX I'DYIIII

E. B. IIYPAKOB

I'pynna G moncranoBok muOX)ectBa X (| X| > k) HaseBaeTcs mouno k-mpan3umusnod
Ha X, eciIu U1 JTIOObIX ABYX YHOPSIIOYEHHBIX MHOXKECTB (a1, ..., ag) u (B, ..., Bk) dIeMeH-
TOB (Touek) n3 X Takux, 9To (v # o U [3; # [ It @ # j, CyIIECTBYeT TOYHO ONUH SJIEMEHT
rpynnsl G nepesomsimit ; B B; (i =1, ..., k). Dunement a rpynnsl G Ha3LIBAETCST KOHEU-
HblM, eciau s Becex g € G momrpynnsl (a,a?) xkomeunsl. ['pymnma G macviwena 2pynnamu
u3 muoxcecmea 2pynn X, ecau mobas KoHeuHast moarpynmna u3 (G COOep:KUTCS B TOATPYIIIE
rpynnst G, uzomopdroit HekoTopoit rpymme u3 X. Cmemanuas rpynmna G obiiagaet nepuoou-
weckotli uacmpio T'(G), eciu Bee 57IEMEHTHI KOHEUHBIX TIOPAIKOB B (G COCTABIISIOT TIOATPYIIILY
T(G). Cobersennas nonrpynmna H rpynnbl G HA3BIBAETCS CONPAHCEHHO Naommuol, ecaun H
uMeeT He IIyCTOe IIePecedeHne ¢ KaXKIbIM KJIaCCOM COIMPSXKEHHBIX 3JIeMEHTOB u3 G.

Teopema 1. Hacsimennas koHeuynbiMu rpynmnamu PpobeHnyca TOYHO ABAXKIBI TPAH3H-
TUBHAs TPYIIIa TOACTAHOBOK, B CTAOUIN3ATOPE TOUYKHU KOTOPOU HET COMPSKEHHO IMIOTHBIX
noarpymnn, obanaeT pPeryaspHoOn abesleBoi HOPMAaJIbHOM IOAT PYIIIION.

yKaBaHbI OpuMepbl CMCITaHHBIX I'PDYIIITI C KOHCYHBIMHI 3JIEMEHTaMM, HACBIIIIECHHBIX KOHEY-
upivu rpynnaMu Ppobernyca, He 06IAHAIONINX IEPUONNIECKON JACTHIO.

Teopema 2. TouHO TpPUKIBI TPAH3UTUBHAS T'PYIIA C KOHEUHBIM 5JIEMEHTOM, HACHI-
IIIeHHAS KOHEYHBIMU MPOCTHIME TPYIIIAMU, JIOKAJIBHO KOHEUHA.

B [1] nokazaua

Teopema 3. Touno TpuKABI TPAH3UTUBHAS I'DYIIA XapaKTEPUCTUKA P > 3, COOEPXKa-
I11as1 KOHEYHBIH 5JIEMEHT MOPSIAKA P, JIOKAJIBHO KOHEUHA.

Benercs paboTa mo mokaszaTesbCTBY AaHAJIOTMIHON TeopeMbl 6€3 OrPAaHUYIEHNS Ha XapaK-
TEPUCTUKY T'PYIIIHL.

Pabora Bummomuena npu ¢uHaHCOBON nommep:xkke Poccuiickoro @onma dhyHIaAMEHTAIb-
HBIX nccaenoBanuil, mpoekT 19-01-00566 A.

CIINCOK JINTEPATYPBI

[1] Durakov E. B., Sharply 3-transitive groups with finite element, Journal of Siberian Federal University,
Mathematics and Physics. 2021. (the article was accepted for publication)
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ABTOMOP®hU3MBI HEPACIIIEIJIIEMBIX paclImpeHnii 2-rpymnn ¢ nomortsio PSLa(q)

A. B. 3ABApPHULIVH, 1. O. PEBUH

Hepaciennsemsie pacmupenust G rpynnst L = PSLo(q) npu meuétroM ¢, 3amaBaeMbie
KOPOTKOII TOYHOH TIOCJIEIOBATETHEHOCTHIO

0=V ->G—-L—1, (1)

rme V — snemenTapHas abeneBa 2-Tpynna U COOTBETCTBYMOIee netictBue L Ha V' HempuBo-
Mo, 6b1u onucansl B [1]. B nokmnanme Gymer mpencTaBieHO CTPOEHNE IPYIIIBL aBTOMOPdhU3-
MOB KaXKIIOT'O0 TAKOTO PACIITUPEHUS.

Hanmomuum, uro PYX1s(q) o6o3Hauaer pacimmperune rpynnsl L ¢ MOMOIIBIO €8 TOIEBBIX
aBroMopdusmos. Amanornuno, PT'Ly(q) — pacmupenune PGLa(q) monesbivmu aBToMopdmns-
mamu. [losmydeHo cremyroriiee onucaHue.

Teopema 1. Ilycte G — HepaclemigeMoe pacIIIpeHue T'DYIIN, 3adaHHOE MTOCTIENO-
BarenbHOCTBIO (1), e V. — syiemenTapHas abesieBa 2-rpynma, Ha KOTOPOH HEIPUBOLUMO
u HerpuBmaabHO npericrByer rpymma L = PSLo(q) npu meuérrom q. Torma cymecrByer
KOPOTKas TOYHAs MOCJIENOBATEIBHOCTE TDYIII

0= W — Aut(G) - A — 1,

roe W — smemenTapHas abesieBa 2-rpyimia nopsaka 2" u CIpaBEaInBO OZHO U3 yTBEPXKIe-
HIUI:

(i) g=—1 (mod 8), n=1(q+1)/2 w A = PXLs(q);

(1) ¢ =3 (mod 8), n=q+1u A=PI'Ly(q).

Ioka3zaTerbCTBO TEOPEMBI OUPAETCS HA P HOJIYUYEHHBIX HAMI BCIOMOTQTEeIbHBIX yT-
BEPXKIOEHUN W3 TEOPUU IIPENCTABIEHUN, KOTOPBble MOI'YT IIPEICTABISITH CAMOCTOSTEIbHBIN
naTepec. Cama Teopema 1 okasbIBaeTCs MOJIE3HOM Ipu u3ydeHun npobiems! ['. Bunanna [2,
Offene Frage (g)] o m-cybMakcuMaabHBIX TOATPYIIAX MUHUMAIILHBIX HEPA3PEITUMBIX TPYIIIL.

Pa6ora Beimosnsena B pamkax rocymapcrsennoro sampanus UM CO PAH (npoext N 0314-
2019-0001) u npu nmogmepxkke PODU u BPODU (npoext N 20-51-00007).

CIIMCOK JIMTEPATYPBI

[1] Bypuuenko B. II., Pacmmpenus abeneBbix 2-rpyni ¢ HOMOLIBIO Lo(g) ¢ HEIpUBOOMMBIM [eiiCTBHEM,
Ausre6pa u sorumka 39 (2000), N 3, 280-319.

[2] Wielandt H., Zusammengesetzte Gruppen: Holders Programm heute, Finite groups, Santa Cruz Conf.
1979, Proc. Symp. Pure Math. 37 (1980), 161-173.

UM um. C.JI. Coboaesa CO PAH, Hosocubupck

E-mail: zav@math.nsc.ru
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O InepecedyeHnAX HUJIBIIOTEHTHDBIX IMOATPYIIII B HEKOTOPBIX KOHEYHBbIX
KJIaCCHN4YEeCKMX r'pylIlimnax

B. . 3EHKOB

[Iycte G — xomeunas rpynma, A m B—monrpynner u3 G.  Omnpenenmum Mg (A, B)
KaK MHOXECTBO MUHIMAJIBHBIX IO BKIIIOUEHHIO HepecedeHuil Buma A N BY, rme g u3 G, a
mea(A, B) KaKk MHOXKECTBO MUHUMAJIBHBIX 10 TOPSOKY HEPeCeYeHWUil TAaKoro Buma. lloso-
xuM Ming(A, B)=«M¢(A, B)» u ming(A, B)=«mg(A, B)». Hexoropsle cBoiicTBa momn-
rpyun Ming(A, B) u ming(A, B) npusenessr 8 [1]. IIpu usyuenun nonrpynn Ming(A, B)
u ming(A, B) B moutn npocThix rpynmnax, rae Soc(G)—upoctas rpynna u3 [2| B J0Kaib-
HBIX CHTYalNsIX BO3HUKAIOT HONIPYNIIBL, He jiexkarue B cuucke u3 [2]. Taxoe npoucxonur B
rpynme Eg(2) ¢ oproroHanbHbBIME rpynnamMu pazmepHocteil 14 u 12 Hag mosiem nopsinka 2, a
rakxke ¢ rpynnamu Us(4) u Ug(2), uro HemocpencTBenuo BunHo u3 tabmun 4.7.3 A, B B [3].
[TosToMy OHE pacCMATPUBAIOTCS OTIEIBHO.

Hoka3zana cremyroras

Teopema. Ilycte G — kKoHeYHas rpylia, B KOTOPOU IOKOJIb U30MOPGEH JIub0 OpTOro-
HAJILHOI rpymie pasMepHocTr 12 min 14 Ham monem nopsaka 2 u 3Haka MuHyc, au6o Us(4)
nmn Uy(2). Tormna ming(A, B) = 1 gs mrobbix HunsnoTeHTHBIX noarpynna A u B rpymmer G.

UccnenoBanme BoImosTHEHO Tpu uHaHCOBOU monmepx)ke PDPDPU B pamkax mpoekTa 20-

01-00456.

CHUCOK JINTEPATYPBI
[1] 3enkos B.M. O nepeceueHunsx Tpex HUIBIOTEHTHBIX NOAIPYNI B KOHEe4YHOM rpymnme // Cub. MaT. XKypH.
2021. 62 (4). 764-783.
[2] Convay J.H. [et.al.] Atlas of finite groups. Oxford: Clarendon Press, 1985.

[3] Gorenstein D., Lyons R., Solomon R. The classification of the finite simple groups, Number 3. Provi-
dence, RI: Amer. Math. Soc, 1998
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Hecy1itectBoBaHMEe cnopamvyeckoro KOMIIO3UIMOHHOTO (pakTopa B HEKOTOPBIX
KOHEUYHBIX I'pynnax c ycjgoBueMm Ha rpad I'proubepra — Keremns

M. P. 3UHOBLEBA

[Iycts G — koneunas rpymmna, 7((G) — MHOXKECTBO NMPOCTBIX MEJIUTENE ee MOPSIKa,
w(G) — MHOXKeCTBO TOPANKOB ee dieMeHToB. Ha 7(G) ompenesnsercs rpad CO CIEMLyOIINM
OTHOIIIEHIEM CMEKHOCTU: DPa3indHble BepunHbl © U § u3 7((G) CMEXHBI TOr[a U TOJIBKO
torna, korga rs € w(G). Oror rpad nHaseiBaercs epagom I'pronbepea — Keeeas unu epagom
npocmuiz wucea rpynnsl G u o6o3navaercs uepes GK (G).

M. Xaru [1] uccnenosana koneunsie rpynnsl ¢ rpadgom 'prorbGepra — Kerems kak y
ciopaguuaeckoin rpynnel. A. B. 3aBapunnuus [2] usyunn koneunsie rpynnsl ¢ rpadom ['pros-
6epra — Keremns xax y rpymm Jy, Go(7) mwm 2Ga(q), ¢ = 32+ > 3.

Mgl paccmaTpuBaeM CHEIYIOIIYIO 3a0ady: MOXKET i KOHeUHas rpymnma ¢ rpadom ['pron-
6epra — Kerensg kax y KOHEUHOU MPOCTOW HeabeIeBON I'PYINBI UMETh KOMIIO3UIIMOHHBIN
dhaxTop, M30MOPGHBIN MMPOCTON CHOPAINYECKON rpymme. B paMkax 5TOH 3aaa9u MBI TIOJTY-
YIIIN CIIEYIOINA Pe3yIbTaT.

Teopema 1. Ilycrs H = A, _1(q) — koHeunas mpocras juHeliHas rpynna, 7 < n #
8,9,10,12, G — koneunas rpynna ¢ GK(G) = GK(H) u S — ee KoMIIO3UIIMOHHBIH (HaxTOop.
Torma S mHe m30MOp(EH IPOCTOH CIIOPAANIECKON T'DYIIIIE.

Teopema 2. IIycts H = 2A,,_1(q) — Komeunas mpocTas yHuTapHas rpymnma, 7 < n #
8,9,10,12, G — koneunas rpynna ¢ GK(G) = GK(H) u S — ee xoMIIo3unuoHHBIH (haxTop.
Torma S He m30MOp(EH MPOCTON CIOPAAUIECKOH TDYIIIIE.

Wccnenopanue BuimosHeHOo pu puHaHcoBon nommepxkke PODU B pamkax HAYIHOTO TIPO-
exTa 20-01-00456.

CIIMCOK JIMTEPATYPBI

[1] Hagie M., The prime graph of a sporadic simple group. Comm. Algebra. 31(9) (2003) 4405—4424.
[2] BaBapuunuu A. B., O pacnossHaBaHuy KOHEUHBIX IPYNN IO Ipady IPOCTHIX duced. Anre6pa U JIOTHKA.
45(4) (2006) 390-408.
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O6 omHOM HEOGXOAMMOM YCJIOBAU PeryJispHOCTU P-rpynnbl u ero cjiefic TBUSX

C. I"'. KonecHukoB, B. M. JIEOHTHLEB

B 1982 r. B. Bepdpun 8 Koyposckoit Terpamu nmocrasmi Bompoc |1, Bonpoc 8.3]: mis
KaKux 1, M, p CWIOBCKas p-nonrpynna P, (Z,m) rpynnet GL,(Zym) HaL KOIBIOM BBIUe-
TOB IEJBbIX YuCeN Zym perynspHa? OTBeT U3BECTEH B CIENYIOMUX ClIydasx: nm — 1 < p
(FO. Y. Mepanskos), n > p + 1 (A. B. drxes), n > (p+ 1)/2 wm n? < p (C. T'. Ko-
JecHUKOB). B paboTe moiydeHo HEOOGXOMUMOE YCIIOBUE PEryJISIPHOCTH, KOTOPOE MO3BOJIAET
YACTUIHO MCCIIENOBATH citydait n > (p+ 1)/3, a TakXke MOIyUnTh MOJIHOE PEIICHNE aHAJIOTa
5TOrO BOIPOCA IJIsI CUIIOBCKOH p-ionrpyunst P®(Z,m ) rpynmnet Hlesane ®(Z,m ) nas ¢ Tuma
Gs.

Teopema 1. Eciau komeunas p-rpynma G peryispHa, TO mjsd ao0bix a,b € G cyire-
crByer sneMeHT d € (a,b)’ Takoi, uro dP = Hw( Ri)>p le i ), rae npousBeneHne 6epeTcs 110
BceM koMMmyTaTopaMm R; Beca w(R;) > p u3 cobuparensrorn ¢popmynsr O. Xomana. B gacrrHO-
cTH, AJIT JII0OO0T0 MeJ0ro HEOTPUALIATETIHHOTO § IMEEM

dP = H R{i(p) (mod G(p+j+1)),
p<w(R;)<p+j

roe GPHIFY — (p+ j + 1)-1f wren HmKHErO HEHTpaIBHOrO pAma rpymms G.

W3 Teopemsr 1 u pesynpTaTos [2] momydaercs

CnenctBue. Ilycte G — perynspras p-rpymma, p = 3, a,b € G. omyctum, dto
BCAKHIT KOMMYyTATOp OT a u b: 1) mMmeromit 6osee nByx BxoxneHmit b, paBen 1; 2) Beca p
umeer nopsnok 1 mmu p. Torga cyiectByer saemeHt d € (a,b)’ Takoi, uro

(p—3)/2
d” = [b, pra] [b,p—2a. b0 T (16 p—2sal, [b,al] ™D (mod G#HY).
k=1
Cremyrornue qBe TEOPEMBbI IOKA3aHbI C UCIOIBL30BAHNEM CJIENCTBUSL.
Teopema 2. Ilycte p Takoe mpocroe umcio, 4ro quciao (p + 2)/3 — nemoe. I'pynma
P, (Z,m) =e perynspHa, ectun > (p+2)/3 mm > 3.

Teopema 3. I'pynna PGo(Z,m) perymasapHa, Toabko ecan p > 17 mmm 6m < p < 17.
PaGora monmepxana KpacHOSpCKIM MaTeMaTUYECKUM [EHTPOM, (huHaHCHpYyeMbiM Mu-

HoOpHayku PP B paMkax MepompusTHUR MO CO3MAHUIO U PA3BUTHUO pernoHabHbIx HOMIL
(Cornamenue 075-02-2021-1388).

CIIMCOK JIMTEPATYPBI
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2020, 23 (4), 607-628.
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O6 onHOM BOIpOCE O TEH30PHOM MPOU3BENEHUN MOMYJIEN

A. B. KoHbIrna

[Mycts G — rpynna, K — anrebpanuecku 3amkuyToe mosie u Vy, Vo — K G-monynu. B
paboTe paccMaTPUBAETCs BOMPOC: NMpu Kakux orpanudenusx #Ha G, K, Vi, Vo BoimomuseTcs
m3zomopdusm Vi @ Vo 2 Vi ® I, rne I — Tpusnansubiii K G-monyns (pasmeproctu dim(V53))?

Panee aBropom B [1] 66110 OKa3aHO, uTO ecin (G — HEEAMHUIHAS CBA3HAS PELYKTUBHAS
anrebpamueckas rpynmna Han K u Vi, Vo — Tounbie nonynpocteie K G-monymu, To Vi ® Vo 2

Vi ® I. B cayuae, ecin G — HeenuuuuHast KoHeunas rpymnma, char (K) = 0, V; — KG-
Momynb, Vo — Tounbii K G-monynb, To V3 ® Vo =2 Vi ® I cupaBenimBo B TOM U TOJIBKO TOM

caydae, korga Vi — mpsiMasi cymMMa PEeryIspHBIX MpencTaBieHnit rpynnsl G.

G
Hacrosias pabora mpomoimkaeT I/|ICC|J'IGJIOBaHI/Ie Bompoca. B Hell moka3bIBaeTCs, UTO
ViwV, 2V, ®I B cnyuae, korna (G — KOHeUYHass IPYIIa JMEeBa TUIMIA XaPAKTEPUCTUKI
p, char (K) = p u Vi, Vo — tounbie npocteie K G-momyin.
PaGora Beimonsena npu ¢unancosoil mopmepxkke PODPU (mpoekt 20-01-00456).

CIIUCOK JINTEPATYPBI
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MaxkcuMasibHble YHUIIOTEHTHbBIE MOATPYIINLI JBOMHBIX CTAOUIN3aTOPOB
IIPUMUTUBHLIX [IapaGoIMUYeCcKuX MOACTAHOBOUYHBLIX IIPEACTABIICHUI
rpyuanst Dy (q)

B. B. KOPABJIEBA

[Tycts G — xoHeuHAs TpOCTast TPyIIa jreBa Tumna u P — mapabonmdeckas MaKCUMAaIIb-
uas noarpymnma B (G. Paccmorpum mpencrasiienne rpynmbl G IONCTAHOBKAME MHOXKeCTBa [
JIEBBIX CMEXKHBIX KjaccoB rpynmnsl G mo momrpymme P, B koTopom siementy g u3 G co-
OTBETCTBYET IMONCTAHOBKA, MEPEBOMSIIAs JIEBbIM cMexXHBIN kinacc xP B grP. Opbutsr [
monrpynnsl P ua [ HasbiBatorcs nodopbumamu rpynnsl G. Panee aBTOpOM 6BIIIO TIOTY YEHO
ONCAHNE TPUMUTUBHBIX TapabOInIECKAX TONCTAHOBOYHBIX MPENCTABICHIN BCEX KOHETHBIX
MPOCTHIX TPYIII JINEeBa TUMA (BBIYUCIEHBI CTENEHb, PAHT, CTPOEHIE CTAOUIN3aTOPOB TOYKU 1
nByX To4ek). [Ipu 5TOM mCCIenoBanus UCKIIIOUNTENbHBIX TPYIII IIPOBOMMINCH MeTomoM BN-
nap. st kmaccuueckux rpymnn meton BN-map ynamock IpuMeHNTb TOIBKO IS TPYIIN THTIA,
Ay, s npyrux KiIacCUYeCKuX TPYII MPUMEHEHNe STOTO MeTONA MPUBOAMIO K GOJIBIIIOTO
00beMa BBIUKCIIEHUSIM W K [OUCKY WHBIX TMOMOXOMOB, MMOTOMY KJIACCUYECKUE TPYIIILI U3y da-
JINCh B UX €CTECTBEHHBIX MATPUYHBIX MPENCTABICHUSAX, & HOKA3aTEILCTBA ObLIN MOy Y€HbI
B T€PMUHAX MaTPUIl JIMHEHHBIX MPeoOpa30BaHnl 1 OMIMHENHBIX WM KBAAPATUIHBIX GOPM.
[MocTaBnena 3amaua yHUGUIIIPOBATDH ONMUCAHUE MPUMUTUBHBIX MApabOIMIECKUX MTOICTAHO-
BOYHBIX MPENCTABIEHNIT KOHEUHBIX MIPOCTHIX IPYIIIL JINEBA THUIA U MOIYyUNTh eIuHOe (JINEeBO)
ONICAaHMEe TAKUX MPENCTABICHN. JTO OnucaHme ObLIO ObI MOJIE3HBIM [IJIST PEIIEHNST MHOTUX
3a/1a4 TEOPUU T'PYIIIL.

C oToll TOUYKHU 3peHust B aHHOI paboTe ucciemyercst oproronaibhas rpynmna G = Di(q)
7 ee mapabosimueckas MaKCUMaJjbHas ToArpynna Py, momydennas orOpackiBanneM k-it Bep-
IIMHBL TuarpaMMbl [IBIHKIHA B CTAHIAPTHOM YIIOPSIOYEHUN €€ BEPIIINH:

-1

— @
e

-2
l.

Bonee Toumno, nist HekOTOpBIX monopouT I'; u ux mpencTaBuTeNeR 2; YKA3BIBAIOTCS KOPHE-
BBbIE TOATPYIIIEI, TOPOXKIAIOIIINE MAKCUMAIbHYI0 YHUITOTEHTHYIO MOATPYIILY ABONHOTO CTa-
oummsaTopa P N z; Pz, 1. coorsercryromero momopbure I';. DTO MO3BOISET HOIYIUTH
KOMMYTQTOPHBIC COOTHOIIEeHNs 1 rpynnsl Py, Mz Pz, ! 1 Tem cambIM HafiTH ee CTPpOEHUE.
DJleMeHTHI 2; SIBHO YKa3bIBAIOTCS B TEPMUHAX MOPOXKMAIONTNX T'pynmbl Betas nis G.

UccnenoBarme BBITIOTHEHO TIpU (puHaHCOBOI TTonnep:xkke PODPU B paMKax HAYIHOTO MIPO-
exTa 20-01-00456.

Yeagbunckuil 2ocydapcmeennvlti nusepcumem, UYeagbunck; HHcmumym mamemamury U MEeTAHUKU UM.
H. H. Kpacosckoeo YpO PAH, Examepunbype
E-mail: vvk@csu.ru
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IToarpynmnbr Cyn3yku B rpyIine aBTOTONN3MOB IOJIYIIOJIEBOM ITPOEKTUBHOMN
TIIJIOCKOCTH

O. B. KPABIIOBA

WccnenoBarust TpOEKTUBHBIX TIJIOCKOCTE BOCXOMSIT €I1é K Jiyiepy. ['pymnmnsl KosinHea-
[Tl KOHETHBIX 1€3aPTOBBIX TPOEKTUBHBIX IIJIOCKOCTEl, HAPSILY CO 3HAKOIIEPEMEHHBIMU TPYII-
IIaMUn IIOOCTAHOBOK, ABUJIMCH II€PBBIM MCTOYHMKOM KOHEYHBIX ITPOCTBIX HeabeJIeBbIX rpyIII.

Hauunas ¢ pa6or Hukcona (1905), BeGnena u Bennepbepua (1906), cranu m3ydaTbes
HEIe3aprOBbI TPOEKTUBHBIE TIJIOCKOCTY TPAHCIIAINA, KOOPANHATU3UPYEMbIE He TI0JIEM, a KBa-
3UMOJIEM U, B YACTHBIX CIIydasx, (HEACCONMATUBHON) arebpoil ¢ IeJleHneM — MOJTYIOTIEM.

O6cyxmast tunoresy Xbio3a (1959) o paspermMocTy TPYINb KOJUIMHEAN KOHEIHOI
HeZIe3aproBoit mosrynosesoit miaockoctu (Bonpoc 11.76 H.II. Ilonydamnosa B Koyposckoit Te-
Tpamu), IpemjiaraeM, Mpexie BCEro, BLIIBUTH MPOCTHIE HEAOENEeBbl IPYIILI, KOTOPLIE HE
MOTYT SIBIISTHCS TOATPYNIAMU B TPYIIE aBTOTONU3MOB (aBTOMOPGOU3MOB, (DUKCUPYIOIIAX
TPEYTOIHHIK ).

HoxkazaHbr 001 PEe3yIbTATHI, OT PAHMYUBAIOIIIE BO3MOXKHBIN TOPSIOK moarpymns: Cy -
sykn Sz(22"T1) B rpymme aBroTOmmM3IMOB.

Teopema 1. IlycTs T — HemesaproBa IIOIyIOIeBas IJIOCKOCTE Hopsaaka pY, roe p > 2 —
npoctoe, N = 2™ . s, s HeuyeTrHo. Torma rpymnmna aBTOTONN3MOB HE COHNEPXKUT ITOATPYII,
usomopduberx Sz(22"T) qma 2n + 1 > m.

Teopema 2. Ilycts T — Heme3apropa IOJIyIOJeBas IIOCKOCTh mopsaka 2V, roe N e
nennrcs Ha 4. Torma rpymnmna aBTOTOMU3MOB He CONePKUT HOAT DY, m3oMopdHEIx Sz (2271
11 J1I000r0 n.

N3ygaroTcs yciaoBus CyIeCTBOBAHUS B TPYIIE aBTOTOMM3MOB MIOATPYIIIEL, T30MOP(OHOI
Sz(2) (xax monrpymmer Sz(22"T1) mpu mro6om n). TomydeHbl TexHUYECKWe Pe3yTbTATHL.
B wacTHOCTH, BBISBIIEH T€OMETPUUECKUI CMBICI MOPOXKIAIOIIAX 3JIEMEHTOB, YHUDUIIPO-
BAHO MATPUYHOE MPEACTABIEHNE aBTOTONU3MOB mopsaaka 4. s miockocTeill MUHIMAIILHOTO
paHra IoKasaHa CIIemyIOIast

2N
Teopema 3. Ilycte ™ — Heme3aproba HOIYIOJEBasd IMJIOCKOCTHb HMOPAOKa P, rae p —
mpocToe, eBoe Aapo KoTopoii m3omopdro GF (p™). Torma rpymnma muHEHHEIX aBTOTOIM3MOB
HE CONEePXKUT MOATrPYIHII, N30MOPPHBIX Sz(2).

Wccnenopanue BuimosHeHO ipu puHaHCOBON nonaepxkke PODU B pamkax HAYyIHOTO TIPO-
exkTa 19-01-00566 A.

Cubupcrut gedepaavrviti ynusepcmumem, Kpacnogpex
E-mail: 0171@bk.ru
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BiioxxeHusi cueTHBIX I'PyH, 3aaBaeMble YHUBEPCAJIBHBIMU CJIOBAMU
B CBOOOMHON rpyIne

B. I'. MUKAEIISH

ITo teopeme Xurmonua, Hotimana u Hoitman [2] mobas cuértaas rpynma G BIoXuMa B
2-mopOoXK AeHHY0 TPynmy 1. DTOT M3BECTHBLIN PE3yJILTAT CTAJl OTIPABHON TOYKOW IIJIsSl WC-
CJIENOBAHUI O BJIOXKEHUAX B 2-TIOPOXKIECHHBIE TPYIIILI ¢ NOMOJHUTEILHBIMU CBOCTBaMu. B
[5] MBI CTpOUM METOI SIBHOTO BJIOXKEHUsI JII060I CUETHOI rpynnsl (7, 3aJaHHON CBOUMU TIOPO-
KIAOIIMMY 1 OIPEIEIISIIOIIMMEA COOTHOIIEHUIMI, B TAKYI0 2-IOPOXKIEHHYIO rpymnmy 1, 9To
OIpENeJIAIONIe COOTHOIEeHUsI T MOTYyT OBITH JIEFKO BBIBEIEHLI U3 TAKOBLIX I'pynnbl G, u
OHU HACJIEMYIOT HEKOTOPBIE CBONCTBA COOTHOIIEHN (G, HyKHBIe 7T BIIOXKEHUI PEKYPCUBHBIX
I'PYIII B KOHEYHO ONpeNeIeHHbIe IPYIIIEL, U3ydaeMble HaMu B [6].

Crnenyrorme o603HaYeHNs MOHANOOATCA NI 3a0aHUs BIOXKEHNS. B cBOGOMHON rpyrme
Fy = (x,y) panra 2 paccMOTPUM HEKOTODBIE YHUBEPCatbHble ClIoBa a;(x,y) = y(f‘yl)zw_l,
i = 1,2,... Paccmorpum mpousBonbhyio cuérhyio rpynny G = (A | R) = (a1,a9,... |
T1,7T2,...), Te s € R ecTb coBo mimHE! ks Ham GyKBaMu, HAIPEMED, O, 4, - -, 04, . € A.
Ecmu B 75 3aMeHNM KaXKIBIid @;, ; COOTBETCTBYIOIIMM CJIOBOM @, ,(¥,Yy), TOTydInM HOBOE
cnoso 74 (x,y) = rs(ai, ((x,y),. .., ai,, (z,y)) B F> HAI Bcero mumb nByMs Gyksamu ,y. B
5TuX 0603HAYEHUAX B [5] MBI MOKA3HIBAEM:

Teopema. g mobor cuérroit rpynnel G = (aj,as,... | r1,r2,...) oTobpaxkeHue
via; = ai(x,y), i =1,2,..., 3agaer uaBeKTHBHOE BiIOXKeHNE G B 2-IIOPOXKIECHHYIO T'DYIILY
Te = <:1:,y | Tll(xvy)v Té(l’,y), s >

ITo Teopeme Xurmsua [1] kaxmas peKypCUBHAS TPYIIIA BIOKUMA B KOHEUHO OMPENeEH-
HYIO TPYIIy, B CBsi3u ¢ 4eM B npobieme 14.10 B [3] cTaBuTCs BOIPOC O A6HbIT BIIOXKEHUI
PEKYPCUBHBIX TPYII B “eCTeCTBEHHBIE” KOHEUHO OIpenesieHHble rpynnbl. B [6] Mbr cTponm
SIBHBIE BIIOKEHUS B 2-TIOPOXKIEHHBIE T'PYIIIE MJIsI PA3HBIX KJIACCOB PEKYPCUBHBIX TPYIII, BKJIIO-
vas rpynny Q, momuépkuyTyio B mpobieme 14.10.

CIINCOK JIMNTEPATYPBI

[1] Higman G., Subgroups of finitely presented groups, Proc. R. Soc. Ser. A (1961), 262, 455-475.

[2] Higman G., Neumann B. H., Neumann H., Embedding theorems for groups, J. London Math. Soc., 3,
24, (1949), 247-254.

[3] Masypos B. II., Xyxpo E. 1. (pen.), Koyposckas terpans. Heperénnse Bonpocsr Teopun rpymim, 19-e
n3n, Uacturyt matemaruku uMm. C.JI. Cobonesa CO PAH, Hosocubupck (2018).

[4] Mikaelian V. H., Subvariety structures in certain product varieties of groups, J. Group Theory, 21 (2018),
5, 865—884.

[65] Mukaensau B. I'., Brnoxenus, 3anaBaeMble YHIBEPCAIILHBIMU CIIOBAMA B CBOGOMHON rpynne panra 2, Cu-
6upckuit MaT. X)ypHai, 62 (2021), 1, 154-163.

[6] Mikaelian V. H., The Higman operations and embeddings of recursive groups, 2020, arXiv:2002.09728
[math.GR]

Epesancruti 2ocydapemeennvit ynusepcumem, Epesan (Apmenus)
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O cBepxpa3penmMoCcTi KOHEYHOI T'PYIIbI C IEPMYyTHUPYEMBIMU MOATPYHIIaMU

B. C. MoHAxoOB, . JI. Coxor

PaccmaTpuBaroTcst TOIbKO KOHeUHBIE IPyHbl. [[puMmapHOil Ha3kIBAIOT TPYHITY, TOPSIOK
KOTOPOI €CTh CTEMeHb HEKOTOPOTO MIPOCTOr0 UHUCIA.

Hepmymuzamopom [1, p. 26] monrpynust H B rpynne G massiBaercs nonrpymnna Pg(H),
MMOPOXKIEHHAS BCEMU TEMU IUKJIUYECKUMU MOATPyHnamMu rpynnbl (G, Kaxkmas m3 KOTOPBIX
epecTaHoBOYHA ¢ H:

Pg(H)={(r € G| (zx)H = H(x)).
[MonsiTHO, uTO MEpMyTH3aTOp HONrpynnsl H conepxut ee Hopmanusarop: Pg(H) > Ng(H).
B [2] mokaszano, uro rpynnma G mMeeT CHIIOBCKYIO OAlllHIO CBEPXPA3PEIINMOrO THIA, €CIIH
Pg(X) = G nnsa xaxnon cumosckoin monrpynnel X rpynnst G. B [3] omucana cTpykTypa
rpynnstl G, B koTopoit Py (X) = Y mnsa xkaxnon cumoBckoir moarpynnsl X B G U KaxkIom
nonrpynmsl Y > X.

Cnenys [3], mogrpynny H rpynnst G 6ynem Ha3bIBATH

nepmymupyemot 8 G, ecnu Pg(H) = G;

cuabno nepmymupyemoti 8 G, ecim Py (H) = U nns mro6oir monrpynnst U u3 G Taxoi,
yro U > H.

3aMeTnM, UTO KBa3WHOPMAJIbHAS MOATPYIIA CUILHO IMEpMyTHpyeMa. B cuMmmerpuue-
ckoit rpynme S, crenenu n € {3,4,6}, cuoBckas 2-moArpyImna CUILHO MEepMyTHpyeMa, HO
He KBa3WHOPMaJIbHA.

Hoka3zaHa clemymoIas TeopeMa.

Teopema. Ecam Bce mpumapHbIe NUKIMYECKHe IOArPynnbl rpyanbl (G CUIBHO IepMy-
tupyembl B G, To rpynma G cBepxXpa3pernma.

CIINCOK JIMTEPATYPBI

[1] Weinstein M. Between Nilpotent and Solvable. Polygonal. Passaic, N.J. 1982.

[2] Liu X., Wang Y. Implications of permutizers of some subgroups in finite groups. Comm. Algebra. 2005.
33. 559-565.

[3] Bacunves A. ®., Bacunwer B. A., Bacunsesa T. 1. O nepMyTupyeMBIX NMOAIPYNIIAX KOHEUHBIX I'PYIIIL.
Cub. maTeMm. xkypH. 2014. 55:2. 285-295

Tomeabcrut 2ocydapemeennvit ynusepcumem um. D. Crkopunvt, omenv (Beaapycy)
E-mail: victor.monakhov@gmail.com

Bpecmerut 2ocydapemeennvit yrusepcumem um. A. C. IIywwuna, Bpecm (Beaapycy)
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AT-rpynnsi, He sBasonmumecs AT-nogrpynmnavmm

A. B. POXKOB

AT-rpynmet (1986) - sTo 0o6061enune uzsectroro npumepa C.B.Anemmuna (1972) ¢.a. Gepu-
cafiloBOl TPyNIbl 6eCKOHEeTHOro mepuona. llycts A — mocienoBaTeIbHOCTh MHOXKECTB, 17
— CJIOWHO OMHOPOMHOE MepeBo, mocTpoerHoe Ham A. ['pymma, mopoxkmeHHAs KOPHEBBIMU 1
MPOMOIbHBIMEU aBTOMOpdu3Mamu nepesa 1 HaswiBaercs AT-rpymmon man mepesom 1. Ilom-
rpynna AT-rpynner maswiBaercss AT-nonrpymnmoit, eciu ona AT-rpynma Ham Tem xke nepe-
BoM T, uTo m obbemsIIoNas rpymmna. Kciu mocienoBaTebHOCTE A COCTOUT U3 TPYII, TO
AT-rpynna Ha3bIBAETCS PETYIISIPHON, €CIN U3 IMUKINYECKAX TPYIIN KOHEUHOTO mopsiaka ) =
(Q1,Q9,...), To AT-TpynImoi, a U3 MUKIMIECKUX TPYII IPOCTOTO MOpSaKa w = (w1, ws, ...),
AT,,-rpynnoii.

Bomnpoc 16.79. Bepno au, umo 6 41060t xkoneuno nopoxcdennoti AT-2pynne nad no-
c1€00804MEALBHOCTNBIO YUKAUUECKUT 2PYNN, NOPAOKU KOMOPHIL 02PAHUUEHDBL, BCE CUAOBCKUE
n002pYnnvl A0KAALHO KOHEUHbL?

Ha xondepentmn (Ienenmxux, 2018) 6bLIO HOIOXKEHO, YTO OTBET OTPHUIATELHBIN 1
MIPUBENIEHO HECKOJILKO IpUMEPOB. BoT 6ostee moITHOE perrieHre BOIIpoca.

Teopema 1. Ecmn orpaHmdeHHas IOC/I€NOBATEIBHOCTH W, HAYUHAS C HEKOTOPOTO HO-
Mepa, CTabWIN3UPyeTCs Ha MPOCTOM ducjiae p, TO cyiectByer AT,,-rpymnma ¢ HeJIOKaJIbHO
KOHEYHOH CHJIOBCKOH p-moarpymnmon. Ecan mociremoBaTe/lbHOCTH W HE HMEET IIPENesia, T.e.
He CcTabuIn3upyercs, BCe CHUJIOBCKHe moAarpymmsl jgobon takon AT,,-rpynmbl JOKaJIbHO KO-
HEYHEL.

Teopema 2. Ecim y orpaHmYeHHOH MOCiaenoBaTeasHOCTH (), (He SBIIAIOLIEHcS w ) Bce
YJIeHBI, HAYMHAS C HEKOTOPOIO HOMEpa, AeIATCSI Ha IPOCToe Iucio p, To cyiectByer ATq-
rPYIIIa ¢ HeJIOKAJIbHO KOHEYHON CHJIOBCKON P-IIOATPYIIHOMH, KoTopas Oyaer A'T-rpymmor, HO He
AT-noarpynmoii. Ecnu au onua ”xBoct” mocsenoBarenbHOCTH §) HE UMEET TAKOTO IIPOCTOTO
YUCIIa P, TO BCE CUJIOBCKHE MOATPYIIIBI 1000 Takor ATq-rpymnmbl JIOKaJIbHO KOHEYHEI.

1. B xmacce AT,-rpymnn HeT TPy, Yy KOTOPBIX €CTb MOATpPYyInbl, sBistorimecst AT-
rpynnavu, Ho He AT-monrpynmamu.

2. Teopema 1 He SBISETCS YaCTHBIM CIIyYaeM TE€OPEMBI 2, OHU MNOMOJIHSIOT APYT OpyTa.

3. AT,-rpynmnbl oTIMIa0OTCss OT ocTaabHbIX AT-rpynm Tak ke CUIbHO, KaK IUKTIYe-
CKP€e TPYHIIBI IPOCTOrO MOPSAKA OTIIMYIAIOTCS OT IPYTUX MPOCTHIX I'PYIIIL.

4. I'pynma 7, nopoxnaeTcs JTI00BIM CBOUM HEeIUHIIHBIM 3JIEMEHTOM, SIBJISeTCs IOJIeM,
COIPOBOXKIAIOIINE TIEPECTAHOBKI 3aaI0TCSI BEKTOPAMU U T.II. UTO CYIIECTBEHHO OOJI€rdaeT
m3yuenne AT,-rpynn. MeHHO MOSTOMY TTOUTH BCE UCCICIOBAHHBIE K HACTOSIIIEMY BPEMEHNI
AT-rpynner ssinstorcsts AT,,-rpymmamu.

[IpoekT peanusyercs nobenurenem Konkypca Ha mpenocTaBieHre IPaHTOB 0JIar0OTBOPU-
TenbHON mporpaMmbl «CTunenauanbHas nporpamma Bramuvupa [loranunas» Baarorsopu-
TenpHOTO (QoHnma Bmanumupa [loTanuna

Kybanckutl 20cydapcmeennviti ynusepcumem, Kpacnodap
E-mail: great.ros.marine2@gmail.com
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O rpyIimnax H_IyHKOBa, HACBIILIIEHHBIX CII€EIINAaJIBHBIMMH JIMHEeMHbLIMU rpyIinamMm
CTEIIEHHU TpPpM Hald KOHEYHBbIMH IIOJISAMU HeYeTHOn XapakKTepuCTHUKN

N. B. Caponax, A. K. HIJENKUH

[To ompenesnenuto, rpymnmna (G HACBHIIIIEHA TPYIIIAMI U3 MHOXKECTBa TPy X , eciIu Tobast
kKoHeunas nonrpynmna K u3 G comepxutcs B moarpymme rpynnsl G, m30MOpPHOA HEKOTOPOIT
rpynme u3 X (MHOXeCTBO X HA3BIBACTCS HACHIUAIOUWUM MHOoAHcecmEom Iyt Tpynmsl G) [1].
Hanomumym, uro rpynmna G (CONpsiKeHHO OHUIPUMUTUBHO KOHEUYHAsI TPYINA B ONPENeSICHUN
B.II. Illyukosa, [2]) massiBaeTcs rpynmoit [Ilyrkosa, eciau mst 1060 KOHEUHON TOATPYIIITBI
H < G B dakrop-rpynne Ng(H)/H mobble oBa COMPSIKEHHBIX 5JIEMEHTA MTPOCTOTO TIOPSIIKA
MOPOXKIAIOT KOHeuHyIo rpynmy. B [3] mokaszano, uto mepuomuueckas rpynmna Illyakosa, Ha-
CBIIEHHAs TpynmamMu u3 MHOxkecTBa rpynn {SLo(p™)}, rme p u n He GUKCUPYIOTCS, U30-
Mopdua SLy(Q), rme () — JIOKAIbHO KOHEeUHOe Tojie. ECTeCTBEHHO pacCMOTPETH CIIydarl,
korma rpymnma lyrkosa Haceitena rpynmnamu u3 Muoxkects rpynm {SL3(p™)}. Tloyuen cie-
OYIOITN Pe3yIbTaT.

Teopewma. I'pynna Illyakosa G, HaceieHHas rpynmnaMu u3 MHoxkectBa {SLs(p™)}, rae
p — (EKCHPOBaHHOE IIPOCTOE YOCJI0, N He UKCUpyeTcs, 0bnanaeT NepHOSHIECKOH JaCThIO
koropas m3oMmoppHa SL3((Q)) mmd monxomsiiero JIOKaabHO KOHEYHOro 1ot () xapakTepH-
CTHUKH P.

PaboTa mepBoro aBTopa BBITIOIHEHA 3a CUET rpaHTa Poccuiickoro HayuHOTO POHOA, TIPO-
exT 19-71-10017.
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n-KpaTHo o-jokasbHbIe dopManuym KOHEYHBIX TPy ¢ GyJIieBbIMU
nonpenieTKkaMu

. H. CA®OHOBA

PaccmaTpuBaroTcss TONBKO KOHeuHble Tpynnsl. Ilycts o = {o; | i € [} — mexoTopoe
paszbueHne MHOXKECTBa BcexX MpOoCThIX uyucenl P, G — rpynma u § — kiacc rpymm.  To-
rna (1] o(G) = {o; | os N 7(|G]) # 0}; 0(F) = Uges 0(G). Pyrxmmsa f suma f : o —
{dopmanun rpynn} zaseBaercs GopManuonHoil o-¢yakuuei. s Beskoil hopMAarmoHHOR
o-byukmuu f kimace LF,(f) ompemensercs cremytommm obpasom: LF,(f) = (G | G =
lumn G # 11 G/Oy 5, (G) € f(0;) nna seex 0; € 0(G)). Ecmm § = LF,(f), To dopmarmmio
$ HA3BIBAIOT O-JIOKAJIBHON, a POPMANMOHHYIO 0-QYHKIUK f — O-JIOKAITBHBIM OIIPEIeIeHIEM
dopmaruu §. Beskyio ¢dopmanuio HassBaioT 0-kpaTHO o-mokasnbHou. Ilpum n > 0, dopma-
U0 § HA3BIBAIOT N-KPATHO o-JIOKaJIbHOI (1], eciu mubo § = (1) — kitacc BceX eqUHUIHBIX
rpynm, 6o § = LF,(f), rme f(o;) — (n — 1)-kpaTHO 0-n0KambHas GOpMANUS I BCEX
o; € 0(F).

st Besikoro Ha6opa rpynn X cumBout [ form (X) o6o3HavaeT nepeceyeHne BCex n-KpaTHO
0-TOKaJIBHBIX (popmarnuil, comepxammmx X. s mobbix nByx (2 -dopManuit I u §) nmomaraioT
MV H = Cform(MUN).

CoBokymHOCTE [ BCeX N-KPaTHO O-JIOKAJIbHBIX (hOpMaIliil o0pa3yeT HOIHYI0 ajarebpa-
IYECKYI0 MOLYJISIPHYIO DEUIeTKY [2], B KOTOPOR Njc &, SBISETCS TOIHOH HIKHEN IDAHBIO
u [Jform(U;c;8;) — TouHOll Bepxmeir rpanbio {§; € I | j € J} B ). Popmanunm u3 (7
Ha3bIBAIOT [ -popmammsayu. () -Ilondopmanus §) w3 § Has3elBaeTcs [ -momosHeHWeM K [ -
nondopmanuu M B F, ecnu § = [Zform(MUH) u MNH = (1). Eciu § — 1-popmanus, To
gyepe3 L7 (§) ob6o3HaUAIOT pereTKy ee 2 -mondopMarmii.

OCHOBHBIM pe3y/IbTaTOM pabOTHI SIBIISETCS CIIELyIOIIas TeopeMa, narolias onucaxue |9 -
dopmarnuit ¢ 6yneBeIME pelreTkamu [J-nondopmarui.

Teopema. Ilycts § — n-kpaTHO o-J10KajabHas ¢opmarusa, rae n > 1. Torma cmemyro-
111me yCJIOBUS PABHOCUJIBHEL:

1) pemerka LS (F) 6ynesa;

2) § = ©o,c0(3)B0,, e By, — KITacC BCEX 0;-T'DYIIL;

3) § = Ny(z) — KIacc BceX o-HWIBIIOTEHTHBIX 0 (§)-rpym;

4) B § momomHseMa kaxnas nondopmanus Buga &, .

WccnenoBanme BbImoHEHO Tipu puHAHCOBON monaepxkke MwunroOpazoBanus Pecrybmumkn
Benapycs (mpoext 20211328).

CIINCOK JIMNTEPATYPBI

[1] Skiba A.N. On one generalization of the local formations. Probl. Phys. Math. Tech.. 2018; 34(1), 79-82.
[2] Chi Z., Safonov V.G., Skiba A.N. On n-multiply o-local formations of finite groups. Comm. Algebra.
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O rpyIiirmax ¢ CMMIIJIEKTNYE€CKNMN 3-TpaHCl'I031/II_II/I$IMI/I

B. M. CunuuiuH, A. 1. CO3yTOB

B pa6ore [1] 6blmn onucaHbl MEHAMAJIBHBIE CHCTEMBI {W1, ..., Wy, } TOPOXKIAOIINAX CIM-
MTEK THUeCKNX TpancBexmmit Tpynm Spy(2) m OF(2) (I > 3), rpader Koxerepa T, [2] xo-
TOPBIX SIBISIFOTCSL AepeBbsiMu ¢ n BeprmmHamu (n = 20 + 1 mus Spe(2) mw n = 21 ns
0%(2)). Muoxectro Tpancsexmmit 8 W,, = W(I',,) € {Spx(2), 0%(2)} smasercs xmaccom 3-
TpaHcnounuii [3, Teopema 2.58], u B W), BeImonmsrorcst cooTHorrenus (w;w;)™¥ = 1 rpynmst
Koxcrepa panra n: G, = (s1,...,8, | (8i5;)™%9, mi; < 3), tme my; = 1,1 <i<j<nmu
m;j = 3, WIX M;; = 2 B 3aBHCHMOCTU OT TOro, ecTb B '), pe6po (4, j), uau Takoro pebpa
Hetr. Ilo Teopeme Jluka oTobpaxkenue s; — w; (i = 1, ..., n) IPONOIKAETCS 10 CIOPHEKTUBHOTO
romomopduma @, : G, — W, c sopom K, = Ker p,, n remeruueckuir kon rpynnst W, B
MAHHOI CUCTEME TIOPOKIAIOIINX COCTOUT U3 KO TPYHILL (7, 1 HEKOTOPBIX [IOMOTHUTEITLHBIX
cootHomernit. Kax mokazaso B [4] ¢ MOMOIIBIO cUCTEMBI BhruncauTenbuon anrebper GAP
st n = 21 < 20 mocTaTOYHO OOHOIO JOMOJIHUTEILHOIO COOTHOIIEeHs, a it n = 21+ 1 < 20
— IOBYX COOTHOIICHWUi. DTHU COOTHOIICHUs YKA3aHBL B [4] Kak CJI0BA OT S1, ..., Sy, (m < 9).
['umoresa o ToM, uTO yKasaHHbe B [4] rereTnueckue Konbl u npu [ > 10 Onpenesnstor rpynisl
C CHMTUTeKTUYeCKIME 3-Tpancrosummsvu Spa(2), O35 (2), moka me noxazama.

Tosmyuena xapakTepusamus rpymnn ®umepa W, € {Spy(2), 0%(2)} [3, Teopema 2.58]
kak dakTop-rpymnn rpynn Kokcrepa (G, yKasbiBaolas Ha uxX OIu3K0e ” pomcTBo” :

I'pynna Kokcrepa G, ¢ rpagpom 'y, n = 21+ 1 > 9, umeeT enmHCTBEHHYIO IIPOCTYIO
HeabesieBy (axTop-rpynity; sta gakrop-rpynna copnagaer ¢ G, /K, u n3omoppua Spa(2).

I'pynna Kokcrepa G, ¢ rpagpom I',,, n = 2] > 6, umeeT equHCTBEHHYTO (HaKTOP-TPYIIILY
¢ IPOCTBIM HeabeJIeBBIM KOMMYTAHTOM; HaHHAs (axTop-rpynmna coBuazaer ¢ G, /K, u uso-
mopra onuoit u3 rpynn O4(2), OF(2).

EcTts ocHoBanus Taxxke mpenmnosarats, uto sapo K, = Ker ¢,, ssusercsa B G,, Makcu-
MaJIbHOU HOPMAJIBHON MOATPYIION 6e3 KpydeHns.

Pa6ora nonnepxkana PODPU (rpant 19-01-00566 A) u KpacHospckuM MaTeMaTuIecKuM

eHTpoM, ¢uHaHcupyeMbiM Munobpuayku P® B pamkax MeponpusiTuii mo CO3maHUio U pas3-
BuTuio peruoHanbHeix HOMIT (Cornarmenue 075-02-2020-1534/1).
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O F“-cyGHOPMAJILHBIX MOATPYINAX KOHEYHBLIX T'PYIIII

M. M. CorokuHA, C. II. MAKCAKOB

PaccmaTpuBaroTcst TonbKO KOHeUHBIE Tpynnbl. [loHsTre §F-CyOHOPMAIBLHON MOATPYIIIBI
npou3BoiibHON KoHeunon rpynmbl (JILA. Hlemerxos, 1974), rme § — HemycTas dopmariust
I'PYIIIL, ABJIAETCS €CTECTBEHHBIM 0600IIIEHNEeM TIOHATHUS CyOHOPMAIIbHON TOnrpynmst (cM. [1]).
O6mias Teopus F-cyGHOpMasbHBIX moarpynm paspaborana C.P. KamopHukoBbM (CM., Ha-
npumep, [2], riaasa 3). B [3] momydeno onmcanme HACIIENCTBEHHBIX JIOKAIBHBIX opMannil
§, 06IamaroImMX PEemIeTOYHBIM CBOHCTBOM [JIs §-CyOHOPMAJIBHBIX MOATPYII, T€M CAMBIM
periera mpobitema JI.A. [lemeTkoBa HaXOXOEHUS YCIOBUN, TPU KOTOPBIX MHOXKECTBO BCEX
§-cyGHOPMAIILHBIX TOATPYNI B J06oit rpynne G obpasyer pemerky ([1], mpoGiema 12).
[Ipu m3yueHnn u TpUMEHEHUN W-JIOKAJIBHBIX (hOPMAINil, T1ie W — HEIyCTOe MHOXKECTBO IIPO-
CTBIX YHCEJI, I1eIeCOO0Pa3HBIM OKa3aJI0Ch PACCMOTPEHNE OIPENeIeHHBIX IOATPYII B KOHEU-
HBIX TPYNIAX ¢ y4eTOM MHOXeCTBa w. IlycTs § — memyctoit kmacc rpymmn. Cremys [1],
monrpynny H rpymmsl G HazoBeMm §¥-cybHopMmasbHOU B G, ecnm mubo H = G, aubo cy-
mecTByeT MakcuMmanbHas (G — H)-mens G = Hy D Hy D ... D Hp = H Takas, 4TO
H;/(Corey,(H;11) N Oy(H;)) € §, rne O, (H;) — Hanbonblas HOPMAJIbHAS W-TIOATPYIINA
rpynnst H;, i = 0,k — 1 [4]. Ormermm, uTo ecnu kiace § sABseTcss TOMOMOPGOM, TO BCs-
Kas §¥-cybnopmasibHas B rpynmne G mOArpyImna sSBiseTcs §-cyoropmasbaon B G. B ciyuae,
korna m(G) = w, MHOXECTBO BCEX F“-CyOHOPMAIIBHBIX MOATPYIN IPyHibl (G COBIANAET C
MHOXKECTBOM BCeX ee §-CyOHOPMAJIbHBIX MOArPyHIHn. B Teopeme 1 yCTaHOBIIEHBI yCIOBUS, IPU
KOTOPBIX HACJIEICTBEHHAS W-JIOKaJIbHAs (hopMaIus § 061a1aeT perneTOIHBIM CBONCTBOM IITS
§“-cybnopmanbabIX noarpynmn. Kitace rpynn § HazoBeM RY-3aMKHYTBIM, €CJIA U3 TOT'O, YTO
A u B — HOpMA/IbHBIE W-TIOATPYIIIEI TPyHbl (G, TpuUHALJIEKAINE §, BCEra CIemyeT, ITO
(A,B) € 5.

Teopema 1. IlycTs § — HacaencTBeHHas w-JIoKaabHas popmanus. MuoxecTBO Beex §%-
cyOHOpMAJIBHBIX HOATPYIII B JIFOOOI KOHEYHOH I'pylIie oOpa3yeT DeIIeTKYy B TOM H TOJIBKO
B TOM cJIy4ae, Korga gopmanus § sBasercs RY-3aMkHyTOR U B J1F000I rpyImme Besakas §%-
cyObHOpMAJIbHAS §-IIOAT DY COOEPKUTCS B €€ §-paauKalle.

CIMCOK JIMTEPATYPBI
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O rpynmne Lim(N)
H. M. CyukoB

IIycts S(N) — rpymma Bcex MOANCTAHOBOK MHOXKeCTBa HATYpPalIbHBIX uncel N. Usyua-
eTcs Tpymma
G={glgeSN), wg) =max|a —a’| < oo}
«

OI'PaHNYECHHBIX ITIOOCTAHOBOK MHOXKECTBa N.

Teopema 1. I'pynma G saBmseTcs pacimpeHueM JIOKaJIbHO KOHEYHOIO PAIUKAJIa II0-
CPencTBOM JIOKAJIbHO (PMHUTHO AIIPOKCUMUDPYEMOH I'DYIIIEL.

Teopema 2. Jlobas 6eckoHEeUHAS KOHEUHO TIOPOXKAEHHAS ITPOCTasI TPYIIIa He H30MOpGHA
noarpynmne rpymmnsl G.

Wccnenopanue BuImosiHEeHO TTpu huHAaHCOBON Tommaepxkke PODU B pamkax HAYIHOTO TIPO-
ekta 19-01-00566 A.
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O dopmysiax rpynnoBoOil CUTHATYPBI, IIOCTPOEHHBIX MO rpadam

E. 1. TUMOUIIEHKO

ITo xoreunomy mHeopumeHTHUpOBaHHOMY rpady [' 6e3 meTensb onpenesseTcs MPeNIOKeHNe
®(I") reopun rpymnn. Vcnonb3ys nocnenoBarenbHOCT rpados [, momydaem mocienoBaTe b
HocThb npemtoxennit P(T';). C ux momorsio onpenensercs I'—pa3sMepHOCTH TPYTIILL U UCCIIe-
MYIOTCSI CBOMCTBA pasMepHOCTU. [Ipu HEKOTOPBIX OrpaHUYCHUSIX HA TPYIIY U3BECTHAsS IICH-
TpaJIM3aTOPHAS PA3MEPHOCTH SBJIsIeTCs ['—pa3MepHOCTHIO IJIsi HEKOTOPOU TOC/IENOBATEb-
HocTu rpadoB. (OCHOBHOE BHUMAHUE YIEJIEHO PA3MEPHOCTSIM, OMPENEJICHHBIM C ITOMOIIIBIO
JTMHENHBIX I'PadOB U NUKJIOB. BBEMUUCIIIOTCS Pa3MepHOCTH MJIS HEKOTOPBIX YaCTUYIHO KOM-
MYyTaTHUBHBIX MeTabeseBbIX I'DYIIII.

HI'TY, Hosocubupck
E-mail: eitim45@gmail . com
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O kopanukajie KOHEYHOU T'PYIIIbl, PaKTOpU3yeMon cj1abo cyGHOPMATIbHBIMI
MOAT PYIIIIaMU

A. A. TPO®PUMYK

PaccmaTpuBatoTces TobKO KoHEUHBIE Tpynbl. [lonrpynmna A Ha3BIBAETCSI NOAYHOPMALb-
wot B rpymnme (G, eciu cyiecTByeT moarpymnna B Takas, uto G = AB n AX — noarpynna
TS Kaxknou noarpynnsr X u3 B.

B pa6ore [1] BBemeno crenmyroriee nonsitue: noarpynna H HasbBaeTCs c4abo cybHop-
maavnotli 6 G, ecmu H = (A, B) nns HekoTopoit cy6HOpMasibaoil B G moarpymnsl A u mosry-
HOpMAaJIbHOI TTonrpynnsl B u3 G.

OueBunno, uTo ecnu nonrpynmna H momyHopManbhaa B (G, TO OHa ci1ab0 CyOGHOPMAJIbHA
B (G. O6patHoe He Bcerma BouImonHseTcs. Hampumep, B 3nakonepemenuoin rpymme G = Ay
MaKCUMAJTbHAS MOATPYINA U3 moarpynmel V = Zy X Zy sBasercs cybHopMasbHOR B (G, HO
He TIOJIyHOpMaJTbHOI B G.

B pa6ore [2] 6butn uccienoBanbl Tpynnsl G = AB ¢ TOIyHOPMAaIBHBIME CBEpXpaspe-
mMbME monrpynmavu A m B. B wactHOCcTH, yeramosmero, uro GY = (G, cm. [2,
TeopeMa 2.3]. ABTOpBI paGoThI [1] pasBmin 5TOT PE3yIbTAT HA CIIydail ci1ab0 CyGHOPMAIIb-
HBIX COMHOXUTeeH. 3mech LU u N — dopmarun Bcex CBEPXPA3PEIINMbIX U HUIBIOTEHTHBIX
rpynn, a H*¥ — X-xopanukasn rpymmnst H.

IIycTs p, ¢ — npoctele uncna u Sy, 41 — dopmarms Beex {p, ¢}-rpynm. s rpymmer G,
|7(G)| > 2, B [2] BBemeno cienyroiiee 0603HAYCHIE:

B(G) = ﬂ GS .t
v{p,q}Cm(G)

Ecmu |7(G)| < 2, To canraem B(G) = 1.

B macTositeit 3aMeTke pencTaBieHa HoBast mHGOPMAIUs O CTPOCHUN KOPAIKaIa TPYIII,
(akTOpU3yeMbIX €JIa00 CyOHOPMAIBLHBIMU TOATPYIIITAMA.

Teopema. Ilycts § — Haceimernas gopmanus takas, 4o U C §. Ilycte G = AB,
rne A mw B — cmabo cybropmasnbabie noarpynnsl rpymmnsl G. Tornpa:

1) ecmr monrpymer A m B mpuramexar §, To G¥ < (G')™.

2) ecu noarpymmer A m B mpumammexar U u (|G : A,|G : B|) = 1, o G¥ = G n
B(G) = (G")™.

PaGora sumosnuena B pamkax ['ITHU «Konseprenmus — 2025» (3anauune 1.1.02 monmpo-
rpammbl 11.1 «MaTemaruaeckue Momenu u MeTOObL») Ipu (PUHAHCOBOI mommepxkke Mumu-
cTepcTBa obpasoBanus Pecnybnuku bemapycs.
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O I'pYyIIriax, HaCbIIII€EHHbIX ITOJITHBIMN JIMHEMHbLIMU rpyIiniaMm CTEeII€eHHU TPpH’ Haq
KOHEUYHLIMU IMOJIIMM HEeYeTHON XapakKTepuCTHUKI

A. A. IIIDEOKWH

[To ompenesnenuto, rpymnmna (G HACBHIIIIEHA TPYIIAMI U3 MHOXKECTBa TPy X , eciIu JTobast
kKoHeunas nonrpynmna K u3 G comepxutcs B moarpymme rpynnsl G, m30MOpPHOA HEKOTOPOIT
rpynme u3 X (MHOXeCTBO X HA3BIBACTCS HACHIUAIOUWUM MHOoAHcecmEom Iyt Tpynmsl G) [1].
Hanomumym, uro rpynmna G (CONpsiKeHHO OHUIPUMUTUBHO KOHEUYHAsI TPYINA B ONPENeSICHUN
B.II. Illyukosa, [2]) massiBaeTcs rpynmoit [Ilyrkosa, eciau mst 1060 KOHEUHON TOATPYIIITBI
H < G B dakrop-rpynne Ng(H)/H mobble oBa COMPSIKEHHBIX 5JIEMEHTA MTPOCTOTO TIOPSIIKA
MOPOXKIAIOT KOHeuHyIo rpynmy. B [3] mokaszano, uto mepuomuueckas rpynmna Illyakosa, Ha-
CBIIEHHAs TPyHIaMu u3 MHOX)ecTBa rpymnn {GLs(p™)}, roe p u n He QUKCUPYIOTCS, U30-
Mopdua G Ly (Q), rme () — JIOKAIBLHO KOHEYHOE Mmojie. FKCTecTBEHHO pacCMOTPETH CIlydarl,
korga rpynmna IllyHkoBa HaceieHa rpynmnamu u3 MuoxecTs rpynn {GLs(p™)}. Tomyuen
CIIeOyIOINi Pe3yIbTaT.

Teopema. ['pynma Ilynkosa G, HacbinenHas rpynmavu u3 mHOoXectBa {GL3(3™)},
rae n He pukcupyercs, obranaeT IepUOAUIECcKol 4acTbio, koTopas uzomopduaa G L3(Q) mms
ITOOXOAIIIEro JIOKAJIbHO KOHEUHOTO 1O () XapakKTePUCTUKT 3.

Pa6oTra aBTOpa BhIMOTHEHA 38 cuéT rpanTa Poccuiickoro Hayunoro ¢ouma, mpoekT N 19-
71-10017.
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On listing the spectra of finite simple groups

A. A. BUTURLAKIN

The spectrum w(G) is the set of orders of elements of a group G. Let G be a finite
nonabelian simple group. We discuss whether there exists an algorithm that, given the degree
of G if it is an alternating group and the Lie type, Lie rank and order of the underlying field
if G is a group of Lie type, outputs the spectrum of G. Since the spectrum is large compared
to these parameters, we are looking for an algorithm with processing time bounded by a
polynomial in the length of the output.

Let pu(G) be the set of elements of w(G) that are maximal with respect to divisibility.
Since the spectrum is closed under taking divisors, it is uniquely determined by any subset
of w(G) that contains u(G).

Define the length of a set of positive integers S as the sum of log s where s runs through S.

We prove the following statements.

Theorem. Let G be a finite simple group.

(1) If G is an alternating group, then there is an algorithm that, given the degree of G
outputs p(G) and w(G) in time bounded by a polynomial of the length of the output.

(2) If G is an exceptional group of Lie type, then there is an algorithm that, given the
Lie type and the order of the underlying field of G outputs u(G) in time bounded by a
polynomial of the length of the output.

(3) If G is a classical group, that given the Lie type, Lie rank and the order of the
underlying field of G, outputs pu(G) in time mPVIeglog™) " where m is the length of the
output.

This result together with the main result of [1] provides that there exists an algorithm
that given a finite set of positive integers M outputs a finite simple group GG whose spectrum
coincides with the set of divisors of elements of M, or says that there is no such a group. If
m is the length of M, then the proceeding time of the algorithm is bounded by a polynomial
of m if G is an alternating group or an exceptional group of Lie type, and is m©(vloglogm)
if G is a classical group or there is no finite simple group G satisfying the condition.

The work is supported by the Mathematical Center in Akademgorodok under the agree-
ment No. 075-15-2019-1613 with the Ministry of Science and Higher Education of the Russian
Federation.
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On non-solvable finite groups isospectral to simple groups

M. A. GRECHKOSEEVA

This is a joint work with A.V. Vasil’ev. Given a finite group GG, we denote the set of
prime divisors of the order of G by n(G) and the set of element orders of G by w(G). If
w(G) = w(H), then G and H are said to be isospectral.

Suppose that G is a finite group isospectral to a finite nonabelian simple group L. It
is known that G is either solvable ( in which case L is one of L3(3), Us(3), S4(3)), or has
exactly one nonabelian composition factor (see [1, Theorem 2]). We assume that G is not
solvable, and so G has a normal series

1<K <H<G, (1)

where K is the solvable radical of G, H/K is a nonabelian simple group and G/K is an
almost simple group with socle H/K.

If L is sufficiently ’'large’, more precisely, if L is a classical group of dimension at least
38 or a non-classical group other than Altg, Alt1g, Jo, 2D4(2), then K =1 and H ~ L (see
[2]). Furthermore, in the situation when K = 1 and H ~ L, it follows that G/H is cyclic
(see [3] and the references therein). If L is not sufficiently ’large’, then K is not always
trivial and H/K is not always isomorphic to L but in all known examples, G/H is cyclic.
This observation suggests us to conjecture that G/H is always cyclic and our main goal is
to prove this conjecture.

Theorem 1. Let L be a finite nonabelian simple group and let G a be non-solvable
finite group with w(G) = w(L). Suppose that 1 < K < H < G is the normal series of G as
in (1). Then G/H is cyclic.

If L is alternating or sporadic, Theorem 1 is a direct consequence of the known descrip-
tion of groups isospectral to L (see [1, 4]). If L is a group of Lie type, the proof is based on
the next result.

Theorem 2. Suppose that a finite group GG has a normal series 1 < K < H < G, where
K is the solvable radical of G and S = H/K is a finite simple group of Lie type. Suppose
also that K is nilpotent. If G/H is not cyclic, then there is r € w(G/H) such that rs € w(Q)
for all s € m(G) \ {r}.
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Recognition of the group Eg(2) by Gruenberg-Kegel graph

W. Guo, A. S. KONDRAT’EV, N. V. MASLOVA

Gruenberg—Kegel graph (or the prime graph) of a finite group G is a simple graph I'(G)
whose vertices are the prime divisors of the order of GG, and two distinct vertices p and ¢ are
adjacent in I'(G) if and only if G contains an element of order pg. A finite group is called
recognizable by Gruenberg—Kegel graph if it is determined uniquely up to isomorphism in
the class of finite groups by its Gruenberg—Kegel graph.

In finite group theory, the direction of the study of recognition of a finite group by its
Gruenberg-Kegel graph is active developed. Contemporary state of the direction can be
found, for example, in the recent paper by P. J. Cameron and N. V. Maslova [1], where, in
particular, it was proved that if a finite group is recognizable by Gruenberg-Kegel graph,
then the group is almost simple, i. e., it has nonabelian simple socle. In this work, we make
a one more step in the solving the problem of the recognition of a finite simple group by its
Gruenberg—Kegel graph. We prove the following theorem.

Theorem. Finite simple exceptional group of Lie type Fg(2) is recognizable by Gruen-
berg-Kegel graph.

Acknowledgements. The work is supported by the National Natural Science Foundation of
China (project No. 12171126), by Wu Wen-Tsun Key Laboratory of Mathematics of Chinese
Academy of Sciences, and by the Regional Scientific and Educational Mathematical Center
”Ural Mathematical Center” under the agreement No. 075-02-2021-1387 with the Ministry
of Science and Higher Education of the Russian Federation.
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Recognition of groups Eg(3) and 2Eg(3) by their Gruenberg—Kegel graphs

A. P. KHRAMOVA, N. V. MASLOVA, V. V. PANSHIN, A. M. STAROLETOV

Let G be a finite group. Denote by 7(G) the set of all prime divisors of |G|. The
Gruenberg—Kegel graph (or the prime graph) I'(G) of G is defined as a simple graph with
vertex set 7(G), where vertices p and ¢ are adjacent if and only if there is an element of
order pq in G.

We say that a finite group G is recognizable (by Gruenberg-Kegel graph) if for each finite
group L, the equality I'(G) = I'(L) implies G = L. It is known that if a finite group
is recognizable, then the group is almost simple [1, Theorem 1.3]; some known results on
recognition of finite groups are also surveyed in [1]. Recently W. Guo, A. S. Kondrat’ev,
and the second author have proved that the finite simple group Fs(2) is recognizable. We
prove the following statement.

Theorem. Finite simple groups Fg(3) and ? E¢(3) are recognizable by their Gruenberg—
Kegel graphs.

This result was obtained in the frame of The Great Mathematical Workshop which was
organized by the Mathematical Center in Akademgorodok in Summer of 2021.

Acknowledgement. The work is supported by the Mathematical Center in Akademgorodok
under the agreement No. 075-15-2019-1675 with the Ministry of Science and Higher Educa-
tion of the Russian Federation.
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On pronormality of subgroups of odd index in finite simple unitary groups

A. S. KONDRAT’EV, N. V. MAsLovA, D. O. REVIN

We consider only finite groups, and henceforth the term group means finite group. A
subgroup H of a group G is said to be pronormal in G (notation H prnG) if H and HY
are conjugate in (H, H9) for each g € G. In 2012, E. P. Vdovin and the third author [4]
proved that the Hall subgroups (when they exist) are pronormal in all simple groups and,
guided by the analysis in their proof, they conjectured that any subgroup of odd index of
a simple group is pronormal in this group. We have disproved this conjecture in [3], in [1]
and [2] we have completed a classification of finite simple groups G such that the subgroups
of odd indices are pronormal in G and Cg(S) < S for a Sylow 2-subgroup S of G or G is
a simple exceptional group of Lie type, respectively. Thus, at this moment the problem of
classification of nonabelian simple groups in which the subgroups of odd index are pronormal
is still open for the following groups: PSL,(q) and PSU,(q), where ¢ is odd and n is not a
power of 2.

Let m and n be non-negative integers with the binary expansions m =Y .2 a; - 2¢ and
n=>y b 2! where a;,b; € {0,1} for every i. We write m < n if a; < b; for each i and
m < n if additionally m # n. We prove the following theorem.

Theorem. Let n > 3 be an integer and q be a power of an odd prime. If g.c.d.(m,q+1)
is not a power of 2 for some positive integer m such that m < n, then the group PSU,(q)
contains a non-pronormal subgroup of odd index.

Acknowledgement. This work was supported by the Russian Science Foundation (project
19-71-10067).
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On finite solvable groups whose Gruenberg—Kegel graphs are isomorphic to the
paw

A. S. KonNDRAT’EV, N. A. MINIGULOV

The Gruenberg—Kegel graph (or the prime graph) I'(G) of a finite group G is a graph,
in which the vertex set is the set of all prime divisors of the order of G and two different
vertices p and ¢ are adjacent if and only if there exists an element of order pg in G. The
paw is a graph on four vertices whose degrees are 1, 2, 2, and 3.

A. S. Kondrat’ev has described finite groups with the same Gruenberg—Kegel graphs as
groups Aut(Jz) (see [1]) and Aqp (see [2]). The Gruenberg—Kegel graphs of all these groups
are isomorphic as abstract graphs to the paw.

We establish the following more general problem: to describe finite groups whose
Gruenberg—Kegel graphs are isomorphic as abstract graphs to the paw.

As a part of the solution of this problem, in [3] we have proved that if G is a finite
non-solvable group and the graph I'(G) as abstract graph is isomorphic to the paw, then
the quotient group G/S(G) (where S(G) is the solvable radical of G) is almost simple, and
have classified all finite almost simple groups such that their Gruenberg—Kegel graphs as
abstract graphs are isomorphic to subgraphs of the paw. Also we have classified in [4] finite
non-solvable groups G whose Gruenberg—Kegel graphs as abstract graphs are isomorphic
to the paw in the followings two cases: (1) G has no elements of order 6; (2) G contains
element of order 6 and the vertex of degree 1 in the graph I'(G) divides |S(G)|.

In this talk, we discuss a recent progress in description of finite solvable groups whose
Gruenberg—Kegel graphs are isomorphic as abstract graphs to the paw.

Acknowledgments. The work is supported by Russian Science Foundation (project 19-
71-10067).
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Finite simple groups with two maximal subgroups of coprime orders

N. V. MASLOVA

In 1962, V. A. Belonogov [1] proved that if a finite group G contains two maximal
subgroups of coprime orders, then either G is one of known solvable groups or G is simple.
Basing on results by M. Liebeck and J. Saxl [2] on odd order maximal subgroups in finite
simple groups we determine possibilities for triples (G, H, M), where G is a finite nonabelian
simple group, H and M are maximal subgroups of G with (|H|, |M|) = 1.

Acknowledgement. This work was funded by RFBR and BRFBR, project no. 20-51-00007.
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On non one-generated totally o-local formations

I. N. SArFoNOVA, V. G. SAFONOV

All considered groups are finite. Let 0 = {o; | i@ € I} be some partition of the set of all
primes P, that is, 0 = {0; | i € I}, where P = |J,.; 0; and 0;No; = @ for all i # j, and let G
be a group, § a class of groups. Then [1] 0(G) = {o; | o; N 7(|G]) # 0}, 0(F) = Ugezo(G),
and a group G is called: o-primary if G is a o;-group for some ¢; o-soluble if G =1 or G # 1
and every chief factor of G is o-primary. The class of all o-soluble groups is denoted by &, .
If o(G) C II C o, then G is said to be a IlI-group. The symbol &y denotes the class of all
o-soluble II-groups.

A function f of the form f : 0 — {formations of groups} is called [2] a formation o-
function. For any formation o-function f the class LF,(f) is defined as follows: LF,(f) =
(G|G=1lor G#1land G/O,: ,,(G) € f(o;) for all o; € o(G)). If for some formation
o-function f we have § = LF,(f), then the class § is called o-local and f is called a o-
local definition of §. Every formation is called 0-multiply o-local. For n > 0, a formation
§ is called n-multiply o-local provided either § = (1) is the class of all identity groups or
§ = LF,(f), where f(o;) is (n — 1)-multiply o-local for all o; € o(F). A formation is called
totally o-local if it is n-multiply o-local for all n.

For any collection of groups X, (7 form(X) denotes the totally o-local formation gen-
erated by X, i.e. [ form(X) is the intersection of all totally o-local formations containing
the collection of groups X. If X = {G} for some a group G, then § = (7 form(G) is called a
one-generated totally o-local formation.

The study of general properties of totally o-local formations and its lattices was started
in [3]. In this work, we have established the following result.

Theorem. Let § be non one-generated totally o-local formation. Then all proper
totally o-local subformations of § are one-generated if and only if § = Sy is a formation of
all o-soluble TI-groups, where |II| = 2.

In the classical case, when o = o1 = {{2},{3},...} we get the following result.

Corollary [4]. Let § be non one-generated totally local formation. Then all proper
totally local subformations of § are one-generated if and only if § = &, is a formation of
all soluble m-groups, where |7t| = 2.

The work is supported by the Ministry of Education of Belarus (grant 20211328).
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Group identities preserved by m-closures

S. V. SKRESANOV

A permutation group G on §2 acts naturally on the Cartesian power (2™; orbits in such
action are called m-orbits. The largest permutation group on {2 having the same m-orbits
as G is called the m-closure of G.

Certain classes of groups are preserved by m-closures, for example, the 2-closure of an
abelian group is abelian [1], the 2-closure of a nilpotent group is nilpotent [2], the 3-closure
of a solvable group is solvable [3].

In our contribution we give a sufficient condition for the m-closure to preserve certain
group identities. Presented theorem generalizes some well-known results as well as implies
new ones, for instance, we show that the 4-closure of a metabelian group is metabelian.
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Groups and algebras of Jordan type

A. M. STAROLETOV

Axial algebras of Jordan type n were introduced in [1]. These are commutative algebras
generated by idempotents whose adjoint operators have the minimal polynomial dividing
(x — 1)z(x — n), where n & {0,1} is fixed, with restrictive multiplication rules. These
properties generalize the Peirce decompositions for idempotents in Jordan algebras, where
% is replaced with 7.

It turned out that for each generating idempotent one can construct an algebra auto-
morphism of order two which is called a Miyamoto involution. In the talk, we will discuss
the properties of finite groups that are generated by Miyamoto involutions of axial algebras
over different fields.

The work is supported by Mathematical Center in Akademgorodok under agreement
No. 075-15-2019-1675 with the Ministry of Science and Higher Education of the Russian

Federation.
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Kom6uaaTopHOe onucanue nud@depeHnInpoOBaHNN B I'PYIHOBLIX ajire6pax

A. A. APyTIOHOB

[Iycts G — xomeunonopxknennas rpynna, u C[G] — rpynnosas aiare6py, T.e. IPOCTPaH-
CTBO KOHEUHBIX JIMHEHHBIX KOMOMHAIUE ) |, A;g;. HubdepeHnnpoBaHmsIMI Ha30BEM BCEBO3-
MoxkHuble juHeinbie onepatopsl d : C[G] — C[G], ynosnersopsiommue npasmity JleitGuuma
d(uv) = d(u)v + ud(v), Yu,v € C[G].

Moxet 6biTh mocTpoesro (cMm. [1, 2]) onucanve nuddepeHInPOBAHU B TEPMUHAX T.H.
XapakTepoB Ha rpymmoune. A mMenHo, eciau [' — rpymnmons acconuupoBaHHBIA ¢ BHY TPEH-
HUM [EeCTBUEM, TO ONpeneanM xapakTep kak orobpaxenue Y : Hom(I') — C Takoe, uTo
X(¥ o ¢) = x(¢) + x(¢) mns xomnonupyemsix MopduszmoB. OxaseiBaercs (cm. [1]), uro
nubHEepEeHITMPOBAHNs KAHOHIIECKH OIUCHLIBAIOTCS XapPaKTEePaMI.

Hapsimy co crammapTHBIME BHYTPEHHUMM W BHEIIHUMEU OuddepeHInpOBaHIAME, IIO-
JIE3HO PACCMOTPETh KBa3UBHYTpPEHHUE U KBasuBHemrHue nubdepennunpoanus (cm. [3]).
KBasuBHyTpeHHME — IOPOXKIaeMbIe BCEMI XapaKTepaMy, TPUHAMAOIIIME HyJIeBOe 3HAUEHUE
Ha meTisix. Kak mokaseiBaercs B [3] oHE 06pa3yoT nmeai. DTO MO3BOJISIET U3YUaTh aareopy
KkBasuBHEITHUX nuddepentuposannii (pakTop-anrebpy 1mo kBasuBHyTpeHHUM). s 5TOrO
UCTIO/Ib3YEM U3BECTHBIN NHBAPUAHT, PeyioKeHHbIi CTOIMHICOM, — YMCII0 KOHIIOB I'PYIIIIH,
o6o3navaemslil €(G). CropaBemyiuBa CIeLyOIast

Teopema.

e Ecimu ¢(G) = 0, To Bce nudpdepennupoBarus 6yayT BHYTPEHHUMU U IIO3TOMY aJl-
rebpa OutDer(C[G]) TpuBnaasHa.
e Ecmu e(G) = 1, TO nmeeTcs ecTeCTBEHHBIT N30MOPHU3M

OutDer(C @ Hom(Z([u]),C).

u|EGE

e Ecmu e(G) > 1, TO uMeeTCs ecTeCTBEHHBII N30MOPPU3M

QOutDer(C[G)) = € Hom(Z([u]),C).

[uleGE

Bnecs Hom(Z([u]), C) — mekoTOpoe IMuHenHOe TPOCTPAHCTBO KOMILIEKCHO3HAYHBIX TOMO-
Mopdu3moB rpyumst G.

OTmeTuM, YTO MOXKeT OBITH HAHO U ONMUCAHUE OOBITHBIX BHENTHUX Mu(depeHIInPOBAHMIA
B TaKUX T€PMUHAX, HO OHO BBIpaXKaeTCs 4yTh 00jlee TPOMO3IKOIN (HOPMYIION.

Takoe ommcanme He TOJIBKO IMO3BOJSET MOIYYUTH YIOOHOE KOMOWMHATODPHOE OIMCAHUE
nubdepeHmpOBaHAN TPYIIOBLIX aareOp, HO U MOIYYNTh HEKOTOPbIE IPUKIIATHBIE PE3Yilb-
tarsl (cMm. [4]).

Pabora monmnepxkana rpanToMm I[lpe3ummeHTa HjIsI MOJIOOBIX YUEHBIX - KAHIUOATOB HAYK
MK-2364.2020.1.
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O cxkaTbIx r‘pa(pax ,Z[eJ'IPITeJ'IefI HYJId KOHEYHBbIX KOMMYTATHUBHDBIX JIOKAJIBHBIX
KoOJIe1g

E. B. 2KypPABIIEB, O. A. ®unuHA

[Iycrs S — KOMMyTaTHUBHAS IIOIYTPYIIIA C HyJieM. Beenem Ha S OTHOLIEHNIE SKBUBAJICHT-
HocTH: Va,y € S x ~ y < Ann(z) = Ann(y). Knacc skBuBasmenTaocTH 97eMenTa & € S
0603HaYNM [Z], & COOTBETCTBYyIOIIee GaKTOPMHOKECTBO S/ ~. Paccmorpum S/ ~ kak momy-
rpynmy orHOCUTeNnbHO oneparmu [z[y] = [zy]. Cxkarbiv rpadom menureneit Hymst ['(S/ ~)
nosryrpynnsl S GymeM HasbBaTh rpad, BEPIINHAMU KOTOPOTO SIBJISIFOTCS SJIEMEHTHL S/ ~
u nBe BepiuHEL (2], [y| (He 06s3aTeNbHO pa3iIMdHbIE) COCOUHSIOTCS PeOPOM (WMiIM IeTJIier)

TOrma U TONBKO Torma, korna [z][y] = [0] (paBrocmibHO 2y = 0).
[Iycts R — KOHEYHOE KOMMYTATUBHOE JIOKAJIbHOE KOJIbIO ¢ equaueit, J = J(R) — pa-
mukain Jlxekobcona, FF' = R/J = GF(p"). CylecTByioT 5J€eMeHThl My, ..., my € J Takue,

YTO KOJIBIO R PaCKIIanbIBAeTCs B OPIMYyIo cymMmy F-momymeit (em. [1]):
R=F®FmiP...H Fmy.
PaccmoTpuM ciywaii, korma charR = p u dimpJ/J? =3, dimpJ?/J3 =1,
dimp J? =1, J* =0,
R=F® Fuy ® Fus ® Fus ® Fv & Fw,
rae {u, us, us,v,w} — 6asuc J mam momem F, uy,us,uz € J\ J?, v € J2\ J3, w e J3. B pa-
6ore [2] kaccudUIMPOBAHBI ¢ TOYHOCTHIO 0 n30MOpdU3Ma BCe Kosblia R yKa3aHHOTO THUIIA.

B macrosiee Bpems Hamu nmocTpoensl rpadul nenureneit myis ['(R/ ~) Bcex Takux KoJei.

Hanee, nis nmpuMmepa, paCCMOTPUM OOHO W3 KOJIEIl CO CJEOYIOIIMM YMHOXKeHUeM Oa3mCHBIX

BIIEMEHTOB: U3 = v, U3 = w, u3 = w, u1v = w, (cM. [2], Teopema 3, MyHKT 8).

B sTom ciyuae
R=0] |J [w+siug+lus] ([ [uz+mnius+kio] | [us+miv] U] U w]uo],
si,l;€F nik;€F miEF
rie
[ur + sjug + Ljug] = F*(ug + s;jug + ljug) + Fv + Fw,
[ug + njus + k;v] = F* (ug + nsus + kjv) + Fw,
[us + miv] = F* (uz + mv) + Fuw,
[v] = F*v 4+ Fw, [w] = F*w, [0] ={0},[1] = R,
U 01 o0bIX s, 1, ng, kj,m; € F, 4,5 € {1,...,p"} cupasenmuso:

Annfuy + s;ug + Liug] = U [ug + naus — (s; + 1jng)v] Ulug — Ljv] U [w] U 0],
na€F

Annlug + kjv] = U [u1 — kjug + lgus] U [us + mqu] U [v] U [w] U[0],
lgeF mq€F

Annlug + njuz + k:jv] = U [u; — (k‘J + lgni)u2 + 15U3]
lgeF

U [uQ - %u:), + kav] U [v] U [w] U [0],n; # 0,
ko €F !

Annlusg + m;v] = U [u1 4+ sque — mius] U [ug + kov] U [v] U [w] U [0],
sa€F ko€F
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Ann[v] = U [ug + nqus + kgv] U [us + mqv| U [v] U [w] U [0],
Na,kgEF maqE€F
Annfw] = J.

Ha pucynxke mpencrasieno reomerpuueckoe n3obpaxkenue rpaba I'(R/ ~), 3a uckmoue-
uueM BepiiuH [0] u [1] ([0] cmexxna co Bcemu Bepuimaamu, a [1] cmexna Tomsko [0]).

[v] [uy + m,v]

[u2+f1iu3:|-kj1.:J —————————— [511 +siu2+[ju3}

L))
\ ’

~ -

I
|
1
 (2)
|
|
1

—_

) ecnu n; = 0;

) ecau m; + l; = 0;

3) ecmu kj + o + lgn; = 0;
4) ecmm ninj +1=0.

B nmamnoM m3o6pazkeHun BepIImHBL (U] + S;ug + ljug], [ug + njus + k;v], [us + m,;v] aTo
rpynns! BepimH rpada I'(R/ ~), npuaeM myHKTHpHbIE pebpa 03HAYAIOT CMEXKHOCTH BEPIINH
rpada Ipy BBIIOJHEHNE HEKOTOPHIX YCIIOBUI, YKA3AHHBIX BHU3Y PUCYHKA.

Hannas paboTa IPOMOIIKAECT MCCICHOBAHUS [0 IOCTPOEHUIO IpadOB NETIUTENe HyJIs
KOMMYTaTHBHLIX KoJier opsnka po” (mis xomern mopsimka p°” 3amaua pemesa B [3]). DToT
pe3yiIbTaT, KaK MIPUMEDP, BaXKeH /I aKTyaJIbHON B HACTOSIIIEe BpeMsT TeMaTUKe 10 Kiaaccudu-
KAl KOHEUHBIX KOJIEl], YIOBJIETBOPSIOIINX HEKOTOPOMY YCIIOBHIO HAa UX Ipadbl HeiuTesel
HY LS.

\]
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HuddepennmpoBanus B ajirebpax, MOpOXKAEeHHBIX MHBEPCHLIMHU MOJIYyTPyHIaMu

M. M. KAHTAPUS

B nmauso@ll paboTe 6ynyT omucanbl nud@epeHInpoBaHns B MOy PYIIOBLIX ajrebpax B
caydae, KOrOa MOIyrpymnna S sBIsieTCsSl MHBEPCHON UM TPENCTABUMAa B BUME MU3BIOHKTHOTO
obbenuuenus nByx rpyni. HuddepernupoBanns OyoyT OINCAHBI B TEPMIHAX MOITyXapaKTe-
pOB Ha mosaykaTeropuu K, HOMOGHO TOMY, Kak B paborax [1, 2| onucanue naércs B TepMUHAX
XapakKTepoB Ha I'PyNHoulie NPUCOEOUHEHHOTO NENCTBUS I'DYIIIHL.

CTpykTypa HOIyKATErOpUU OUYEHb MOX0XKA HA CTPYKTYDPY KATETOPUH 33 UCKITIOUECHUEM
TpeOOBaHUS CYIIeCTBOBAHMS HENTPAJIbHBIX MOP(MU3MOB.

Onpenenenne. IlomyxapakTepoM HApBIBAETCS TakKOe OTOODaKEHHE Ha MOJIYKaTErOpU

ox : Hom(R) — C, uro mms mrobbix OByx KoMIOHHpyeMbIx MopgusmoB ¢ = (hj,g1) n
¥ = (hj, g2) BBIIOJIHEHO COOTHOIIEHUE
ox(¥o o) = > (Qx(tmgﬂ + ox(ti, gg))

{tistjlg2t;=tig1}

[TonyxapakTep Ha3bIBaeTCs JIOKAIBLHO (DUHUTHBIM, €CJIA €r0 3HAYeHUe OTIIMYHO OT HYJIS
TOJIBKO Ha KOHEYHOM YNCJIE MOp(pI/I3MOB. TaKI/Ie IOJIyXapaKTEPhbl IIOMOI'alOT OIIUCHIBATDH III/I(p—
depeHnpoOBaHUS.

Teopema. IlomyxapakTep 3amaér nupdepeHnupoBaHue TOrAa U TOJIbKO TOIAa, KOTAa
OH SIBJISIETCS JIOKAJIEHO (PHHUTHBIM.

Bcé aT0 mo3BossteT mocTpouTs onucanune nud@epeHImpoBaHnil B ajaredpe ¢ UCriosb30Ba-
HHUeM T.H. KBa3UBHYTpPeHHUX nuddepeHInpoBaHnuil, KOTOpble 00pa3yloT uueasl.

Teopema. IIpocrpaHcTBo KBasuBHyTpeHHuX nudepermuposanui Dery, (S) obpa-
syer umeas B ajarebpe nugdepennupopanuii Der(S):

do € Derj,,(S),d € Der(S) = [do,d],[d,do] € Dery,,,

CIIUCOK JIMTEPATYPBI
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AG6comoTHble uneansl E-rpynn

E. 1. KOMIIAHIIEBA

[Monrpynmy A abeseBoit rpymmbl G HA3LIBAIOT ee abCOMIOTHBIM HMICAJIOM, eciiin A sIBIIs-
eTcs umeasjoM B j1000M koibite Ha (G. Ecau B kombie R, mo6oit uneas sBiisieTcs: abCoIoT-
HBIM UIEAJIOM ero aJAuTUBHON rpymmnsl, To R nassiBaercs Al-kombuom. B [3, IIpobrem 93]
JI. ®ykc odpopmynupoBas mpobiaeMy omumcaHus abeeBbIX T'PYII, HA KOTOPBIX CYIIECTBYET
x0Ts1 O6b1 omHO AI-KOJBIO; Takuwe IPyIbl Ha3bBaloTcss RAI-rpynnamun.

Herpynuo BumeTh, uTO mro0as BIOJTHE WHBApUAHTHAs TOArPYIIa abeleBOW T'PYIIIbI
ABIIAETCS ee abCOIOTHBIM UIEAlIoM; OMHAKo o6paTHoe HeepHo. B [1] E. ®pun obopmynupo-
BaJI mpobiteMy onmcaHms abeieBBIX TPYMIl, B KOTOPBIX JTIOO0M aOCOTIOTHLIN UAeasl SIBIISIETCS
BIIOJTHE MHBAPUAHTHON MMOATPYIIION; TaKWe TPYIIILI HA3BIBAIOT @ fi-TpyrmaMu.

B [2, IIpo6mema 66] JI. Pykc mocTaBmir BOIPOC O CyIIECTBOBAHUN abeIeBbIX IPYII, Ha
KOTOPBIX CYIIIECTBYEeT KOJIbIIO, B KOTOPOM JI000i Umeasl sIBISE€TCs BIIOJIHE WHBAPUAHTHON
nonrpynnoii. Taxue rpynmel Mbl OyneM HasbBaTh F-rpynmamvu.

B nepeceuenun knaccos RAI-rpymm, a fi-rpymnn conepRuTcst Kitace E-rpyn, BBeIeHHBIX
I1. Hlynbuem B [4]. AGenesa rpynna G Has3biBaeTcs: F-IPYIION, eciu oHa n30MOpdHA CBOEI
rpymme suanomopdu3moB EndG u konbuo sanomopdusmos E(G) KOMMYTaTUBHO.

B macrosmeinn pabore uccrenyercst ¢Bsizb Mexny RAI-rpymnmamu, afi-rpynmamum, F-
rpynnavu u E-rpynmamu. O6o3HagmM:

RAZL — xmace RAI-rpymm,

AFT — knacc afi-rpynm,

& — xnacc E-rpynm,

F — xknacc F-rpymm,

Teopema. VMmeroT MecTo ciIeqyroIIIe COOTHOIIEHUS

ECF=RAINAFI.

[Tokazano, uto B cooTHomenusx € C F C RAZ u £ C F C AFZL Bce BKIIOUCHUS
SABJIAIOTCA CTPOTrUMU.
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O pelleTOYHBIX M30MOPPU3IMAX IOJTYJIOKAJIBHBIX KOJIEI]

C. C. KOPOBKOB

PaccmaTpuBaroTes acconmmaTuBHbie Kombia. Ilyers M, (GF(p¥)) — xombmo Bcex kBa-
IPATHBLIX MATPHUII TIOPAIKa 1. Hall KoHeanbM osteM GF (p*), roe n, k — HaTypaibHBIe unca,
p — mpoctoe uncyo. Crenys [1, crp. 82|, HA30BEM KOHEUHOE KOIBIO R ¢ emuHuIel 1noaya0-
KaapHubM (npumapneim) xometiom, ecun R/Rad R = M,,(GF(p*)). Tlomymokamsable Kombia
UTrPAlOT BaXKHYIO POJIb B Teopun KOHeUHbIX Kojer. Corsacuo [2, ri. IV, Teopema 3] koneu-
HOE KOJIbIIO R ¢ enuHUIEl TOrIa U TOIBLKO TOTMA ABISETCS TIOTYIOKATLHBIM KOJIBIIOM, KOTIa
R~ M, (K), a K — KOHeUYHOE JIOKaJIbHOE KOJIBIIO.

O6o3HaunmM peréTKy Beex momkouern Kosbua R uepes L(R). IIsa xonbua R u R’ Haz0BEM
PEWMOUHO UBOMOPPHBIMU, ecir m30MOphHBL ux pernéTku nonkosien L(R) u L(R'). Pemé-
tTounbit n3omopdusm L(R) = L(R') obo3naunm GykBoil ¢, a Konbluo R’ nepeobo3HavumM Kak
R?.

Pemérounnsie m30MOpGU3MBI TIOTYIOKAIBHBIX KOJIEI] YACTUIHO PACCMATPUBAINCEH B [3].
B [4] coobuiamocs 0 TOM, 9TO KOJBIO, PEMIETOYHO M30MOPGMHOE MOIIYIOKAIBLHOMY KOJIbILY,
caMo SBJISIETCS TOJTYJIOKAIBHBIM KOIBIOM. CIlemyomme TeopeMbl JOMOHSIOT Oy YeHHBIE
paHee pesysbTaThl O PEMIETOUHBIX N30MOP(PU3MAX MOITYJIOKAIBHBIX KOJIEI.

Teopema 1. Ilycte R = M, (K), rme n > 1, K — KOHEYHOe JIOKaJIbHOE P-KOJIBIIO,
€11, .-, Enn — MaTpPUUHBIE equHUNEBI B Koubne R. IlycTs ¢ — peméroussiii m3oMopdusm
kxospria R Ha Kospro RY. Torma crpaBemuBBI CIELYIOIINE Y TBEPKACHH:

1) R¥ = M,(K'), rne K' — koHeu4HO€ JIOKAJILHOE P-KOJIBIIO, PEIIETOYHO M30MOPGHHOE
kosepry K ;

2) K/Rad K = K'/Rad K';

3) (Vi =1,n) ((es)¥ = (€;)), rme e, — maTpmunble enuauns! B KOIbIe RY;

4) ((e11) @ -+ @ (enn))?” = (€11) © - D (€]);

5) (Vi =1,n) ((e;;Rei)? = e);R%el.).

Teopema 2. Iycts R = M, (K), rnen > 1, K = GF(p*) + N — xomeunoe xommyTa-
TuBHOe JIoKaabHOe Koabio, N2 = {0}. Ilycts ¢ — pemérounsrit m3omopdusm konbna R Ha
koserio RY. Torma RY = R.
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Teopema o cBoGome mJjis OTHOCUTEILHO CBOGOMHBIX ajire6p Jlu ¢ omHuUM
OIPENesIAIOIINM COOTHOIIIEHNEM

A. &. KPACHUKOB

NssectHas Teopema o csobome Iupmmosa [1] mokaseiBaer, uto ecium F — cBobomuas
anrebpa JIlu ¢ MHOXKecTBOM R 00pa3yoIlmx W OMHUM ONPENESISIONIMM COOTHOIeHneM s = (),
B JIEBYIO YaCTh KOTOPOTO BXOOUT OOpPa3yIOMIMI X, TO IomajreOpa, IMOpOXKIeHHAas B ajiaredpe
F wvuoxectBoM R\ z, cBOGOIHA.

Teopema o cBobome Oy MOMMHUWIBIOTEHTHLIX aareOp JIu ¢ omHUM onmpenessormM COOTHO-
meHreM mokasana TamamosbiM [2].
CropasemmuBa crenytoiias Teopema (http://arxiv.org/abs/2101.05648):

Teopema. Ilycts F' — cBobonuas anrebpa Jlu ¢ 6a3oi yy, . .., Yy, (n > 2), H — nonanrebpa,
nopoxneHHas B ajarebpe I sgpementamvu vy, ..., Yn—1, N — 5HIOMODPGHO HOMYyCTUMBIH UOEAT
asrebprr F,

N=Ni12...2Nim+41=No1t 2 ... 2 Nem_+1, (1)
rae Ni; — l-s crernerb aare6psr N .

Ilycrs, mamee, 1 € N1;\N111 (1 <mq), R=unp(r).

Eciu (u Toneko ecmm) r ¢ H+ Ny i41, o HN(R+ Ny ) = HN Ny, roe Ny — OpOH3BOJIBHBLA
wieH psga (1).

CnencrBue. [2] IIycte F' — cBobonuas anarebpa Jlu ¢ 6asoit yi,...,y, (n > 2), H —
rogaarebpa, DOpPoXxkAeHHAs B aarebpe F smemerTaMu vy, . .., Yn—1,

F=Fnz..2Fipmua=F1>2...2Fsn 11, (2)

rae Fy; — l-s cremens aare6pnr Fyq.
HyCTB, majiee, 1 € Fij\Fi,j—‘rl (] g mi), R = I/I,HF(T').
Ecmu (n Tonbko ecan) r ¢ H+F; j11, To HN(R+ Fy) = HN Fy, roe Fj — Opon3BoJIbHbIIT
wieH psana (2).
CIIMCOK JIMTEPATYPBI
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OcCo6eHHOCTHU CTPOEHUsl 2-TIOPOXK/ACHHON HUILIOTEHTHOMN anre6pul R Han mosieMm
c orpaunuennsvu Ha dim R/ R*

E. II. IIETPOB

B 80-e ronsr B [Inectposckoit rerpanu [1] JI.A. BokyTem 6buta npenmoxkena 3anada (1.23)
00 ONUCAHUU TOXKIECTB, BBIMOJIHSIIOIINXCS BO BCEX N-MEPHBIX aCCOIMATUBHBIX ajrebpax Ham
nosieM (n — dukcuposarnoe uucio). C.A. IuxtunbkoBeiM B pabore [2] sra 3amaua Gblia
petiena mist anre6p ¢ enmuuneir npu n < 18, FO.H. ManbuessiM B craTbe [3] m3yuamoch
MHOrooOpasue M, MOPOKIECHHOE BCEMU N-MEPHBIME HUJIBIIOTEHTHBIMU ajrebpaMu (Takue
MHOT006pa3us Tam 6bin ormmcanst myisa n = 1,6), W.JI. Tycesoit B craThe [4] 6b110 mokaszaHo,
UTO N-MEpHAas HUJIBIIOTEHTHAs ajirebpa yIOBIETBOPSIET CTAHIAPTHOMY TOXKIECTBY CTEIeHU
k = [§]+2. B 1991 r. aBropom B paGoTe [5] GbiTa chHOPMYyIMPOBAHA MUTIOTE3a O TOM, UTO
IIPOU3BOJIbHaA N-MEPHadA HUJIBIIOTEHTHAasA anre6pa YaOOBJIETBOPAECT CTaHOAPTHOMY TOXIOECCTBY
cremenn k = [1HV 18R]
Mep N-MepHO aJreOphl, YIOBIETBOPSIOIEH CTAHIAPTHOMY TOXIECTBY YKA3aHHOW CTEIeHN,
HO He YIOBJIETBOPSIOIIEH HUKAKOMY TOJTUINHEHHOMY TOXIECTBY MEHBIIIEH CTENeH’, U JOKa-
3aHO, UTO N-MepHas HWILIOTeHTHas aire6pa R ¢ yemopuem dim R?/R? < 2 ynosmeTBopsieT
MIAHHOW rumoTe3e. B 1emax najabHenrIero moqTBepKAeHnsT 0003HATEHHON TUIIOTE3bI aBTOPOM
B paborax [6—9] mpoBeneHbI NCCIENOBAHNS HIIBIIOTEHTHON KOHETHOMEPHON aire6psl R, ymo-
BJIETBOPSIOIIEN IJIsi HEKOTOPOTO HATypaisHoro umcna N > 1 yemosuio dim RY / RN+ = 9,
C ONMCAHUEM ee CTPOEHUsI, OMPENEISIOIINX COOTHOIIEHU 1 TOXAeCTB. B wacTHOCTH, mOKa-
3aHO, UTO Takas ajrebpa yIOBIIETBOPSET CTAHOAPTHOMY TOXOECTBY crerneHu N + 2.

W3 momydyeHHBIX aBTOPOM PE3YIILTATOB SICHO, UYTO CTEMEeHb CTAHAAPTHOIO TOXIECTBA B
anre6pe R ¢ yeraosmem dim RN /RNT1 =2, N > 1, He 3aBuCUT OT BeIMYMHBI WHICKCA, HITH-
noTenTHOCTH anre6per R. B ciryuae, xorma dim R?/R? = 3, Takoit He3aBICHMOCTH y2Ke HeT.
B [10] aBTOpoM 3amedeHO, 4TO IJIst JIIO6Or0 HATYDPAJILHOTO Ynciia k HANIeTCs KOHEYHOMEpD-
Has HWILIOTEHTHas anre6pa R Ham MpOM3BOMBHBIM THojeM ¢ yciopuem dim R?/R3 = 3, me
VIOBJIETBOPSIONIAs HUKAKOMY ITOJIMIMHENHOMY TOXKIECTBY CTEIeHu K.

3aMeTuM, YTO HUIBIOTEHTHAS KOHeUHOMepHas anrebpa R ¢ ycmosuem dim RY / RN+ =
2 JBJISIETCS B HEKOTOPOM CMBICIIE OITOPHON MJIsI OAJIBHEHIIIEero N3y YeHNsT TPOU3BOIbHBIX HITb-
MIOTEHTHBIX KOHETHOMEPHBIX anre6p, mis xkotoperx dim RY /RN*1 > 2. TIpu stom ms ma-
XOXKIIEHUST TOXKIIECTB, KOTOPBIM YIOBJIETBOPSIOT TaKue ajreOphl, OMUCAHUEe WX CTPOCHUS 1
U3yUeHNe WX OMPENESISIIOIINX COOTHOIIEHU SIBIIIETCS BEChMa BaXKHBIM.

B [10] aBTopoMm oTmedasnoch, 9TO IJisi KOHEUHOMEPHON HUJIBLIOTEHTHON anre6pbl R Ha
anre6pamIecKn 3aMKHYTLIM TIOJIeM, KOTOpas yIoBjieTBopseT yciosmio dim R?/R3 = 3 u B
KOTOPOH BBITIOJTHSIETCSI OMHO €MUHCTBEHHOE OIIPENESISIIoIlee COOTHOIIICHNE, IJIs JTF0O0TO HATY-
pabHOrO k > 2 WMeeT MecTO OmHO W3 ciemyiommx paseHcTs: dim RF/RFTL = k + 1 umm
dim R* /RF+! = F,, 5, roe F,, — uncina ®uGonayymn.

MmetoT MecTo Takke CIIeMyIole pe3yIbTaThl (HAL IIPON3BOILHBIM IIOJIEM).

, I B KaueCcTBe IONTBEPXKIEHNUS dTON I'UNnoTe3bl OblJI IPUBENEH IIPU-

IIpensnoxenne 1. B nusvnomewmmuot 2-noposicdennot aszebpe R nad npoussosvHbim
noaem c yeaosuem dim R? /R? = dim R3/R* = 3 dag woboz0 k > 3 umerom mecmo oepanu-
venus dim RF /RF+L < 4,

IIpennoxenune 2. B nuavnomenmuoti 2-nopoxrcdennoti arzebpe R nad npouzsosvrvim
noaem co caedyrowumy yeaosugmu: dim R?/R® = dim R3/R* = 3,dim R*/R® > 3, npu
nodzodawem evibope nopoxcdaouuzr 6asuc R3/R* ¢ mounocmwio do ammuusomopdusma
umeem ooun u3 caedyowus eudos: {a®,a?b, aba}, {a®,ab,ab?}, {a3,ab,ba?}, {a3,ab,b>}.
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Ilpensnoxenue 3. B nuavnomenmmoti 2-nopoxcdennoti aseebpe R nad npoussosbrvim
noaem co caedyowumy yeaosugmu: dim R?/R3 = dim R?*/R* = 3,dim R*/R® > 3, y xomo-
poti 6azuc R/ R* moxcem 6vims npedcmaeaen moavko 6 sude {a,a’b, ba’}, svinoansomes
coommowenug: b =0 (mod R3?), aba = bab =0 (mod R*).

OCTaeTCH IIOKa OTKPBITBIM BOIIDOC: KAKOMY MUHUMAJIBHOMY TO2XKOECTBY MOXKET YIOBJIC-
TBOPATH HUJIBIIOTEHTHAs 2-TIOPOXKIeHHas anrebpa R mam momem ¢ yeiosmeM dim R2/R3 =
dim R3/R* = 3.
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O HenpuUBOAUMMBIX IIPABOCUMMETPUYECKUX OUMOAYJIAX HAN MATPUYHON
asire6poul BTOPOTO MOPAIKA

A. II. TTOXXUOAEB

Anrebpa A Ha3BIBAETCS NPABOCUMMEMPUUECKOT, €CITU aCCOIUATOP Ha A SBIIIETCS mpa-
BOCUMMETPUYHbIM: (Z,Y, 2) = (x, z,y) s Beex x,y, z € A, rne (x,y, z) := (zy)z — z(yz).

[Iycts F' — mose, W — mpaBocuMMeTpUYIECKUN OUMOMYJTh Hal MaTPUYIHOU ajre6poi
Ms(F), e1 := e11 € Ma(F). llocnenosatensHocTs (a) := ag, a1, . . . , Gy SIIEMEHTOB OGUMOLY IS
W mazoBeM sla-uenvio, eciu slo(F') neficTByeT Ha Hell clipaBa Kak Ha HEIPUBOLUMOM MOIYJIE;
slo-uienib (a) HA30BEM 6uUENbIO, €CIIU OHA SIBIISIETCS OUOUMATOHAJILHOM, T. €. e1a; = 0;a; IJIsI
HekoTopbixX d; € {0,1} u mus mo6oro i@ = 0, ..., n. Bunens (a) HA30BEM KoHCMaARMHKOU, eCn
nenictBue L., Ha Heil sIBIISIETCS KOHCTAHTHBIM, T. €. i1 HekoToporo d € {0, 1} cupaseniuso
era; = da; mius Beex a; € (a). Bumomyns W HazbiBaeTCs 6udUA2OHAAbHBIM, €CITU OIEPATOP
L. mumaronamusupyeMm Ha W Iy HEKOTOPOrO HETPUBHAIILHOTO umeMmnoTeHTa e € Mo(F).

Teopema 1. IIycmv W — 6uduazonaavmbiti modyas nad Mo(F'). Toeda W — npamas
cymma ouyened.

Teopema 2. I[Iycmv F' — noae rapaxmepucmuru 0 u W — Koneunomepubiti npa-
B0CUMMEMPUUECKUT, YHUMAALHBLY 0UA2OHAALHBLY 6UMO0Yab Had Mo(F') 6e3 koncmanmmuuix
ouyenet. Toeda W geagemca npamoti cymmots 08 YMmepHuiT HeNPUBOIUMBLE NPABLIT MOIYAET
nad Mao(F) v Aw = wA dag wmobviz w € W, A € My(F).

[TocTpoeHbI TpUMepBbl HEMUATOHAIILHBIX (pa3MepHOCTH 6) U KOHCTAHTHBIX (IPOU3BOIIL-
HOIl YeTHON Pa3sMEepPHOCTH) HENPUBOMUMBIX IPABOCUMMETPUYECKUX YHUTAPHBIX OMMOMYJIEH
Han My(F'), roe F' — mosie XapakTepPUCTHUKY He 2.
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MHOI‘OOGpa3I/IH AJIbTEpHATUBHBIX 1 ﬁOpHaHOBbIX anreﬁp IIo9Tn
IIOJIMHOMMAJIBHOI'O pocCcTa

A. B. ITonos

Bynem nmpennosaraTth, 9TO XapakKTePUCTUKa OCHOBHOTO 1oJis [ paBHa HYIIO.

s muOrOOGpasus anre6p )V paccmorpum mommpocTpancTsa P, (V) cBoGomHoil asre-
6pet Fy, [ X], o6pasoBanHbIe BCeMU MOMINHENHBIME 5JIEMEHTAMUI CTEIEHN 1 OT 00Pa3yIOInX
L1yeeeyTp.

Ecnun nocnenoBarensHOCTb ¢y (V) = dim P, (V) pacTer MemjieHHee HEKOTOPOIO IIOJII-
HOMA, TO TOBOPSIT, 9TO V) MMeeT MOIMHOMUAIBHO OTPAHUYIEHHBIN POocT. OTHOeIbHBIN HHTEPEC
IPENCTABIISIIOT MHOT00Opasus MOYTHU MOJINHOMUAILHOTO pocTa (a.p.g.-MHOroobpasus), T.e.
TakKre MHOTOOOpa3ms, KOTOPbIE MMEIOT POCT OOJIbIIE MOJTMHOMHUAIBLHOTO, HO BCSIKOE UX COO-
CTBEHHOE TIOIMHOT00Opa3ne MMeeT MOJIMHOMUAIIEHO OTPAHNYEHHBIN POCT.

st mHOrOOGpasus ¥V o6osuauum depes U (V) ero yHuTapHOE 3aMBIKAHWE, T.€. €ciud )V
nopoxknaercs anre6poit A, To U (V) nopoxnaercs anrebpoit A+ F - 1.

Kax okaswiBaeTcst, yHUTApHBIE 3aMBIKAHUS HEKOTOPBIX MOYTH HUIBIOTEHTHBIX MHOTO-
obpa3uii ABJSAIOTCS a.p.g.-MHOTOOOpaszusmu. IIpumepbl Takmx MHOTOOOpa3uil MOJTYYUIOCH
HANTU Cpeau MHOro0Opa3uii HOPIAHOBBIX U aJIbTEePHATUBHBIX aaredp. A mMeHHO, 0603HATIM
uepe3 V4 u Vj; — MHOroobpasusi aJJbT€PHATUBHBIX U HOPIAHOBLIX ajare0p COOTBETCTBEHHO,
ONTPEeNIeTIeHHbIX MOMOMHATEIbHBIMEI ToxkaecTBaMu 2° = 0 u (x1y1) (z2y2) = 0. DTum MHOTO-
o6pasus ABJISIOTCS MOUYTU HUJIBIOTEHTHBIME [1].

Teopema 1. Muoroobpasus U (V4) u U (V) aBasiorcs a.p.g.-MHOTOOOPA3UsIMI U UX
ITOCIENOBATEBLHOCTH KOPA3MEPHOCTEH PacTyT KakK SKCIIOHEHTHI C IToKa3aTeaeM 2.

M3BecTHO, 9TO MMEETCsT POBHO IBA a.p.g-MHOT00Opa3ns acCOMUMATUBHBIX anrebp [2]:

— MHOTOOOpa3me Vi, mopoxnaeMoe ajarebpon ['paccmana;

— MHOTOOOpasue Vo, MopoxkmaeMoe ajrebpoit BepxHeTpeyroabHbX MaTput UThs.

EctecTBenHBIM sBIIsIETCS BOIpPOC, OYyIET JIM UCUYEPIBIBATHCS CIUCOK AJTbTEPHATUBHBIX
a.p.g.-MHOro06pasuit MHOroobpasusyu Vi, Vo u U (V4)?

B fiopnanoBoM cityuae m3BecTHBI nBa a.p.g-MHOroobpasus (momumo U (Vy)):

— MHOrOOGpasue Vs, OIpeNesieHHOe NOMOIHUTEIBHBIM TOXOECTBOM (z1y1) (z2y2) = 0
3, 4];

— MHOTOOOpa3me Vy, MOPOKIaeMOe HOPIAHOBOM aareOpoil BepXHETPEYTOIbHBIX MAaTPUIL
uT{™ [5, 6.

B wacTosimmit MOMEHT W3BECTHO, UTO MHOroobpasue ), €OUHCTBEHHOE a.p.g.-MHOTO-
obpa3me cpenm MHOToOOpasuil, MOPOXKIAEMBIX KOHETHOMEPHBIMU CIIEINAILHBIMUA HOPIAHO-
BbIMHE asireGpamu [7].

Kpome Toro, mis maoroobpasust Vs nMeeT MeCTO

Teopema 2. Mmnoroobpa3sue V3 eqTUHCTBEHHOE a.p.g.-MHOroobpasue cpemu MHOroobpa-
3UI pa3pelInMbIX HOPAaHOBBIX ajareop.
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CuHryJjisspHble cynepajareGpbl ¢ 2-MepPHOI YEeTHOW YaCThIO U HOBbIE IPUMEPHI
pacummmpeHHbIX ny6sien

C. B. ITyenuHUEB, O. B. I[IIAIIKOB

[IpocTas mpaBoaibTepHATUBHAS CyIepaiirebpa Ha3LIBACTCA CHHIYJIAPHON, €CIIA €€ JeT-
Has 4acThb UMeeT HyJleBoe yMHOXeHure. MuHuMaabHas pa3sMepHOCTD CUHTYIIAPHON CyIepal-
re6pul paBHa 5. I[lepbiil mpumep Takoil anre6psl 6611 ykasan B [1]. B [2] kmaccudunmpo-
BaHBI 5-MepHBIE CHHIYJISIPHOI cynepasre6pel. B [3] mokaszano, 4To He cylecTByeT 6-MepHBIX
CUHTYJIPHBLIX Cymepajreop.

[Iycts Anny(B) = {q | ¢B = 0} — nessiit anuynsrop. Cymepanrebpy B = A + M
C YeTHOI 4acThbio A Ha30BeM ajrebpamvecku IOPOXKICHHON, eciau ajirebpa B mopoxnaercs
mHO)ecTBoM A U Ann(B). AnrebGpandecku MOpOXKIEHHAs Cylnepaire6pa KOHEITHOMEpPHa TO-
ra U TOJIBKO TOrZa, KOINA ee UeTHAs IaCTh KOHETHOMepHa [4].

Onement p € M N Anny(B) mazosem nepekmodaresaeM. llepekiouarens p HA30BEM
HEBBIPOXKICHHBIM, €CJIN

ap = 0 Biaeder a = 0 mrs m060ro a € A.

B [5] BBemeno moHsATHE PACIIMPEHHOTO IyOIisl U IOKA3aHO, YTO BCSAKAs KOHEIHOMEDHAs
CUHTYJISpHas ajarebpandecKn MOPOXKIEHHAas cynepaiareOpa sBIISeTCs PACIINPEHHBIM Ty0IeM.
Tam ke ykazaH KpUTepUl CHHTYISIPHOCTU PACIIMPEHHOTO IyOJIs.

Hoka3aHbl CIEMyome pe3yIbTaTh:

Teopema. Bcsgkas KOHeYHOMEpHAas CUHTYJIIPHAS ajarebpamdecKu MOPOXKIEHHAas CyIep-
asrebpa (Ham 6ECKOHEUHBIM IOJIEM) CONEPIKUT HEBBIPOXKICHHBIN MEPEKITIOYATEb.

Teopema. Bcskas cuUHTYyIApHas cylepajrebpa ¢ 2-MEepHON 4YeTHOH 4JacTbio A maTu-
MmepHa. B gacTHOCTH, He cyliecTByeT O€CKOHEUHOMEDHBIX IIPOCTHIX CHUHTYIISIPHBIX CYIEpaJl-
rebp ¢ 2-MepHOI YeTHOU YacThIO.

Kpome Toro, mokazaHo, 9TO He CYIIECTBYET CHUHTYJISPHBIX PACIIUPEHHBIX mybienn B =
A & M pasmeproctu 6, 7, 8 mw 11. Ilig Bcex OCTANBHBIX 3HaUYeHUN d > 5 CYIIECTBYIOT
d-MepHBIE CUHTYJISIpHBIE paciiuupeHuble nybnu. [locTpoenbl HOBbIe puMephbl 19-MepHOTO 1
31-MepHOTrO pacIIMpeHHBIX MyOIen.
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Compressed zero-divisor graphs with bridge

A. A. AFANASYEV, A. S. MONASTYREVA

Let R be an associative ring. For any a € R, denote l(a) = {z € R; xa = 0},r(a) =
{z € R; ax = 0}. D(R) denotes the set of all (one-sided and two-sided) zero-divisors of
R, D(R)* = D(R) \ {0}. By a local ring we mean a finite unital ring R such that the
factor-ring R/J(R) is a field where J(R) is the Jacobson radical of R.

For z,y € D(R), we say that  ~ y if and only if r(z) Ul(x) = r(y) Ul(y). It is clear that
~ is an equivalence relation. We denote by [z]| the equivalence class of an element = € D(R).

The compressed zero-divisor graph I'.(R) of a ring R is the looped graph whose vertices
are all classes [z] where z € D(R)*, and two vertices [z] and [y] are joined by an edge iff
xy =0 or yzr =0 [1].

Let R be a finite ring. Assume that I (R) has a bridge [a] — [b] and the vertices [a] and
[b] are not dangling. We prove that I'.(R) is a chain [c] — [a] — [b] — [d] such that the vertex
[b] has a loop but [a], [c], [d] are without any loop. Moreover, the ring R is isomorphic to a
direct sum (as rings) of a finite field F and a local ring S with J(S5)? = 0 and J(S) # (0).

Besides, we prove some properties of a finite ring R such that I'.(R) has only two
vertices [x] and [y] without any loop and any other vertex is adjacent to [z] or [y]. Also, we
study structure of a finite ring with such equivalence class [a] that the vertex [a] is without
any loop and any other vertex of I'.(R) is adjacent to [a].
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On (o, T)-derivations of group algebra as category characters

A. V. ALEKSEEV

Let G be a contable discrete group and let A be an associative algebra over a field KC
and (o, 7) is a pair of K-linear endomorphisms of A. A (o, 7)-derivation D : A — A is an
K-linear map such that the following twisted by (o, 7) generalized Leibniz identity

D(ab) = D(a)7(b) + o(a)D(b) (1)
is satisfied for all a,b € A.

For the space of (o, 7)-derivations of the group algebra C[G], the decomposition theo-
rem, generalising the corresponding theorem on ordinary derivations on group algebras, is
established in an algebraic context using groupoids and characters. Several corollaries and
examples describing when all (o, 7)-derivations are inner are obtained. Considered in details
cases on (o, 7)—nilpotent groups and (o, 7)-F'C groups.
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Universal enveloping of a pair of compatible Lie brackets

V. Yu. GUBAREV

In the theory of integrable systems from mathematical physics Hamiltonian pairs play
an important role [3]. Such structures correspond to pairs of compatible Poisson brackets
defined on the same manifold. In the operadic language, the latters form so called bi-
Hamiltonian operad [1, 2].

In the case of linear Poisson brackets, all such structures arise from a pair of compatible
Lie brackets. An algebra (L, |-, ]1, [, ]2, +) belongs to a variety Liey of pairs of compatible
Lie brackets if af, -] + B[, ]2 is a Lie bracket for all o, 5 € F. Here F denotes the ground
field.

In [5], the operadic universal enveloping associative algebra of a given algebra g € Lie,
in the sense [4] was shown to equal

Ulie, (9) = As(X U X' | 2y —yx — [z, y]1, 2y — y'2" — [z, y]2, zy — 2y’ — 2"y + 2y'),

where X is a linear basis of g, X’ is a set such that X N X’ = () and the map ": X — X',
x — x’ is a bijection.

In [5], the PBW property of Uy, (g) was proved, it implies that there exists a filtration
on Uie,(g) such that grUrie,(8) = ULie,(80), where go is a vector space g with trivial
products [-,-]; and [+, ]s.

We find the Grobner—Shirshov basis of the universal enveloping algebra Ute, (go)-
Hence, due to the PBW property, we get the linear basis of Ure,(g).

The author is supported by the grant of the President of the Russian Federation for
young scientists (MK-1241.2021.1.1).
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On closure of configurations in freely generated projective planes

N. T. KOGABAEV

In [1], it was proved that if a subplane P of a free projective plane is generated by a
finite configuration B, then P is also free. The proof of this statement is, in particular, based
on the following reasoning. If we represent the process of generating of a projective plane P
in the form of a sequence of configurations

B=B,CB,C...CB,C...,

where each B, ;1 is a full one-step extension of B,,, then for every n € w the rank of the con-
figuration B,, 1 cannot exceed the rank of configuration B,,, which means that as n increases,
the rank of B,, gets stabilized, therefore, there exists m such that B,, freely generates P. If
we refuse the condition of finiteness of the configuration B, then the mentioned reasoning on
ranks becomes incorrect, and there arises a necessity to develop other methods for finding
or describing the configuration B’, which freely generates P.

In [2, 3], a construction of a free closure of a configuration, which is usually referred
to as Shirshov’s construction, is proposed. In this construction, every element of the free
closure has its unique notation in the form of an irreducible nonassociative word over the
initial configuration.

In the present paper, using Shirshov’s construction, we introduce the notion of a reduced
configuration in an arbitrary freely generated projective plane F and propose a method
for transforming an arbitrary configuration into a reduced one. We prove that for every
configuration B, generating a subplane P in the projective plane F, there exists a reduced
configuration B’, which freely generates P. In the case of finitely generated planes, the
proposed method for transforming the configuration B into the reduced configuration 5’
turns out to be effective, which allows us to state the solvability of the problem of inclusion
into the subplane P.

This work was carried out within the framework of the state contract for Sobolev Insti-
tute of Mathematics (project 0314-2019-0002) and with partial support of Russian Founda-
tion for Basic Research (project 20-01-00300).
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An example of a non-locally finite Novikov coalgebra

D. KH. KozyBAEV, U. U. UMIRBAEV, V. N. ZHELYABIN

A coalgebra is a vector space C equipped with a linear map A : C +— C ® C. The map
A is called the comultiplication or the coproduct of C. We shall use the Sweedler notation
A(c) = Y cay®c(z). A subspace D of a coalgebra C with the coproduct A is a subcoalgebra,
if A(D) C D® D. If S is a subset of C, then the subcoalgebra of C' generated by S is the
smallest subcoalgebra of C' which contains S.

A coalgebra C' is called locally finite if every finitely generated subcoalgebra of C' is
finite dimensional.

It is well known that if C' is a coalgebra then the dual space C* is an algebra with the
product m : C* x C* — C* given by

<m(a7 5)7 C> = Z<057 c(1)> <57 C(2)>>
()]
where o, 5 € C* and c € C.
A coalgebra C' is called a Novikov coalgebra, if its dual algebra is a Novikov algebra,
i.e., it satisfies the identities

(zy)z — x(y2) = (yx)z — y(x2) , (xy)z = (z2)y.
Let C' be a vector space with a countable linear basis aq,ao,.... Define on C' the
comultiplication A : C'+— C ® C, by setting

Alar) = a1 ®ar, Ala;) =a; @ a1 + a1 ®a;, i > 1.

Then (C,A) is an associative and commutative coalgebra, i.e., the dual agebra of C' is an
associative and commutative algebra. Define the linear map d : C' — C', by setting

d(a1) =0, d(a;) = aj4q, @ > 1.

Then d is a coderivation of the coalgebra (C, A).

Define a new comultiplication Ay = (id ® d)A on the vector space C.

Theorem. The coalgebra (C,Ay) is a Novikov coalgebra and (C,AN) is not locally
finite.

It is known that associative, alternative and Jordan coalgebras are locally finite. Lie,
right-symmetric, and right-alternative coalgebras are not locally finite.
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Zero-divisor graphs of a finite nilpotent ring

A. S. MONASTYREVA

Let R be an associative ring. For any a € R, denote l(a) = {z € R; xa = 0},r(a) =
{z € R; ax = 0}. D(R) denotes the set of all (one-sided and two-sided) zero-divisors of R.
Also, D(R)* = D(R) \ {0} and Ann(R) = {a € R; aR = Ra = (0)}.

For z,y € D(R), we say that  ~ y if and only if r(z) Ul(x) = r(y) Ul(y). It is clear that
~ is an equivalence relation. We denote by [z] the equivalence class of an element x € D(R).

The compressed zero-divisor graph I'..(R) of a ring R is the looped graph whose
vertices are all classes [z] where x € D(R)*, and two vertices [z] and [y] are joined by an
edge iff zy = 0 or yz = 0 [1].

In [2], we described such finite non-nilpotent rings that their compressed zero-divisor
graphs are complete with loops. In this work, all finite nilpotent rings with complete com-
pressed zero-divisor graphs (with loops) are found.

Moreover, we introduce the notion of the partially compressed zero-divisor graph for a
finite nilpotent ring.

The partially compressed zero-divisor graph f(R) of a finite nilpotent ring R is
the graph whose vertices are all elements of the factor-ring R/Ann(R), and two vertices 71
and 7o are joined by an edge if and only if 17, = 0 or ror; = 0.

We study some properties of these graphs. In particular, we describe structure of a
finite nilpotent ring R such that the graph I'(R) consists of no more than three vertices.

REFERENCES

[1] Zhuravlev E. V., Monastyreva A.S., Compressed Zero-Divisor Graphs of Finite Associative Rings, Sib.
Math. J., 61(1) (2020), 76-84.
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Nilpotency of graded bicommutative and Zinbiel algebras

U. U. UMIRBAEV, V. N. ZHELYABIN, K. M. TULENBAEV

The solvability of graded Novikov algebras were studied by V.N. Zhelyabin and U.U. Umir-
baev [1]. It was shown in [2] for every n of the form n = 2*3! that a Z,- graded Novikov
algebra

N=Ny®...® Np_1
over a field of characteristic not equal to 2,3 is solvable if Ny is solvable.

A non-associative algebra N over a field F'is called a bicommutative algebra if it satisfies
the following identities: z(yz) = y(zz) and (zy)z = (x2)y. Bicommutative algebras were
introduced by A.S. Dzhumadil’daev and K.M. Tulenbaev [4]. Zinbiel algebras are given by
the identity (aob)oc =ao(boc+cob). Zinbiel algebras were introduced by J.-L. Loday [3]
as a dual to Leibniz algebras. A.S. Dzhumadil’daev and K.M. Tulenbaev [5] proved that
any finite-dimensional Zinbiel algebra over algebraically closed field is nilpotent. This paper
is dedicated to study of the nilpotency of graded Bicommutative and Zinbiel algebras. Let
G be an abelian and finite group. An algebra A is called G-graded algebra iff A = e A,
and Ag oAy C Ag—|—h-

Theorem 1. Let A be a G-graded Bicommutative algebra with nilpotent part Ag.
Then the algebra A is nilpotent.

Theorem 2. Let A be a G-graded Zinbiel algebra with nilpotent part Aq over field of
F of characteristic 0. Then the algebra A is nilpotent.

Theorem 2 makes sense when A is an infinite-dimensional algebra. Second part of the
paper is devoted to a new approach to definition of bicommutative algebras and gives new
proofs of classical results on bicommutative algebras.
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O npo6isiemMe MOJTHOTHI PAIIMOHAJIBHBIX (PYHKIIAN C PAIMOHAJILHBIMU
KO3 puIiimeHTaMu

H. ®. AIEKCUAOUC

Henb macTosIe paboThl — HAUTH B (YHKIIMOHAIILHON CUCTEME PAIlMOHATBHBIX (DyHK-
IUI C pAllOHAJIBHBIMU KO3(hPUImeHTaMu KPpUTepuii, T.e. HeoOXOOUMOe U TOCTATOYHOE yCII0-
BU€ MOJTHOTHI cuCcTeM QYHKIIAHN Ha SI3BbIKE TPEAIIOITHBIX KJIaCCOB U YKUCJIIO TPEAIIOITHBIX K1aCCOB,
T.e. MOIITHOCTH KPUTEPUAJILHOU CUCTEMHBIL.

Mgl uCmonb3yeM CcTaHmapTHbIE 0003HAYEHUs W OOIIEN3BECTHLIE TIOHITHUA Teopun (yHK-
MUOHAILHBEIX cucTeM (cMm. [1] — [3]), HO, ¢ HeTbI0 KOPPEKTHOIO MOHUMAHUS U3JI0KEHHOTO,
BCe-TaK! CIIeNyeT YTOYHUTH HEKOTOPHIE ‘MOMEHTHI .

dyukumonansras cucrema (d.c.) F — sro yHuBepcanbuas anrebpa suna F = (F,0),
roe F' — MHOXecTBO QyHKumit, a O MHOXKECTBO onepammii Hag GyHKusaMu u3 F| npu sTom
Kaxknast oneparus u3 O 3aMKHYTa OTHOCUTEILHO MHOXKeCTBa F.

B mamem ciiyuae O coctouT TONBKO u3 omepanmii cyneprosuruit.  Cremyer dopma-
JM30BaTh HOHATHE cymnepno3uuuu. V3 mssecTHbIX GopMamusamuu (ciaemys MaabieBy) Ml
BbIOMpaeM ureparuBHble anre6per [locra (cm. [2]).

O6osraunm uepe3 Frg MHOXKECTBO BCEX DAIMOHAILHBIX (YHKIUI C PAIlMOHATILHLIMI
K09(hdUIIeHTaMI, apTyMEHTHI KOTOPBIX (KaK 1 caMy (QyHKIINN) IIPUHAMAKT DAIIOHAIBHEIE
3HAYECHMUSL.

@.c. pammoHaAIBHBIX GYHKIUN ¢ pannoHaJbHBIME Kodbdunuentamu Fro — sTo mapa
Fro = (Frg,0), rne Frg — MHOXeCTBO BCEX PAIIMOHAIBLHBIX (OYHKIUA C PAIMOHAILHBIMI
kosddurmentamu, a ) — MHOXKECTBO OIEPAINl CyHePIO3UIIN.

Kax wu3BecTHO, M3ydeHme MpOGIEMBI MOJIHOTHI OCYIIECTBIISIIIOCH IIYTEM WUCCIIENOBAHUS
KOHKDETHBIX (DyHKIIMOHAJIBHBIX cucTeM: 2-3HauHas joruka (Ilocr), 3-3maunas moruka (167108H-
ckuit), 4-3naunas moruka (Masbues), k-3uaunas moruka (Posenbepr). B stux ¢.c. pemrenne
IPO6IIEMBI TTOJTHOTHL OBIIO CBEIIEHO K OIMICAHUIO BCEX IIPEATIONIHBIX KITACCOB (MAKCUMAIBHBIX
nonaire6p). Meron perienus: po6eMbl TTOTHOTHL B TEPMUHAX IIPEINOIHBIX KIIACCOB CTAJ
IOCJIE DTOTO OMHUM U3 OCHOBHBIX.

ABTOpOM HACTOSIIErO MOKJIANa GBUIN IOy YEHBI CIEAYIONINe Pe3yIbTATHL.

Teopema 1. B ¢ymrnmonansuoi cucreme Frg = (Frg,O) MHOXecTBO Bcex mpen-
ITOJIHBIX KJIACCOB SBJIA€TCS (IIPUBENEHHOMN) KPUTEPUAIBHOH CHCTEMOM, T.€. IIPOU3BOJIBHAS
cucreMa (GYHKIUI SBJISIETCSA MOJHOH TOTAA M TOJIBKO TOLAA, KOLAa OHA IEJIUKOM HE COmEep-
JKUTCSA HA B OQHOM IPEOIOJIHOM KJIACCE.

Teopema 2. B ¢yrurunonansaor cucreme Fro = (Frg, O) MOIHOCTE KpUTEPUATILHOI
CHCTeMBbI paBHA KOHTUHYYMY.
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O KpuTepuia 1modTmn 61/IHapHOCTI/I ciaabo IINKJINYECKN MMWHUNMAJIBHBIX TeOpI/Iﬁ

A. B. AnTAEBA, B. III. KyJIEIIOB

Hacrostimuin moxstam mpomoiKaeT UCCIENOBAHUE TOHATHUS CAGO0U YUKAUUECKOT MUHU-
MAALHOCMU, TIEPBOHAYATBLHOTO U3y4eHHOTO B [1]. I[Jukauueckuti nopadok ONUCHIBAETCS TEP-
HApHBIM OTHOIIEHNEM K , yIOBIETBOPSIOIINM CJIEMYIOIIINM YCIIOBHUSIM:

(col) VaVyvz(K (z,y,2) = K(y, 2, x));

(co2) VaVyVz(K (z,y,2) NK(y,z,2) ©x=yVy=2Vz=u1);

(co3) VaVyVz(K (x,y, z) — Vt[K(x,y,t) V K(t,y, 2)]);

(cod) Vayvz(K (z,y,2) V K (., 2)).

Caa60 YUKAUYECKU MUHUMAADHAT CMPYKMYPQ €CTh MUKITNIECKHN YIOPSAOUeHHAs] CTPYK-
typa M = (M, K,...) Takas, 4ro m06oe onpemesmmoe (€ mapaMeTpaMu) MOAMHOXKECTBO
CTPYKTYPbI M ABJIACTCA O6'be,HI/IHeHI/IeM KOHEYHOI'O YMCJIa BBIIIYKJIBIX MHO2KECTB B M

3aMeTuM 4TO IMOCKOJIBKY IUKINIECKIH TIOPSIIOK OIPENesIsieTCss TEPHAPHBIM OTHOIIIEHIEM,
HE CYIIIeCTBYyeT OMHAPHOW C/Tab0 MUKINIECKN MUHUMAJIBHON CTPYKTYPBI. MBI TOBOPUM, ITO
c/1ab0 MUKJINYIECKN MUHUMAJbHAsS Teopus 1 aBiseTcs nouwmu 6unapHol, eciau jrobas Gop-
MyJia SKBUBaJIEHTHA OyjeBoll KoMOwHaIum GOpMyJl camMoe OOJbIlee OT NBYX CBOOOMHBIX TIe-
pemenubx u Gopmyssl K (x,y, z) (BBIpaxKaroleil OTHOLIEHNE [UKIMIYECKOTO MOPSIIKA).

B pabore [2] 6bUIH TOIHOCTHIO OMUCAHBI CUETHO KATETOPUUHBIE 1M-BBITYKJIIbIE CJIa00 I1-
KIIMIECKN MWHUMAJIbHBIE TEOPUM PAHTa BBIMYKJIOCTU 1, SBIISIONINECS TOYTH OMHAPHBIMEI
(m > 1), a B pabore [3] ycraHOBIeHa MOYTH GMHAPHOCTH CYETHO KATETOPUUYHBIX He 1-
TPAH3UTUBHBIX cj1abo IUKJINYECKN MUHUMAJIBHBIX TeOpI/Iﬁ PaHT'a BBIIIYKJIOCTHU 1. 3Her MBI
MIPEeNCTAaBISIEM CIIEIYIOITYI0 TEOPEMY:

Teopema. Ilycte ' — cuyeTHO KaTeropmyHas He 1-TpaH3UTHBHAS CIab0 HUKITHTIECKH
MmuHIMAaIbHaI Teopus. Torna 'l mournu 6mHapHas < I’ mMeeT KOHEUHBII PAHT BBITYKJIOCTH.

Hannable uccmenoBanus nonnep:xkanbl Komurerom Haykun MunuctepcTBa o6pa3zoBaHus u
Hayku Pecnybmuku Kasaxcran (I'pant AP08855544).
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Onucaunme gdu- 1 U,-KOMIIaKTHBIX I‘pa(I)OB

. M. BydnHckun

Baxubim cBOIICTBOM ajrebpandecKnx CUCTEM, C TOUKU 3PEHUS YHUBEPCAILHON ajarebpa-
MYIECKON TeOMETPUN, SIBIIIETCS CBOMCTBO HMEPOBOCcMU No ypasHenuim. O60OIeHnIMI HETE-
POBOCTH SIBIISIFOTCSI CBOMCTBA ¢, ~-KOMNAKMHOCTU U Uy, -Komnarmuocmu. B [1] mpencrasiens
TakK Ha3bIBaeMbIe OOBEMIUHSIOIIE TEOPEMBI, KOTOPHIE OMUCHLIBAIOT CBOMCTBA aJrebpamdecKux
MHOXECTB (,, U U, KOMIAKTHBIX CUCTEM.

B moxmane 6ymyT mpencTaBieHbl KPUTEPUU (,-KOMIAKTHOCTU U U ,-KOMIAKTHOCTH B
KaTeropum MmpocThIX rpadoB. BaXHYI0 poib B 5TOM ONUCAHUU UTPAET CJHEMYIONIas JeMMa,
KOTOpas IpencTaBaseT u3 cebs KpuTepuu HETEPOBOCTU MO YPABHEHUSM, (,-KOMIIAKTHOCTH
7 Uy,-KOMIIAKTHOCTHY [OJIS ITPOM3BOJILHON aJIre0pamdecKoil CUCTEMBI:

JIemMma 1. IIycts A = (A, L) — HekoTOpas aarebpamdeckas cucteMa. Torma cupasen-
JINBBI CJIENYIOIIAE VTBEPXKIACHU:

(1) A me sBigeTcs HETEPOBOH IO YPABHEHUAM TOTAA U TOJIBKO TOIZA, KOIa HAHLYTCS
[I0C/IEN0BATENLHOCTE 971eMeHTOB (A;)icn, A; € A", H IoCIen0BaTeIbHOCTE ypaBHe-
it (5;(X))ien, X = {x1,...,2,} a3pixka L Takue, aro A |~ s;(A;) nng Bcex i € N
n A = sj(A;) mmst Beex j < i;

(2) A me sBisgercs q,,-KOMIIAKTHON TOILa U TOIBKO TOTAAa, Korga A He sBiseTcs HETe-
DOBOH II0 ypaBHEHHUSIM U, B 0003HAUYeHUSIX IIyHKTa 1, HaHOeTCs Takoe ypaBHEHUE
f(X) sspika L, uto A = f(A;) nng Beex i € N u gys Bcex takux a € A", uro nis
kaxnoro i € N A |= s;(a), Bepro, uto A = f(a);

(3) A me sBgeTCA U,-KOMIAKTHON TOTLa U TOJBKO TOrAa, Korga A He sBisercs HETe-
PDOBOII TI0 YpaBHEHUSIM 1, B OO03HAYEHUAX MYHKTa 1, HallmeTcss TaKOW KOHEUHBIN Ha-
6op ypasrennit F(X) = {f1(X), fo(X),..., fu(X)} a3pika L, ato A [~ f(A;) mns
Becex f € F mi € N u qus Bcex takux a € A", uro g xkaxnoro i € N A = s;(a),
obs13aTe/IbHO HalimeTcs Takoe ypapHeHue f € F, uro A = f(a).

[Iysxr 1 memmer 1 6s11 momyyer M. B. Korosbivm B [2]. C ero momorisio paxee Gblan
OIMCAaHBl HETEPOBHI 1O ypaBHeHusM rpadbl (aBrop ¢ A. B. Tpeitepom). Onupascs Ha 5TO
OIIICAaHUe, a TAaKXKe Ha IYHKTHl 2 U 3 JIEMMBI 1, aBTOPOM OBLIM IIOJIyY€HBI KPUTEPUU (-
KOMITAKTHOCTHU U U,,-KOMIAKTHOCTH IJIs IPOCTHIX IpadoB Ha SI3bIKE 3alIPEIEHHBIX IIOArDa-
¢oB. AHajOruuHbIe Pe3yIbTATHI OBLIN IOIyUeHbl 071 I'PadOB C IeTIIIMU.

Pa6ora Beimonmuena npu nognep:xkke rpanTa PH®, npoexT Homep 19-11-00209.
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O cunbHO MUHUMAaJILHOM criaBiieHuun cucteM IllTenepa ¢ samuMuHAIIIEN
BOOOpakaeMbIX 3JIEMEHTOB

B. B. BEPBOBCKUI

Kak u3Bectno, cuctema [l reitnepa ¢ mapamerpamu ¢, k u n (CUMBOJIBHO 3aIICHIBACTCSI
S(t,k,n)) — 910 cocTOsIIIEE U3 N HIIEMEHTOB MHOXKECTBO S BMecTe ¢ HaGopoM k-371eMEHTHBIX
IOIMHOXKECTB MHOXKECTBa S (Ha3bIBaeMBIX OJIOKAMHI) C TAKUM CBOICTBOM, YTO KaXKIioe t-
9JIEMEHTHOE TTOIMHOXKECTBO MHOXKECTBA S COMEPKUTCSI POBHO B ogHoM 6i10ke. [lorsTHO, uTO
ecmm t = 2, 70 S(2,q+1,¢* + g+ 1) obpasyeT KoHEUHYIO TPOCKTUBHYIO TIOCKOCTH MOPSIKA
q — mI00ble IBe TOUYKU OIPENessioT eNMHCTBEHHYIO IPSMYIO, KaxKOas IpsMasi COCTOUT U3
q + 1 Touku.

B pa6ore [1] 6buin HOCTPOEHBI TPUMEPLI GECKOHEUHBIX CHJIBHO MUHUMAJIBHBIX CHCTEM
MlTeftrepa nyst t = 2. B pabore [2] sTu npuMeps! 6bLIN MCCIENOBAHBI HA IPEAMET CYIIECTBO-
BaHUSI (HOPMYJIBHBIX QYHKIIUN OT HECKOJIBKUX IIePEMEHHBIX, B YaCTHOCTHU, OBLIO NTOKa3aHO,
4TO IIPU OIpeNeSIeHHBIX OrPAaHNYEHUAX Ha PYHKIUIO [ 171 J1I000r0 He3aBUCUMOI'O MHOXKECTBA

I nmMmeeT MecTo:
del(I) = | J del(a)

acl

3mech mokazaHa CICMYIOIIAsl TEOPEMA.

Teopema. CyirecTByeT KOHTHHYYM CHIBHO MHUHHUMAJIBHBIX IJIOCKHMX TEOPHUN CHUTHA-
ryper ¥ = {R""? | n < w}, Tax wro mpm mobom m < w cyxerme momeneir mo { RT3}
sTHX Teopun obpasyer 6eckoneunyio cucreMy Il rerinepa S(m + 2, m+ 3, \), roe A — mor-
HOCTBH paccMaTpPHBaeMOI MOOeIH, IpudeM KaXknas U3 dTUX TeOPHH MOIYyCKaeT COKpallleHue
BOOOpakKaeMbIX 3JIEMEHTOB.

Pa6ora Boimonuena npu unancosoit nonnepxkke Komurera naykun MOH PK o mpoexTy
AP09259295 “O6 amreGparmyeckoM U OIMPENeIMMOM 3aMBIKAHUSIX B HOBBIX CUJIBHO MUHIMAJTE-
HBIX Teopusx Ha 2021 — 2023 ronsr.
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O mopoxxgaoinmx MHOXECTBaX [-apHOW rpynnbl

A. M. TAILMAK

B [1] ycramoBneno, uro ecau epynna A noposcdaemca mmoxncecmeom M, o — yuka
daunvt k uz S, k deaum | —1, mo dasg mo6oz20 j = 1,2,...,k l-apnasg epynna < A* [ o1 >
noposcdaemca muoxrcecmeom Uj; (M) J{e}, ede e= (g,...,¢€), ¢ — edunuya epynnu A,

——
k
U;(M) =A{(e,...,e,a,e,...,¢€)|la € M}.
—— N —
Jj—1 k—j

Cnenytoriass TeopeMa MOKa3bIBAET, UTO B HEKOTOPBIX CIIyYasSX 3JIEMEHT € MOXeT OBbITb
WCKITIOUEH I3 TOPOKIAIONIEr0 MHOKeCTBa [-aproit rpymmsr < AX [ ], 1 >.

Teopema. Ilycre rpymnma A mopoxmaercs MHOXecTBoM M, o IIUKJI OJIUHBL k 13
Sk,r > 2,d memur v + 1, ¢ gemuT r, CymecTByIOT s7aeMeHTH u,v € M Takme, uro ul =
v¢ = 1. Torma mms mo6oro j = 1,2,...,k l-apras rpymma < A* [ |, >, roe | = rk + 1,
nopoxnaercs mHoxkecTBoM U (M).

Cnencrsue 1. Ilycrs rpynma A mopoxnaercs muOX)ecTtBoM M, 0 — Uk qyinHe! k u3

Sk, > 2, cymecTByIoT s1eMeHTHI u,v € M Takme, uro u" ! = v" = 1. Torma mms mo6oro
j=1,2,...,k l-apras rpymma < A¥ [ ],k >, rae | = rk + 1, nopoxmaercs MHOXeCTBOM
U;(M).

Tax kak (12 ... n)" = (12)""1 = (1 2)"" = ¢ nna weuérHoro N, TO, M3 CAencTBUs 1
BBITEKAET

Cnencrsue 2. Iomuanmdeckne rpymasr < SF || Jn—1) k41,008 > < S* [ lnks1.0k >, THE
n > 3 — Heu8THOe, 0 — HHKJ AJUHB k U3 S) , TOPOXKAAIOTCI MHOXKECTBOM

U;j(M)=A{(e,...,e,(12 ... n),e,...,e),(g,...,6,(1 2),e,...,6)}
—— —— N — ——
i1 k3 j—1 k3
ajist groboro § = 1,2,... k.
Tax kax (23 ... n)" ! = (12)" = ¢ g 4éTHOTO N, TO, W3 CJANCTBUs | BLITEKAaeT

k )
Cnencrsue 3. Ilommanmyeckas rpymma < Sy, | |(n—1)k+1,0,6 >, TO€ 1 > 4 — uéTHOe,
O — LOUKJI OJINHbI k' n3 Sk , IIOPO2KIIaeTCAd MHO2KECTBOM

U;j(M) =A{(e,...,e,(12),e,...,¢),(e,...,6,(23 ... n),e,...,e)}
——— —— N——
j—1 k—j i1 k—j
ajis groboro j = 1,2,... k.

CIIMCOK JIMTEPATYPBI
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M,I[eMl'IOTeHTbI n OeJINTEJIN HYJIA B IIOJIMAaANYEeCKUX IIOJIYrpyIlllax ClieruaJIbHOIro
B1Oa

A. M. 'anbMAK, . B. KOPUEHKO

[Monuanuyeckue TPYIIONABI CIENUAIBLHOTO Buna Obltn onpeneienst B [1]. IIsa yacTHBIX
Ciydast [-apHOI OIepaIuu 7)s . ; u3ydan O. Ioct [2]. Omay u3 HEX OH ompemenun Ha me-
KapTOBOI CTENEHW CUMMETPUUECKOU T'PYIbI, BTOPYI0 — HA IEeKaPTOBON CTENEHW IIOTHOMN
JIMHETHOW T'PYNIBI HAM MOJIEM KOMIIJIEKCHBIX JHICeTT.

B [1] moxazaHO, UTO, TOXIECTBEHHOCTH IONCTAHOBKU O BIIEUET 3a COOOU TIEPEHOC
acCONMATUBHOCTH C N-apHOH OIepanuu 1) Ha [-apHyIO OIepaIuio s g k-

CormacHO CJenyIoIell TeopeMe, eCiii B N-apHOW MOIYTPYIIe UMEeeTCs Hyllb, TO B [-
apHasg mojyrpynna < AF ,Ms,ok > TaKXke objlamaeT HyJIeM, a BCe €€ DJIEMEHTBI ABJIAIOTCS
OEeIUTEeNISIMU 3TOTO HYyJIs.

Teopema 1. IlycTs n-apHas nomyrpynma < A,n > obmagaer HysteMm (), MOACTAHOBKA O
u3 S, ymosaerBopser ycaosuio o' = . Torma:

1) smement 0 sBmgercs HynéMm l-apwor momyrpymmsr < AR Ns,o,k > TOLAA U TOJBKO
Torga, korna 0 =0,...,0;

——

-1

k

2) ecma | > 3, To B < A¥, Ns,o,k > BCE 3JIEMEHTBI ABIAIOTCS JCTUTECIAMI HYJIA.

N neMmoTeHTH [-apHOT MOTYTPYIIBL < Ak, Ns,o,k > U €€ BJIEMEHTEI, Y KOTOPBIX, II0 Kpali-
Hell Mepe, OHA KOMIIOHEHTA SIBJISI€TCS HYJIEBON OMUCHLIBAET CJIEMYIOIIas TeopeMa.

Teopema 2. Ilycrs n-apHas nomayrpymma < A,n > obmamaer Hymem 0, 0 — IOUKJI
maaael k u3 Sy, k meaur | — 1. Torna:

1) eciim 0 — puks mmmeer k w3 Sy, TO y 1006010 HMOEMIOTEHTa U3 < Akyns,a,k > Bce
KOMIOHEHTHI b0 coBrnanaroT c 0, tubo orsimaab! oT O;

2) mmns mo6oro sjaeMeHTa a € AR, Yy KOTOpOro, mo KpaiHeH Mepe, OmHa KOMIIOHEHTA
SBJIAETCS HYJIEBOH, NMeeT MECTO DABEHCTBO s s k(a,...,a) =0,...,0.

l k

Ecnu B Teopemax 1 u 2 momoxkuts n = 2, k = 2, s = 2, a B Ka4ecTBe N-apHOU IO-
ayrpynnsl < A, n > B3saTh nomyrpynmy N HATYpabHBIX YHCENI C OMepalneil B3sSTUs Hau-
Gombiniero obiero menuress: 1n(mn) = HOI(m,n), To momyduM TepHAPHYIO IOIIYTPYIIITY
< N?, N2,(12),2 > ¢ Hyaém (1,1). B arToit TepHapHOII MOTYrPyIIe BCE SIEMEHTHI ABIIAIOTCS
IEeTUTENNIMA HYJIS, & MHOXKECTBO BCEX €€ MOEMIIOTEHTOB MCUYEPIIHLIBAETCS dJIEMEHTAMU BUIA
(n,n).

CHUCOK JIMTEPATYPHI
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KoneuHocTh 3-mOpOKAEHHON PEIIETKM, 6JIN3KON K AUCTPUOY TUBHOU

A. T'. I'enn, . II. MAacivHObIH, K. O. Papoit, K. B. CEJIUBAHOB

B [1, 2] paccmarpuBaeTcs Kilace PeIIéTOK, HA3BAHHBIX OJIM3KUME K OUCTPUCY TUBHBIM.
Onpenenenne. Pemérka Ha3bIBa€TCA OIH3KOH K OUCTPUOYTUBHOU, €CJIU IJIS JIFOOBIX
9JIEMEHTOB T, Y U Z HHTE€PBAJIbI

[(Az)V(yAz)i@Vy)Azlm[(@Ay)Ve(zVz)AlyVz)

UMEIOT AINHY, He O0bIIyIo 1.

TamMm xxe oTMedeHO, YTO 3TOT KJIaCC COMEPKUT B cebe MHOrooOpa3ne MOMYJISIPHBIX PEIIETOK.
Kax u3BectHO, cBOGOMHAsST MOMy IsIpHAs periéTka panra 3 xkomeuna. [losTomy ecTecTBeH BO-
IPOC O KOHEYHOCTHU 3-TIOPOXKIEHHON PEIéTKy, OIn3Koln K qucTpubyTuBHO. OTBET HA 5TOT
BOIIPOC TIOJIOXKUTEJIEH.

Teopema 1. 3-mopoxnéHHAas peléTka, 6u3Kas K JUCTPHUOY THBHOM, CONEPKUT He boJiee
31 syemeHTA.

DTO oleHKa SBIAETCSI TOTHOM.

Teopema 2. CyirecTByer m IpuUTOM €IUHCTBEHHAs OJIM3Kas K AUCTPHUOYTUBHOU 3-
MOpOXOEHHAS PEeIéTKa, comepxkarias 31 3j1eMeHT.

CIINCOK JIMTEPATYPBI
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Are6pbl GUHAPHBIX W30JIMPYIOHIAX (GOPMYJI OIS JIEKCUKOT paduIecKux
npou3BeneHun rpados

II. FO. EMEIBSHOB

B pabore mpomomxaercs m3ydeHue anaredbp pacrpenesieHnii OMHAPHBIX W30JIUPYIOIITIX
dopmyt [1] 1 onucHIBAIOTCs TaKKMe anreGphl Il TEOPUIl JIEKCUKOT PADIIECKIX TIPOU3BENEHNUI
rpadoB.

Onpenenenne [2].
rpa¢, Takou, 4To:

Jlekcukorpaguueckoe npousBenerue G - H rpagpo G w H — 510

e MHOXKecTBO BepiuuH rpapa G- H ects V(G) x V(H), To ecTb npsamoe npousBeneHmre
MHOXkecTB BepiuH rpa¢oB G u H;

e 1r00bI€e ABe BeprnHE! (u,v) u (x,Yy) cmexnsr B G- H Torma m Tonpko Torna, Korna
aubo u cmexxkua © B G, mubo u = x m v cmexHa y B H.

Anrebpa £, mist mekcukorpaduyeckoro npoussenenus nByx rpados G - H, ¢ nuaMeTpom
rpada n, 3amaéTcs CIenyionen TabIuIen:

. 0 1 2 3 4 n
NEOEEEO; 0 B W .
1 [ {1} | {0,1,2} {0,1,2,3} |1{0,1,2,3,4} | {0,1,2,3, 10,1,2,3,
4,5} ...,n}
2 [ {27 | 10,1,2,3) |{0,1,2,3,4) | {0,1,2,3, | {0,1,2,3, 10,1,2,3,
4,5} 4,5,6} n}
3 37 1{0,1,2,3,4) | {0,1,2,3, | {0,1,2,3, | {0,1,2,3, 10,1,2,3,
4,5} 4,5,6} 4,5,6,7} C.n)
1 [ {4 | {0,1,2,3, | {0,1,2,3, | {0,1,2,3, |{0,1,2, 3,4, {0,1,2,3,
4,5} 4,5,6) 4,5,6,7} | 5,6,7,8) ,n)
n | {n} | {0,1,2,3, | {0,1,2,3, | {0,1,2,3, | {0,1,2,3, |... | {0,1,2,3,
.,n} . . ...,n} -

Teopema. Aarebpnl mjid Teopuil JEKCUKOrpahuIecKuX MPOU3BENEHUN I'PaghOB IIOrJIO-
jafoTCs aarebpaMu Iyisl CHUMIITIEKCOB [3].

Artop 6w monnepxan rpaaTom PODPU No 20-31-90004 u rpanTtom Komurera Haykum
MunucrepcTBa obpasoBanus u Hayku Pecnybmuku Kasaxcran No AP08855544.
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O XapakTepu3anuml pelrneToK C OOIIOJITHEHUAMA KBaBI/IMHOFOOGpaBI/Iﬁ YHapoB

B. K. KApTAIIOB, A. B. KAPTAIIIOBA

Kax wu3Bectno, mpobiema Bupkroda-MasbiieBa 3aKII09YaeTCsI B OMUCAHUN KITACCA BCEX
PEIIIeTOK, KaXKIas I3 KOTOPLIX n3oMopdHa pemeTke Buna L, (K) Bcex monkBasnuMHOrooGpasuit
HEKOTOPOTo KBa3suMHOrooopasus K. Takue pereTku comepkar 3HAUNTeIbHY 0 THHOPMAIIIIO
0 6a3mcax KBa3UTOXKIECTB KBa3nUMHOroobpasus K.

B macTosiiieM coobiieHnn MpuBeIeHo OMUCaHUe KJIACCa BCEX PEIIeTOK C HOMOJTHEHUSIMI,
KayKIas U3 KOTOPBIX m3oMopdHa pererke L, (K) mas mexoroporo ksasuMmHOroobpasus K
YHaPOB.

IIycts N — MHOXECTBO BCex IebIx mosoxuTenbuerx ancen u A = ({0, 1,2}, <) — rpex-
srieMeHTHAas 1enb. st mo6oro n € N uepes L.(n) 0603HaYNM MOOMHOXKECTBO IEKaPTOBOIL
crenenu A", cOCTOsAIIEE U3 YIOPSIOYEHHBIX HAOOPOB (a1, G2, . . . , Ay, ), YIOBIETBOPSIOIIIX CIIe-
IYIOIIIAM JIBYM YCIIOBUSIM:

1) a; € {1,2};
2)Vi,ke{l1,2,....n}(i>k & ar=2=a; #1).

Ouesupno, uarto (L.(n), <) — perrerka.

Teopema 1. Koneunas perrerka L ¢ gomosiHeHHSIMU, IMEIOIIas . aTOMOB, U30MOPGMHA
peterke L, (K) mas HekoToporo kBasumHOroobpasus K yHapoB TOr4a I TOJIBKO TOL4a, KOT A
OHA YIOBJIETBOPSAET OMHOMY M3 CJEAYIOILHIX YVCIOBUI:

1) L — 6yseBa peruerka;
2) L = Le(n);
3) L= L.(n—1)x2,raen>2u2 — AByXoIeMEHTHAS DELIETKA.

Teopema 2. IIycrs K — Hexoropoe xBasumHOroobpasue yaapos u L (KC) — xoneunas
pelreTka ¢ MOMOJHEHUSMH, UMEoIas N aToMoB. Torma MOIIHOCTH 5TOH DEIIeTKH DaBHA
am6o 2", 6o 2" 2%(n + 3), mmbo 2" 2(n + 2).

ITycte N§® — MHOXECTBO LEIBIX HEOTPULIATEIHHBIX UICETI C IPUCOSTNHEHHBIM BHEIITHIIM
06pa3oM HauOOIIBIINM 351eMeHTOM 00. [liis mo6oro memmoro n > 2 o6osuaunM depes L.(n, 0o0)
MHOXKECTBO BCeX HAGOPOB (a1, dsz,...,a,) € A"~ x N, yIoBIeTBOPSIONIX CIEMYIONTIM
nBym yenoBusaM: 1) (aq,as,...,an-1) € Lo(n —1)
2)Vie {1,2,...,n—1}(a; = 2 = a, € {0,00}).

Teopema 3. Beckoneuras petrerka L ¢ nononaernsmu n3oMopgHa pernerke Lq(K) ms
HEKOTOPOro KBa3suMHOroobpasus K yHapOB TOraa U TOJIBKO TOTAAa, KOTAa OHA YIOBIETBOPIET
OMHOMY U3 CJIEHYIOILIUX yCJIOBHI:

1) L = L.(n,00), rge n > 2 — 4uciao aToMoB pemieTku L;
2) L= L.(n—1,00) X 2, roe n > 3 — umcao aToMOB pemerkn L.

Bouazoepadckut 2ocydapcmeennbiti coyuarbro-nedazozuueckuti ynusepcumem, Boazoepad
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O Hac/iencTBEHHO BepOaAJIbHO YHCTHIX IMOJIyTPYNNax ¢ EeHTPAJIbHBIM
NOeMIOTEHTOM

O. B. KHY3EB

B [1] craBurcsa mpobiema 3.17: onucampv wacaedcmeenno uucmuie aseebpvl daHH020
MH02000pa3ug as2ebp. Mbl m3ydaeM HaCIENCTBEHHO BepOAIBLHO UUCTHIE TOIYTPYIIIHL B
KJIaCCe TOJIYTPYII ¢ BBIAEGIEHHBIM IIeHTPAIbHBIM UIEMIOTEHTOM.

Hamomuum HekoTOpbIe onpeneaenus. [Lomyrpynnsl ¢ NEHTPATBHBIM UAEMIOTEHTOM Pac-
CMaTPUBAIOTCS 371eCh KaK ajareOpbl ¢ OMHAPHOU acCOIIMATUBHON Onepalneil — YMHOXKEHUeM
U HYJIBAPHOI Oreparueil — BBIIEIEHNEM UIEMIOTEHTA, KOMMY TUPYIOIIIErO CO BCEMU HJIEMEH-
TaMU aJIreOpHI.

[Iycts V — muOroo6pasme BceX MOIYTPYII ¢ HEeHTpaibHbIM umemnorernToM; L(V) —
perreTka nonMuOroobpasuit Maoroo6pasust V, X € L(V), A € V. B mansHeiiiem nom ciio-
BOM “mostyrpymmna’ moHuMaeTcs ajrebpa u3 muHOroobpasus V. EnmHCTBEeHHBIM Kitaccom X-
BepGanbuon kourpysuimn p(X, A) na nmoayrpynne A (p(X, A) — HauMeHbIIAsA U3 KOHTPYSH-
it Ha, A, HaKTOP-MOIYTPYIIIBL 10 KOTOPBIM IPUHAIIIEXKAT X ), ABIIAIOIIMMCS TOATIOIIYTDYII-
oM oJTyrpynnsl A, 6ymeT Kiaacc, Conep:KaIlnil BuIAeTIeHHbIH naeMnorenT. O603HAUAIOT €ro
yepe3 X(A) u maswvBaoT X-6epbasom nonyrpynnsl A. Ecau mias m060ro MHOroo6pasust
X u3 pemerku L(V) semonusercs pasencrso X (B) = X(A) N B, To nonnonyrpynny B
mostyrpynnbl A Ha3bBalOT 6epbaabho uucmot B A. Ecnm Bce TOAMOTYTPYIIIBI TOTYTPYIIIBL
A aBisioTCs BepOaJIbHO YuCThIMU, TO A roBopsaT, uro A nacaedcmeenno eepbasbno wucmasd
noAY2pYNNa.

Bronme perymspHOi TOMyrpyHNoN MbI HAa3bIBaeM OOBEMUHEHUE TPYII, & KOMOMHATOP-
HBII MOHOUIOM — MOHOUI Y KOTOPOTO HET HETPUBUAIBHBIX IPYIII B KAYECTBE TIOMMOHOUIOB.
[Tycts momyrpynna M ecTh paciimpeHre KOMOMHATOPHOIO MEPUOMUYECKOTO0 MOHOMIIA IIPU
MIOMOIIIN TIPSIMOTO TIPOU3BENEHUS IIUKINIECKAX TPYII PA3INYHBIX TPOCTHIX MOPSIIKOB U IIO-
ayrpymnna N ecThb ufeajbHOE PACIIIPEHNe TePUOMNIECKON BIIOHE PErYJISPHON MOJIYTPYIIITHI
C HyJIeM TIPU TTOMOIIM MOJIYTPYIIIBI C HYJIEBBIM YMHOKEHUIEM.

Teopema. Bcskas HacaencTBeHHO BepOAIbHO UHCTas MOAyrpynna u3 V sBIIeTCs ume-
aJIBHBIM pacCIIupeHueM HoJyrpynnbl M mpu momoru moayrpyrnsl N .

CIIMCOK JIMTEPATYPBI
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O xpuTepuu TOTAJIBHON TPAHCIEHOEHTHOCTHU NJIA CEMENCTB YIIOPSAOYEeHHBIX
Teopum

b. III. Kynnemos, 1. 1. ITaBmoK, C. B. CyOOmJIATOB

B macTosmem mokiiame Mbl UCCIIEIyeM CBOMCTBA PAHTOB IJIs CEMENCTB YIIOPSIOYEHHBIX
Teopuit. [losyyeHbl KpuTEpUU €-TOTAIBLHON TPAHCIEHIEHTHOCTH [IJIsl CEMENCTB TIJIOTHO YIIO-
PSOOYEHHBIX TEOPUIL, CEMENCTB O-MIHUMAITLHBIX IFIOTHO YIIOPSIIOYEHHBIX TEOPUI I CEMENCTB
c1ab0 O-MUHUMAJIBHBIX IUIOTHO YIOPSAOYEHHLIX TEOPUNl B TEPMUHAX OIUCAHUS CUMBOJIOB
CUTHATYPHI.

[Tycts T — ceMeiicTBO MONHBIX TeOpUil (PUKCUPOBAHHON CUTHATYPHI X, ¢ — IPOU3-
BOJIbHOe Y-mpemiioxkenuwe. Torma muoxkectBo Ty = {T" € T | T |= ¢} HaseBaeTcs ¢-
oKkpecmuocmyio ceMericta T, win S-onpedeaumbim MOACEMENCTBOM ceMelicTBa T, 3amaBae-
MBIM IIPEIJIOKEHUEM (.

Omnpenenenne. [1] Ilycts T — ceMeiCTBO MOTHBIX TeOPUil (DUKCUPOBAHHON CUTHATYPHI
Y. Ompenenum pane RS(T) s cemetictsa T cremyrormmM 06pa3oM:

(1) RS(T) = —1, ecu T = 0.

(2) RS(T) =0, ecnmu T — KOHEUYHOE HEILYyCTOE CEMENCTBO.

(3) RS(T) > 1, ecniu T GeckoHEUHO.

(4) RS(T) > a+1, ecniu cy1ieCTBYIOT MOMAPHO HECOBMECTHBIE L-TIPETIOKEHUS ¢y, N € W,
rakme aTo RS(73,) > a.

(5) Ecnu 6 — npenenbubiit opaousas, To RS(T) > 6, ecu RS(T) > S mis mo6oro § < 6.

Mper nonaraem RS(T) = «, ecm RS(T) > avm =[RS(T) > o + 1].

Ecmu RS(7) > « mna mo6oro opaouHana «, To Mbl osaraeMm RS(7T) = oo.

CemelicTBO T HA3BIBAETCS €-MOMAALHO MPAHCYEHIEHMHBIM UITH MOMAALHO TPAHCYEH-
denwmmpim, ecnu RS(T) siBisiercss opauHaoM.

Criemyroltias TeopeMa, siBIISIETCSI KDUTEPUEM e-TOTAIILHON TPAHCIEHIEHTHOCTH CEMENCTBA
’Tz‘;iense BCEX INIOTHO YHOPSOOYEHHBIX TEOPUH TPOU3BOIBLHON CUTHATYPHI X

Teopema. CemericTBo 7’2‘16“59 €-TOTaJIbHO TPAHCIIEHAEHTHO <> CUTHATYPa > MOMUMO Ou-
HApPHOTO IPEOUKATHOTO CIMBOJIA, BBIPAXKAIOIIIET0 OTHOIIICHHUE JINHEHHOTO MOPSAKAa, CONEPXKUAT
JINIITb KOHEYHOC€ 4YHCJIO HYJIBMECTHBIX IIPECANKATHBIX 1 q)YHKHHOHaJIbHBIX CUMBOJIOB.

Hanuble nccnenoBanus nonaepxanel Komurerom Hayku MunncrepcrBa oO0pa3oBaHUs 1
nHayku Pecnybiuku Kasaxcran (I'pant AP08855544).
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O mpenreomeTpusix KyOGm4ecKnx TEOpU

C. b. MAIJILIIIEB

[IpuBomuTces ommcanme BUOOB mpenreomerpuit [1] mis kybudeckux Teopuit [2, 3.

HamoMHUM HEKOTOPBIE OCHOBHBIE BUILI IPEATCOMETPHIL.

[IpenreomeTpus (S, acl) Ha3BIBAETCS MPUBUALLHOT NI 8bIPOHCIEHHOT, €CITU [T JTFOGOTO
X C S, acl(X) =U{acl({a}) | a € X}.

[Ipenreomerpus (S, acl) HasbBaeTCs MOQYAAPHOU, ecau I JTIOOBIX 3AMKHYTBIX MHO-
xkectB X, Y C S, X mezaBucumo ot Y otHOCUTEenbHO X NY', T.€. milst TFOOBIX KOHETHOMEPHBIX
3aMKHYTBIX MHOXecTB X, Y Bepro dim(X) + dim(Y) —dim(X NY) =dim(X UY).

Nneer mecTo cremyroiias TeopeMa O TUXOTOMUN:

Teopema. Ilycts T — kxybuueckas Teopus. Torma mms wekoropon momemu M = (S, R)
Teopuu T BBIIOJIHAETCS OMHO U3 CJICHYIOIIUX ABYX YCIOBUIL:

1) Bce KOMIOHEHTBI CBA3HOCTH Mozesd M KOHEUHBI U UMEIOT OrDAHUIEHHYIO MOLHOCTH,
a npenreomerpust (S, acl) BbIpoxkIeHHAS;

2) momens M umeeT GECKOHEUHYIO KOMIIOHEHTY CBS3HOCTH, KOTOPAs SBIAETCI A-KyOoM
U1 HEKOTOPOI'O KapAWHAIA \, a npeareomerpus (S, acl) MomymapHas.

CIIUCOK JINTEPATYPBI
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A6CTpaKTHaﬂ SKBMBAJIECHTHOCTDb (I)YHKI_II/IOHaJIbeIX KJIOHOB

A. T". ITunyc

Yepes F'4 0603HAUMM COBOKYITHOCTH BCeX (DYHKIIMOHAJIBLHBIX KJIOHOB Ha MHOXKeCTBe A.
Hns moboro F € Fy uepes ap o6o3HaunMm yHuUBepcasiabHyo anrebpy (A; F), curmarypa
KOTOpPOI COCTOUT M3 BCeX DYHKIINN, BXOMAIIUX B F.

[Ton «abcTpakTHOUW SKBUBAJICHTHOCTBIO®> ~ KJIOHOB F} u Fy u3 Fy Gynmem moHUMATH pa-
IIIOHAJIBHYIO SKBUBAJIEHTHOCTD ajIrebp ap, U ap,, T. e. [} ~ F5 Torna u TOJIBKO TOrIa, KOrIa
CYIIIECTBYEeT MEPECTAHOBKA T Ha A, COMPSTaoIias COBOKYITHOCTU HYHKIUN, BXOAAIINUX B F 1
F5 coorBeTcTrBenno. Ha F4 ompenenum Tak ke OTHOIIEHTE <, SIBJISIOIIEECS TTPOU3BOIHBIM OT
OTHOIIIEHUsI MEXY YHUBEPCAJIbHBIMU ajrebpamMu, KOrIa OmHa ajirebpa ecTh «oboralreHues
npyrou. nsa Fi, Fy € Fy nomoxum Iy < Fy Torma m TOJBKO TOTA, KOTOA CYIIIECTBYET
nepecTaHoBKa m Ha A, Takasg, uro 7(Fy)7 ! C Fy. OueBumHO, YTO OTHOIICHUE < ABJIACTCH
OTHOIIIEHIEM KBa3WUIOPsOKa Ha F 4, m depe3 & 00O3HAYMM OTHOIIEHNE SKBUBAJIEHTHOCTH
Ha F4, TTOpOXIEHHOE STUM KBAa3UIOPSIIKOM. Tak Ke OUYEeBUIHO, UTO SKBUBAJIEHTHOCTDH <Y
0O0JTbITIE, YEM SKBUBAJIEHTHOCTD ~.

Nmeet mecTo

Teopema 1. Orromrenus ~ u ~ Ha F4 coBmamaror Torma m TOJBKO TOrZa, KOIAa
MHOXkeCTBO A KOHEeUHO.

OTMeTuM OIHO W3 CJIENCTBUH HOKA3aTeILCTBA STON TEOPEMHI.

Canencrsue. [[nsg 6eckoneunbrx A cymecrByror kioHbl F' Ha A Takme, uro xinacc F/ ~
COHEPKUT KaK MUHUMYM KOHTHUHYYM ITOIIAPHO HE ~-3KBUBAJEHTHBIX KJIOHOB Ha A.

OTMeTuM erile ONWH PE3y/ILTAT, CBSI3aHHBIN C OTHOIIIEHEM ~ Ha Fy.

Teopema 2. Kowwioukiun orHoirerun Fy C Fy mw Fy ~ Fy mma kiaouoB Fh, Fo u3 Fy
BJIEKYT PABEHCTBO THX KJIOHOB TOLa M TOJBKO TOIAA, KOTAa MHOXECTBO A KOHEUHO.

Hosocubupcruti 2ocydapcmeennbiti mexnuueckut yrusepcumem, Hosocubupck
E-mail: ag.pinus@gmail.com
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06 06006111eHHOI cTAabM/ILBHOCTH KJIACCA MHBHEKTUBHBIX IIOJINTOHOB

A. A. CTEODAHOBA

[TousTue P-cTabuIbHOCTH SBIISETCS YACTHBIM CITy4aeM 000OIIEHHON CTaOMTbHOCTH TT0JI-
HBIX Teopuli [1]. AGeneswl rpynmer ¢ P-crabuibHoll Teopueir onucansl B [2]. B [3] maércs
nosaoe onucanue (P, 1)-cTabiiIbHBIX TEOPUN B TEPMUHAX OMPEIETNMON MHTEPIPETUPYEMO-
CTU B TEOPHUHU s3BIKA OMHOMECTHBIX IpemukaToB. B [4] paccmorpensr S-mosmurons: ¢ (P, 1)-
CTabUIILHOI TeOopHell; KpoMe TOro, HokasaHo, 4To (P, s)-,(P, a)-, (P, e)-cTabuiasHOCTh Kiacca
BCEX S-TIOJIUTOHOB HAIl MOHOUIOM S SKBUBAJEHTHA TOMY, uTo S —! rpymnmna. B mawHOil pa-
60Te paccMaTpPUBAIOTCS BOIPOCHI, CBA3aHHBIE ¢ P-CTabWIbHOCTBHIO HEKOTOPHIX KJIACCOB S-
MIOJTUTOHOB.

Hanomuaum sexoTopwie onpenernenust. [lycts S — monoun, 1 — emuuuna S. Ilom sesvim
S-noaueonom s A (umu mpocto S-noaueorom) moHIMaeTcs anrebpandeckas cucrema (A; Lg)
a3bika Ly = {fs(l)|s € S} rakas, uro fi(fi(a)) = fea(a) u fi(a) = a moa mobeix a €
A, s,t € 5. Unvexmusublm NOAULOHOM HAZBIBAETCS MOJIUTOH g() TAKON, UTO MJis JIFOOBIX
moyiuroHoB s A, B, mis mo6oro Mmonomopdusma ¢ : A — ¢B u s mr60ro romoMopdusMa,
v sA — gQ cymecTByer romoMopdpusm @ @ gB — g@Q) Takoit, uto ¢r = . Yepes S-Inj
0003HAUNM KJIACC BCEX MHBEKTUBHBIX MOJIUTOHOB HAM S.

Teopema 1. Ecau xmacc S-Inj mabexktuBubix momuronos (P, 1)-crabunen, to S —
OIHO3JTeMEHTHBI MOHOUL.

Teopema 2. [lins MoHOMzma S cienyromiue ycjIoBUsS 5KBUBAJICHTHBL:

1) kmacc S-Inj nabekTuBHBIX 1MOMUrOHOB (P, s)-cTabuiew;

2) knacc S-Inj nEBexTHBHBIX HOMUIOHOB (P, a)-cTabuew;

3) xnacc S-Inj nabekTUBHBIX mOMUroHOB (P, e)-crabuieH;

4) S — rpynna.

Pabora Boimomaena nipu nognepxkke Mwunobprayku P®, momosmHuTENTbHOE corJiallleHue

ot 01.06.2021 075-02-2021-1395.
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0] KOHI'DY3HII-IIEPpECTaHOBOYHBIX ITIOJIMT'OHaAX

A. A. CtEnnaHOBA, C. I'. UEKAHOB

B pabote usyuaeTcs cTpoeHUEe KOHTPYIHII-IIEPECTAHOBOYHBIX OIUTOHOB HA KOMMYTa-
TUBHBIMEU MOHOUIAMU U HAI TPYIIIAME, T.€. IMOJUTOHOB, JTFOOBIE MBE KOHTDYIHIIUU KOTOPHIX
IePECTAaHOBOUYHBI OTHOCUTEIILHO KOMIO3UInu. V3BECTHO, UTO U3 KOHTPYIHI-TIEPECTAHOBOU-
HOCTU aJITeOphI CIIeAyeT MOMYISIPHOCTD PEIIeTKN KOHTPYIHIIMEI 3TOHN ajareOpsl. B aToM cMbI-
crie, maHHAs paboTa MPONOIIKAET WCCieNoBaHus, HadaTee B [1]-[3], roe mama xapaxrepusa-
75T TTOJTUTOHOB HAJI ITOJIYTPYIIITAMU IPABBIX U JIEBBIX HYJIEH, MMEIOIINX MOMYJIIPHBIE PEIIeTKI
KOHTPYSHIWMIT [1]; ONMmMcaHbl HOMUIOHBI HAJ BIIOJIHE YTIOPSANOYEHHBIM MOHOUIOM C MOIYJISIPHOI
PeIIeTKON KOHI'PYSHII [2]; M3yUeHO CTPOeHMEe CHIIbHO TOYHBLIX MOJIUTOHOB HA KOMMYTa-
TUBHBIME MOHOMIAMI U HAI TPYIIIAMIU, PDEIIETKN KOHIDYSHIUIT KOTOPBIX MOLYJISPHBI [3].

Hanomanm mekoTopsie onpenenerus (cu.[4]). Ilycts S — monoun. JleBsim S-noauzonom
(um IPOCTO MOAU2OHOM) s A HA3BIBAETCS HEIYCTOE MHOXKECTBO A, HA KOTOPOM OIIPENEIeHO
NMENCTBUEe MOHOUIA S, IpUUeM equHuma S OeficTByeT Ha A TOXIeCTBEHHO. JJIEMEHT ¢ TOJIH-
rona gA HasbIBaeTCSI Hysem noau2ona A, ecaum sa = a mist Bcex s € S. OjementdI a,b € A
HA3BIBAIOTCS C6A3AHMbIMU B TIONUroHe gA, eciu cyiecTByioT n € w,¢; € A (0 < i< n)u
sj,t; €8 (1 < j < n) rakume, uto a = ¢g, b = ¢, u $;¢;_1 = t;c; mist moboro i, 1 < i < n.
[Tomuron g A HA3BIBACTCS C8A3HbIM, €CITH JIIOOBIE IBA BJIEMEHTA B HEM CBs3aHbI. Konpou3ee-
denuem | |, ; A; momuronos gA; (i € I) Ha3pIBaeTCA UX MU3BIOHKTHOE OObEIMHEHNE,

Teopema 1. Ilycts S — xommyraruBHbl MoHOHA. llouron s A KoHrpysHII-IIepecTa-
HOBOYEH TOIAa U TOJIBKO TOTAa, KOTJa BBIIOJHSIOTCS CACHYIOIIUE VCIIOBUL:

1) eciim g A — cBs3HBLI mOIUroH, TO B s A He 60mee ogHoro Hyns u A = Sa s 1r060ro
a € A, He SBJIAIOIIEroCs HyJIeM ITOJUroHa sA;

2) ecnu g A — HecBs3HbII moaurod, 1o sA = Ao [[ sA41, npuuem

a) ecim B gA; ectb HONB, TO |A;| = 1 m sA1_; = sSa mng maroboro a € Ay_;, roe
i€{0,1};

b) ecu B g A Her myseni, To s A; = gSa misg mobeix a € Ay, i € {0,1} u g mo6eIx ag €
Ap, a1 € Ay KOHTDY>HIHS, TOPOXKIEHHAS TAPOIL (g, A1), ABILETCS €QUHIIHON KOHT DY HITEH
IIOJINTOHA s A.

[Iycts G — rpynna, H — nonrpynmna rpynnst G. Beenem o6o3uauenue: G/H = {gH |
g € G}. dcno, uro MmuoxkectBo G/ H ABIAETCS TOIUTOHOM OTHOCUTELHO onepanuu ¢’ -gH =
(¢'9)H nnsa mobex ¢', g € G.

Teopema 2. Ilycte G — rpymnma. Ilomuron A kOHrpy>HI-IIEPECTAHOBOYEH TOTA I
TOJIBKO TOT/1a, KOTZ[a BBITOJIHSIOTCS CJACLYFOIIUE YCIOBUS:

1) ecn ¢ A — cBasHbLI noauroH, 10 g A = G /H g sHekoTopoit H moarpynmer rpymnmet
G u K1 Ky = KoK g moberx nmonrpynn Kq, Ko rpymmner G, conepxkariux rpymmy H ;

2) ecnu ¢ A — HECBSI3HBIN MOJIATOH, TO

a) gA = ¢G/H, ||, G/H> nns mexoropeix Hy, Hy moarpynn rpynmsr G

b) K1Ks = KoKy nnsg mobeix noarpynn Ky, Ko rpynmner G, conepxkariux rpynmy H;,
i€ {1,2};

¢) s moboro g € G, mobeix nonrpynn H| u H), conpspxennsrx ¢ monrpynmavu Hy n
Ho, coorBercTBenHo, cymectsyer k > 1 Taxoit, uro g € (H| H)E.

Pabora Bwimosnena npu nonnepxkke MwunoOpHayku PP, momosHUTEIBbHOE COTJIAllleHne
ot 01.06.2021 075-02-2021-1395.
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KoMmnanboHbI 1 9K3NCTEHIINAJIBHO 3aMKHYTbhbI€ KOMIIAHBbOHBI ITOJIA
PallOHAJIBHBIX YHCeJI

3. I". XUCAMUEB

B namboll paboTe KOMIIAHBOH-TIOJIE WJIM ITPOCTO KOMIAHBLOH IOJIS PAIlMOHAJIBHBIX Y-
CeNl 9TO ToJle KaXKas KOHeUHas JacTUIHas MOACTPYKTYpa KOTOPON M30MOophHA HEKOTOPOUN
KOHEYHOI YACTUYHON MONCTPYKTYPE OISl PAlMOHAIBHBIX uncesl. OOImas Teopust KIacCoB
KOMITQHBOHOB, TEOPUU 3TUX KJIACCOB, OIMMCAHUE YK3UCTEHIIUAJIBLHO 3aMKHYTHIX KOMIaHBOHOB
co3manbl B paborax Hyprasuna A.T., ocHOBHBIE onpenesieHns, 3a0a4l 1 MHOTTE BayKHLIE pe-
3yJIbTAThI U3JI0KEHBI B [1]. 3amaua 06 uccaenoBaHny KOMIAHBOH-TIONEH OIS PAIIMOHATBHBIX
qmcesl MPeNIoXKeHa UM XKe.

Teopema. Yucsio Hen3oMOp@HBIX SK3UCTEHIINAIBHO 3aMKHYTHIX KOMIIAHBOH-DACIIIPE-
HHUI TOJIS PAlUOHAJJBbHBIX UHCEI OMHOH U TOH K€ KOHEUHON HEHYJIEBOHM CTENEHU TPAaHCIEH-
JEHTHOCTYA KOHTUHYAJIBHO.

CIINCOK JINTEPATYPBI
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Identities and quasi-identities of pointed algebras

A. O. BASHEYEVA, M. MUSTAFA, A. M. NURAKUNOV

A pointed enrichment of algebra may be regarded as the same algebra with an extra finite
set of constant operations. An algebra is called a pointed algebra if it is a pointed enrichment
of some algebra. We show that if a finite algebra belongs to finitely axiomatizable residually
very finite variety then every its pointed enrichment has a finite basis of identities. Also
we show that if a finite algebra belongs to directly representable quasivariety then every its
pointed enrichment has a finite basis of quasi-identities. Some corollaries and examples are
provided.

Gumilev’s Eurasian National University, Nur-Sultan (Kazakhstan)
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On the properties of formula-definable semigroups of complete theories

M. I. BEKENOV, A. M. KasATova, S. M. LUTSAK

In [1] a binary operation {-} was defined on the set Th(c) of all (complete) first-order
theories of the language o, with respect to which Th(o) forms a commutative semigroup,
which we call the semigroup of (complete) theories. In [2] the highest complexity of the
structure of the lattice of subsemigroups of a semigroup of theories was shown.

In this work we consider the formula-definable subsemigroups and idempotently formula-
definable subsemigroups of the semigroup of complete theories on the semigroup of complete
theories of a first-order countable language with respect to the product of complete theories.
We prove some properties that they satisfy. We show that the idempotent elements of
idempotently formula-definable subsemigroups form a complete lattice.

A set of theories H is called a formula-definable set of theories if there exists a theory T
such that, for any theory 717, 71 € H holds if and only if 77 -7 = T'. The theory T in this case
is called the determinant of the set H, and if the determinant of the set H is an idempotent
theory then H is called an idempotently formula-definable set of theories. Respectively, if
the determinant of a formula-definable semigroup of theories is an idempotent then such a
semigroup is called an idempotently formula-definable semigroup of theories.

Here are some of the results obtained.

Theorem 1. The formula-definable set of theories is closed with respect to ultraprod-
ucts of theories, finite products of theories, that is, it is an axiomatizable set of theories and
a commutative semigroup with unity.

Theorem 2. A formula-definable semigroup of theories is closed with respect to infinite
products.

Theorem 3. A formula-definable semigroup of theories is an idempotently formula-
definable semigroup of theories whose idempotent determinant is the only one.

Note that the authors have obtained many other results.

This research is funded by the Science Committee of the Ministry of Education and
Science of the Republic of Kazakhstan (the first author by Grant No. AP092592952, the
third author by Grant No. AP09058390).
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Semigroup of theories and its lattice of idempotent elements

M. I. BEKENOV, A. M. NURAKUNOV

On the set of all first-order theories T'(o) of a language o we define a binary operation
{-} by therule: T-S=Th({Ax B | AT and B | S}) for any theories T, S € T'(c). The
structure (T'(o0);-) forms a commutative semigroup which is called a semigroup of theories.
We show that the semigroup of theories is an ideal extension of some semigroup S} by
semigroup Sp. We prove that the set of all idempotent elements of semigroup of theories
forms a complete lattice with respect to the partial order < defined as T < S'iff T- S =9,
for all T,S € T'(0). Also we show that the set of all idempotent complete theories forms a
complete lattice with respect to the partial order < which is not necessary a sublattice of
the lattice of idempotent theories.

The first author was supported by MES RK (Grant No. AP05132688) and the second
author was supported by MES RK (Grant No. AP05132349 “Computability, interpretability
and algebraic structures”).
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On expansions of theories with three countable models

A. B. DAULETIYAROVA

We continue to study expansions of dense orders and characterize properties of Ehren-
feuchtness and the maximality for numbers of countable models [1]. For this, we consider
a theory with three non-isomorphic countable models [2] in which definable closures of the
empty set are infinite, and has a structure of dense linear order or a structure of dense
branching tree 7 forming a lower semilattice. This theory interprets a variant of Ehren-
feucht’s [3] or Peretyat’kin’s example [4].

We set TH = Th((T; <, ¢n)new) and T? = Th((T; <, ¢n, ¢ )new ), Where < is an ordinary
strict order on the set 7 of infinite dense branching tree forming a lower semilattice, constants
¢, form a strictly increasing sequence, and constants ¢}, form a strictly decreasing sequence,
¢y < cl,,n € w. The theory T is similar the Ehrenfeucht’s example with I(T*,w) = 3, and
the theory 72 has six pairwise nonisomorphic countable models.

In the monograph [5] it is shown that additional expansions T by strictly decreasing se-
quences of constants preserve the Ehrenfeuchtness of theory, namely having three sequences
(Cn)new, (€))new, (Ch)new of constants, where the first one strictly increases, and two others
strictly decrease with respect to < on the tree T, ¢, < ¢}, cn < ¢, 1 € w, ¢; and ¢} are

n n’
incomparable, 7,7 € w. We get 7 prime models over tuples and 27 limit models, that is,

(T3, w)=34.

The following theorem shows that constant expansions 7" of the theory of dense branch-
ing tree with independent constant expansions of the form T, T2, T3 are exhausted by
combinations of these numbers for the theories T, T2 and T and extends possibilities for
characteristic representations of Ehrenfeucht theories observed for o-minimal Ehrenfeucht
theories.

Theorem. The theory T is characteristically equivalent to some finite disjoint union
of theories of form T, T?, T3 (T ~, Hle T'u Hé’:1 T?Ull,,— Ty

3 where T} are similar
to TV, T? are similar to T? and T}, are similar to T?) and has 3% - 6! - 34™ pairwise non-
isomorphic countable models.

This research was supported by Committee of Science in Education and Science Ministry
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Axiomatizability of the class of subdirectly irreducible acts over
a commutative monoid

E. L. EFREMOV, A. A. STEPANOVA
Let S be a monoid with identity 1, Lg = {s(!) | s € S}. An Lg-structure gA = (A; Lg)
is called a (left) act over S if si(s2a) = (s182)a and la = a for all a € A, s1,s2 € S. An
element a € A is called a zero of gA if sa = a for any s € S. We say that an element
a € A is contained in a s-cycle (s € S) if there exists n € w, n # 0, such that s"a = a and
sfa ¢ {sla |l <k} forall k <n, k#0.
An act gA is called subdirectly irreducible if

(ipi | pi £ A€l #A

for every family of congruences p; on gA (i € I) where A is zero congruence on gA. The
interest in the study of such acts is caused by Birkhoft’s theorem, according to which any
algebra is isomorphic to a subdirect product of subdirectly irreducible algebras [1]. Denote
by SZr(S) the class of subdirectly irreducible acts over a monoid S.

A class of L-structures K for a first order language L is axiomatizable if there exists a
set of sentences Il in L such that an L-structure 2 lies in K if and only if every sentence in
IT is true in 2A. The question of axiomatizability of the class of subdirectly irreducible acts
over an Abelian group was studied by Stepanova A.A. and Ptakhov D.O. [2]. We describe
commutative monoids, the class of subdirectly irreducible acts over which is axiomatizable.

We say that the congruence € of the monoid S satisfies the condition (x) if

e S/0 contains zero = |S/0| > 2,
e S/6 does not contain zero = |S/60| > 1.

Theorem 1. Let S be a commutative monoid. Then SZr(S) is axiomatizable class iff
there exist k € w and a finite set T' C S such that for any subdirectly irreducible monoid
S/6, where 0 is a congruence of monoid S satisfying the condition (), there exist t € T" and
p™ < k, where p is a prime, m € w, m # 0, such that

e s/0 € S/0 is contained in some t-cycle of length p™ for any nonzero s/0 € S/6,
e if S/6 has no zero then |S/6| = p™;
e if S/0 has a zero then one of two conditions is satisfied:
(1) [S/6] = p™ +1;
(2) there exist r € T such that
— (r?s,r3s) € 0 for any s € S,
— (rso, o) ¢ 0 for some sy € S
— if (r?s,rs) ¢ 6 then rs/0 is contained in some t-cycle of length p™ for
any s € S.

Theorem 2. Let S be a finite commutative monoid. Then the class SZr(S) is axiom-
atizable.

Supported by RF Ministry of Education and Science (Suppl. Agreement No. 075-02-
2021-1395 of 01.06.2021).
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On function spaces

Yu. L. ErsHov, M. V. SCHWIDEFSKY
For certain properties P of topological Ty-spaces, we prove that a Ty-space Y has prop-
erty P if and only if the function space C1(X,Y) endowed with a certain topology 7 possesses
P for some space X.
Both authors were supported by the fundamental research program of the Siberian
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Cross varieties of aperiodic monoids with commuting idempotents

S. V. GUSEV

A variety of algebras is called finitely based if it has a finite basis of its identities. A
variety is called finitely generated if it is generated by a finite algebra. A variety is small if it
has finitely many subvarieties. A finitely generated, finitely based, small variety of algebras
is called Cross.

Finite members from several classical classes of algebras such as groups [4] and asso-
ciative rings [1, 3] generate Cross varieties. But this result does not hold in general. For
example, there are a lot of finite semigroups or monoids that generate non-Cross varieties.

For any class of algebras in which finitely generated varieties and Cross varieties do not
coincide, one method of describing Cross varieties in this class is to identify its minimal
non-Cross varieties, or almost Cross varieties. In view of Zorn’s lemma, every non-Cross
variety contains some almost Cross subvariety. Therefore, classifying almost Cross varieties
in a certain sense reduces to classifying Cross varieties.

A monoid is aperiodic if it has trivial subgroups only. In 2013, Lee [2] completely
classified almost Cross varieties within the class A, of aperiodic monoids with central
idempotents showing that A.e, contains precisely three almost Cross subvarieties. In this
work, we generalize this result by Lee to the class Aom of aperiodic monoids with commuting
idempotents. We show that a subvariety of A is Cross if and only if it excludes nine almost
Cross subvarieties of Acom.

The work is supported by the Ministry of Science and Higher Education of the Russian
Federation (project FEUZ-2020-0016).
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Companions of hybrids of fragments of theoretical subsets

M. T. KASSYMETOVA, N. M. MUSSINA, S. M. AMANBEKOV

The symbol T always will denote some fixing Jonsson theory, perhaps with additional
properties. C is the semantical model of the theory T. All sets and models considered in
this abstract are correspondingly subsets and existentially closed submodels of considered
model C. X; CC,i1=1,2.

Definition 1. [1] Let F'r(X;), Fr(X2) be the fragments. A hybrid H(Fr(X;), Fr(X2))
of fragments F'r(Xy), Fr(Xsz) is called the theory Thys(C; x Cs), if it is Jonsson theory,
where C; are the semantic models of Fr(X;),i =1,2.

Fact. For the theory H(Fr(X;),Fr(X2)) to be a Jonsson theory enough to (Cy x Cy) €
Er.

Definition 2. A set X is called a Jonsson set, if the following conditions hold:

1) X is a definable set by some existential formula ¢(z,g) = Iy (z, y);

2) cd(X)=M, M € Er.

Definition 3. [2] A set X is called a theoretical set, if X is Jonsson set, ¢(C) = X and
the sentence YZ3y1(Z, y) defines some Jonsson theory.

Definition 4. [2] The theory T will be called ¢(z)-convex if it is strong convex in
the classical sense and for any existentially closed model N; of this theory, there is a some
theoretical set Ay,, such that cl(Ay,) = N;, ¢(N;) = Ay, and (Z_WNZ- =M € Er.

In the following obtained results we propose that cl = dcl = acl, where ¢l is the closure
operator of some pregeometry defined on all subsets of semantic model of considered Jonsson
theory.

Theorem 1. Let Fr(X) be a perfect p(x)-convex existentially prime complete for 3-
sentences a Jonsson theory, X1, Xo be the p(x)-theoretical sets of the theory Thy3(C), where
M; = dcl(X;) € Epp(Thys(c)), Fr(Xi) = Thys(M;) are also perfect p(x)-convex existentially
prime complete for 3-sentences a fragments. Then, if their hybrid H(Fr(X,), Fr(Xs)) is
a model consistent with Fr(X;), then H(Fr(X,), Fr(Xs)) is a perfect Jonsson theories for
i=1,2.

Theorem 2. Let Fr(X),Fr(X;),Fr(Xs) satisfy the conditions of Theorem 1 and
Fr(Xy), Fr(X2) be w-categorical fragments. Then their hybrid H(Fr(Xy), Fr(Xz2)) is also
a w-categorical Jonsson theory.

All the concepts that are undefined here can be extracted from [1,2].
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On complexity of quasivariety lattices of Lukasiewicz algebras

S. M. Lutsak, O. A. VORONINA

In this work we study Birkhoff-Maltsev problem for Lukasiewicz algebras.

For every integer n > 1, a Lukasiewicz algebra £, = ({0, %, cee ”771, 1};—, ) is an
algebra with one binary operation — and one unary operation — defined as follows: z —
y=min{l,1 —x+y} and -z =1 —z, for all z,y € L,.

We consider three measures of the highest complexity of the structure of quasivariety
lattices: @Q-universality, the property (IN) or non-computability of the set of finite sublattices,
and existence of continuum of quasivarieties without covers in a given quasivariety lattice.
These measures were introduced in [1-3], respectively.

In [3] was provided a sufficient condition for a quasivariety R to be Q-universal, to have
continuum many subclasses with the property (N), continuum many @-universal subquasi-
varieties and continuum many subquasivarieties with no upper covers in the lattice Lq(R).
In [4] was established a sufficient condition for a class K to have continuum many subclasses
with the property (N) but which are not Q-universal.

We show the highest complexity of the quasivariety lattice of the variety generated by
the set of all finite Lukasiewicz algebras. The main result of this work is as follows.

Theorem. Let L be the variety generated by the set of all finite Lukasiewicz algebras.
Then L is Q-universal and contains continuum many

(1) Q-universal quasivarieties;

(2) quasivarieties having no covers in the quasivariety lattice Lq(L);

(3) subclasses K C L having the property (N);

(4) subclasses K C L having the property (N) but which are not QQ-universal.

Note that in [5] it was proved that the considered quasivariety lattice Lq(L) does not
satisfy to any non-trivial lattice’s identity.

This research is funded by the Science Committee of the Ministry of Education and
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On approximations of unars

N. D. MARKHABATOV, S. V. SUDOPLATOV

On a base of classification of unar theories [1, 2], a characterization of pseudofiniteness of
unar theories is found, as well as some necessary and sufficient conditions of pseudofiniteness.

Let fO(z) = x and f*"*i(z) = f(f™(x)) for n € w\ {0}. A unar theory T of a unar
language (f) is said to be limited if there exists a natural number N such that the following
formula is true in 7" (V:z:)[\/ixm:l(f”(x) = f"t™(z))]. Models of unar theories are called
unar, too.

Definition. [3] An infinite L-structure M is pseudofinite if for all L-sentences ¢, M = ¢
implies that there is a finite M, such that My = ¢. The theory T' = Th(M) of the
pseudofinite structure M is called pseudofinite.

Proposition. A theory T of an infinite unar is pseudofinite if and only if any sentence
¢ € T is consistent with a theory of limited unar.

Corollary 1. Any theory T of a limited infinite unar is pseudofinite.
Corollary 2. Any surjective infinite unar is pseudofinite if and only if it is bijective.
Corollary 3. Any injective non-surjective infinite unar is not pseudofinite.

Notice that the direction right to left of Corollary 2 is shown in [4].

There are:

1) surjective pseudofinite and non-pseudofinite infinite unars, e.g., an infinite permuta-
tion and, respectively, a function with at least two preimages for every element, or a cycle
with its preimages out of this cycle;

2) injective non-surjective non-pseudofinite unars, e.g., a Peano successor function;

3) non-injective non-surjective pseudofinite and non-pseudofinite unars, e.g., a unar
consisting of an element and its infinitely many preimages, and, respectively, this unar
united with a connected component forming a Peano successor function.

The research is partially supported by Committee of Science in Education and Science
Ministry of the Republic of Kazakhstan (Grant No. APO08855497), Russian Foundation
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On pseudofinite formulas

N. D. MARKHABATOV, S. V. SUDOPLATOV

In this paper, V-formulas, 3-formulas, 3V-formulas, and V3-formulas are considered. The
concept of a pseudofinite formula is introduced.

Definition. [1] A formula & is called a V-formula (resp., 3-formula, ¥Y3-formula, or
-formula) if & = Vzq... Vo ¥ (resp., ® = Jzy... 32V, & = Vay...Var3Iyr ... Iy, P,
or & = Jzy...JxxVy; ... Vy, V), where U is a quantifier-free formula. A class K of X-
structures is called V-aziomatizable (3-aziomatizable, ¥Y3-axiomatizable, IV-axiomatizable)
if K = Kx(Z), where Z is the set of V-sentences (3-sentences, V3-sentences, IV-sentences)
of language ¥, Kx(Z) is the class of all X-structures satisfying Z.

Definition. [2] An infinite Y-structure M is pseudofinite if for all Y-sentences ¢,
M E ¢ implies that there is a finite My such that My = ¢. The theory T'= Th(M) of the
pseudofinite structure M is called pseudofinite.

Definition. A formula ¢ true in an infinite model is called pseudofinite if it is true in
a finite model.

By the definition a theory T of an infinite structure is pseudofinite if and only if each
sentence ¢ € T is pseudofinite. Therefore the pseudofinite theory property is closed under
subtheories and the non-pseudofinite theory property is closed under super-theories.

Proposition. A V-formula (3-formula) with an infinite model is pseudofinite.

Corollary. Any V-axiomatizable (3-axiomatizable) theory T with infinite models is
pseudofinite.

Pseudofiniteness for Vd-formulas, dV-formulas and more complicated formulas can be
either preserved or violated. For example, the 3V-formula JyVz, x1, z2(—f(z) =y A (mx1 =
x9 — —f(x1) = f(x2))) describing the injectivity and non-surjectivity is not pseudofinite,
the V3-formula Vy322x(f(z) = y) is not pseudofinite, too, and a formula Vy3="xz(f(z) = v)
is pseudofinite if and only if n = 1.
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researches of the SB RAS No. I.1.1, project No. 0314-2019-0002.

REFERENCES

[1] Ershov Yu. L., Palyutin E. A. Mathematical Logic, 6th ed. Moscow : Fizmatlit, 2011. (In Russian)
[2] Ax J. The elementary theory of finite fields // Ann. Math. 1968. Vol. 88. P. 239-271.

Nowosibirsk State Technical University, Sobolev Institute of Mathematics, Novosibirsk State University,
Nowosibirsk
E-masl: nur_24.08.93@mail.ru, sudoplat@math.nsc.ru

170


mailto:nur_24.08.93@mail.ru, sudoplat@math.nsc.ru

MamnbneBckne urerus 2021 Teopust Monesieit 1 yHUBEDPCAJIbHAS ajarebpa

On arities and aritizabilities of group and monoid theories

IN. I. PAVLYUK, S. V. SUDOPLATOV

We study applications of a general approach of arities and aritizabilities of theories [1]
for group theories [2].

Theorem. Let G be a ()-definable subgroup in a structure M. Then the following
conditions are equivalent:

(1) all formulae of Th(M ) defining subsets of finite Cartesian powers of G are n-aritizable
for some fixed natural n, and produce n-aritizable Th(G);

(2) all formulae of Th(M) defining subsets of finite Cartesian powers of G are binarizable,
and produce binarizable Th(G);

(3) G is a finite group.

Corollary. For any group G the following conditions are equivalent:

(1) Th(G) is aritizable,

(2) Th(G) is binarizable,

(3) G is a finite group.

The following example shows that Corollary does not hold for monoids.

Example. Let M be an infinite monoid with the unit e and the rule

Ve,y(lt ZeANy#e—x-y=e).
The formula ¢(z,y, z) := (z-y = z), defining the multiplication, is Th(M)-equivalent to the
following Boolean combination of binary formulae:

(x=eNy=z)V(y=eAz=2)V(x#eAyF#eAz=c¢),
witnessing that Th(M) is binary and implying that Th(M) is binarizable.

Similarly Corollary fails for monoids with finitely many possibilities for values x - vy,
where x # e and y # e, and for related semigroups.
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On arities and aritizabilities of first-order theories

S. V. SUDOPLATOV

Definition. (cf. [1]) For a natural number n > 2, a first-order theory 7" is called
n-ary, or an n-theory, if any T-formula ¢(Z) is T-equivalent to a Boolean combination of
T-formulas with n free variables.

A T-formula ¢(Z) is called n-expansible, or n-arizable, or n-aritizable, if T has an ex-
pansion 7" such that ¢(7) is T"-equivalent to a Boolean combination of 7"-formulas with n
free variables.

A theory T is called n-expansible, or n-arizable, or n-aritizable, if there is an n-ary
expansion T” of T. A theory is called aritizable if it is n-aritizable for some natural n. A
2-aritizable theory is called binarizable.

By the definition any n-theory is n-expansible, by itself. Clearly each formula of an
n-expansible theory is n-expansible, too, but not vice versa: if each formula of a theory
T is n-expansible, it can not guarantee that a resulting expansion 7", witnessing that n-
expansibility, is n-ary, moreover, that T” is n-expansible. Besides, if T is n-expansible then
T is m-expansible for each m > n.

Notice that for each n > 2 there is a (n + 1)-theory which is not an n-theory.

Proposition. Any theory of a finite, n-element structure is both n-ary and binarizable.

Using a nice basedness of E-definable compositions 77 [T5] (see [2]) we have the following:

Theorem. 1. For any theories Ty and T, and their E-definable composition T} [T5], T}
and Ty are n-theories iff T1[15] is an n-theory.

2. For any theories Ty and Ty and their E-definable composition Ty [T5], Ty and Ty are
n-aritizable iff Ty [T»] is n-aritizable.

Corollary. If each of theories T} and T is a theory of a finite structure, or of an infinite
structure and n-arizable, then their E-definable composition T} [Ts] is n-aritizable.

The research is partially supported by the program of fundamental scientific researches
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Equationally noetherian graphs and hypergraphs

A. V. TREYER

An algebraic structure is called equationally noetherian if any system of equations over
finite number of variables is equivalent to its finite subsystem. It was known about noetheric-
ity of simple graphs that all locally finite graphs are equationally noetherian, an infinite
clique isn’t noetherian (see [1]) and some others particular results.

It isn’t hard to check that a simple graph is equationally noetherian if and only if
it is equationally noetherian in one variable equations. Based on this property we give a
general description of all equationally noetherian graphs with help of a language of forbidden
subgraphs (joint work with Ivan Buchinsky).

Also several examples of hypergraphs will be presented that are not equationally noe-
therian but equationally noetherian in one variable equations.
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The atomicity and algebraically primeness of theoretical subsets of semantic
model

A. R. YESHKEYEV, A. K. IsSAYEVA, N. K. SHAMATAYEVA

The symbol T' always will denote some fixing Jonsson theory, perhaps with additional
properties. C' is the semantical model of the theory T. All sets and models considered in
this abstract are correspondingly subsets and existentially closed submodels of considered
model C.

Let ¢l be the closure operator of some pregeometry defined on all subsets of semantic
model of considered Jonsson theory, (I'1,I'2) C L.

Definition 1. A set A; is called a fine almost weakly (I'y,'s)-cl-atomic in the theory
T, if the following conditions hold:

1) every w sequence of elements Ay satisfied I'1-principle type for I's-w-type;

2) cl(A1) = My, M, € Ep, where Ep is a class of all existentially closed models of the
theory T'; and obtained model Mj is said to be fine almost weakly (I'y, 's)-cl atomic model
of the theory T.

Definition 2. A set A, is called a fine almost weakly (I'y, I'y)-cl-algebraically prime in
the theory T, if the following conditions hold:

1) As is a fine almost weakly (I'y, I's)-cl-atomic set of theory T’

2) cl(Ag) = My, My € Er N APp, where APy is a class of algebraically prime models of
the theory T'; and obtained model M5 is called a fine almost weakly (I'y, I'z)-cl-algebraically
prime model of the theory T

Definition 3. A set X is called a Jonsson set, if the following conditions hold:

1) X is a definable set by some existential formula ¢(Z,y) = Iy (T, y);

2) cd(X)=M, M € Er.

Definition 4. A set X is called a theoretical set, if X is Jonsson set, ¢(C') = X and
the sentence Vz3yy(Z, y) defines some Jonsson theory.

Definition 5. The theory T will be called ¢(z)-convex if it is strong convex in the
classical sense [1] and for any existentially closed model N; of this theory, there is a some
theoretical set Ay,, such that cl(Ay,) = N;, ¢(N;) = Ay, and rszZ- =M € Er.

Theorem. Let T be complete for 3-sentences p(x)-convex Jonsson theory, then if T
has a fine almost weakly (31, X1 )-cl-atomic set A; and has a fine almost weakly (X1, X1)-cl
algebraically prime set As, then cl(Ay) is isomorphic to cl(Asz), where cl(A1),

Cl(Ag) € Er.
All the concepts that are undefined here can be extracted from [1-3].
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On the class of existentially closed models of an arbitrary signature and their
saturated semantic models

A. R. YESHKEYEV, O. I. ULBRIKHT, M. T. OMAROVA

We are considering some expansion of signature o with the help of the unary predicate P
and one constant c. Let T" be some Jonsson theory of the signature o, Cr be the semantic
model of the theory T, A C Cp, A be the Jonsson set. Let ¢l be the closure operator of
some pregeometry defined on all subsets of semantic model of considered Jonsson theory.

Definition 1. Let M be an arbitrary model of the signature o, @ = o U {P} U {c}.
Then M is the enrichment of the model M of the signature o. JSp(M) = {T| T is a Jonsson
theory in the language o and M € ModT}. JSp(M) = {T| T is a Jonsson theory in the
language o, M =T}. JSp(M) = {T| T € JSp(M)}. We will denote by Num(Fr(A), Cr)
the number of fragments of all subsets A from the model C'p. Let B be an arbitrary model
of the signature o and JSp(B) # &. Ep = {D € E, : B is isomorphically embedded in D}.
We will denote: T°(K) = Thys(K).

Definition 2. A set X is called a Jonsson set, if the following conditions hold:

1) X is a definable set by some existential formula ¢(Z,y) = Iy (Z, y);

2) cd(X)=M, M € Er.

Definition 3. The Jonsson theory T" with APpr # @ will be called J-¢(Z)-convex,
if it is convex in the classical sense [1] and for any existentially closed model N; of this
theory, there is the Jonsson set Ay, such that cl(Ay,) = N;, ¢(N;) = Ay, and NN; = M,
M € Er N APp, N; <x, Cp, where APr is the set of all algebraically prime mociels of the
theory T

Consider the case when ¢l = acl = dcl. We will denote the perfect Jonsson spectrum of
the model M by the following set:

PJSp(M) = {T|T is the perfect Jonsson theory in language @ and M |=T'}.

Theorem. Let B be an arbitrary model of the signature o, such that JSp(B) # @. Let
the class K C Ep, [T°(K)] € PJSp(K)/s be hereditary, J-p(x)-convex, complete for 3-
sentences class with the essential base of central types in their fragments Fr(A) = Thya(M),
wherein A is the AP A-subset of Ciro(k)), which defined by the J-strongly minimal formula
o(x), cl(A) = M € Eqpok)), Clrox) Is the semantic model of the class [T°(K)]. Then
Num(Fr(A), Ciroxy) = H(a, [T°(K))), where H (e, [T°(K)]) is the number of homoge-
neous models of the power R, of the class [T°(K)] € PJSp(K)/w in the language of the
signature @ = o U{P}U{c}, K is the class of enriched models from K in the signature &.

All the concepts that are undefined here can be extracted from [1], [2].
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