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Seond order ordinary differential equation with a power boundary layer is onsidered.

Suppose, that oeffiient before first derivative may hange a sign. The differene

sheme with the property of the uniform in a small parameter onvergene on any

uniform mesh is onstruted.

Â ðàáîòå ðàññìàòðèâàåòñÿ êðàåâàÿ çàäà÷à äëÿ îáûêíîâåííîãî äè��åðåíöè-

àëüíîãî óðàâíåíèÿ âòîðîãî ïîðÿäêà, ðåøåíèå êîòîðîé ñîäåðæèò îñîáåííîñòü

â âèäå ñòåïåííîãî ïîãðàíè÷íîãî ñëîÿ. Â [1℄- [2℄ ðàâíîìåðíàÿ ñõîäèìîñòü ðàç-

íîñòíûõ ñõåì äëÿ òàêîé çàäà÷è äîñòèãàåòñÿ ñïåöèàëüíûì ñãóùåíèåì ñåòêè â

ïîãðàíè÷íîì ñëîå. Â äàííîé ðàáîòå ðàâíîìåðíî ñõîäÿùàÿñÿ ðàçíîñòíàÿ ñõå-

ìà ñòðîèòñÿ íà ïðîèçâîëüíîé ðàâíîìåðíîé ñåòêå. Äëÿ ïîñòðîåíèÿ ðàâíîìåðíî

ñõîäÿùåéñÿ ñõåìû íà êàæäîì ñåòî÷íîì èíòåðâàëå êîý��èöèåíòû äè��åðåíöè-

àëüíîãî óðàâíåíèÿ çàìåíÿþòñÿ íà ïîñòîÿííûå, âûïèñûâàåòñÿ òî÷íîå ðåøåíèå

ïîëó÷åííîé çàäà÷è, ñîãëàñîâàíèå ïðîèçâîäíûõ íà ãðàíèöå ñîñåäíèõ ñåòî÷íûõ

èíòåðâàëîâ ïðèâîäèò ê ðàçíîñòíîé ñõåìå. Äîêàçàíî, ÷òî òàêèì îáðàçîì ïîñòðî-

åííàÿ ðàçíîñòíàÿ ñõåìà ñõîäèòñÿ ðàâíîìåðíî ïî ìàëîìó ïàðàìåòðó. Â ñëó÷àå

çàäà÷è ñ ýêñïîíåíöèàëüíûì ïîãðàíè÷íûì ñëîåì òàêîé ïîäõîä ïðèìåíÿëñÿ íàìè,

íàïðèìåð, â [3℄.

Îïðåäåëèì íîðìó íåïðåðûâíîé �óíêöèè p(x) : jjpjj = max

x2[0;1℄

jp(x)j è íîðìó

ñåòî÷íîé �óíêöèè p

h

: jjp

h

jj = max

i

jp

h

i

j: Âñþäó íèæå ïîä C è C

i

áóäåì ïîä-

ðàçóìåâàòü ïîëîæèòåëüíûå ïîñòîÿííûå, íå çàâèñÿùèå îò ïàðàìåòðà " è øàãîâ

ðàçíîñòíîé ñåòêè.

1. Àíàëèç äè��åðåíöèàëüíîé çàäà÷è

�àññìîòðèì èñõîäíóþ êðàåâóþ çàäà÷ó:

T

"

u = ("+ x)u

00

+ a(x)u

0

� f(x; u) = 0; u(0) = A; u(1) = B: (1)

Ïðåäïîëàãàåì, ÷òî �óíêöèè a; f íåïðåðûâíî äè��åðåíöèðóåìû ïî ñâîèì àð-

ãóìåíòàì,

" > 0; a(0) > 0;

�f

�u

� 0:

Ïîëó÷èì îöåíêó óñòîé÷èâîñòè äëÿ îïåðàòîðà çàäà÷è (1).
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Ëåììà 1. Ïóñòü p(x) è q(x) - äâå ïðîèçâîëüíûå äâàæäû íåïðåðûâíî äè��å-

ðåíöèðóåìûå �óíêöèè. Òîãäà äëÿ íåêîòîðîé ïîñòîÿííîé C ñïðàâåäëèâà îöåíêà:

jjp(x)� q(x)jj � CjjT

"

p� T

"

qjj+ jp(0)� q(0)j+ jp(1)� q(1)j:

Äîêàçàòåëüñòâî. Ïóñòü z(x) = p(x) � q(x): Òîãäà z(x) ÿâëÿåòñÿ ðåøåíèåì

çàäà÷è:

Lz = ("+ x)z

00

+ a(x)z

0

� (x)z = g(x);

z(0) = p(0)� q(0); z(1) = p(1)� q(1); (2)

ãäå

(x) = [f(x; p)� f(x; q)℄=(p� q); (x) � 0; g(x) = T

"

p(x)� T

"

q(x):

Äëÿ çàäàííîãî � : 0 < � < a(0) íàéäåòñÿ Æ > 0; íå çàâèñèìîå îò " òàêîå, ÷òî ïðè

âñåõ x � Æ a(x) � �: Áåç îãðàíè÷åíèÿ îáùíîñòè ìîæíî ñ÷èòàòü, ÷òî � < 1: Â

ñèëó íåïðåðûâíîñòè a(x) äëÿ íåêîòîðîãî � > 0 a(x) � ��: Íåòðóäíî ïîêàçàòü,

÷òî

L�(x) � �(� + 2)x

�+1

; �(x) = 1� x

�+2

: (3)

Îïðåäåëèì

V (x) =

�

M + �

�1

(1� x); åñëè x � Æ;

M + �

�1

(1� Æ) +M�(x)�M�(Æ); åñëè x > Æ;

ãäå

M = �

�1

(� + 2)

�1

Æ

���1

:

Íåòðóäíî óáåäèòüñÿ, ÷òî ïðè òàêîì çàäàíèè M �óíêöèÿ V (x) ÿâëÿåòñÿ íåïðå-

ðûâíî äè��åðåíöèðóåìîé íà èíòåðâàëå [0; 1℄; LV (x) � �1:

Îïðåäåëèì

	(x) = jjT

"

p� T

"

qjjV (x) + jz(0)j+ jz(1)j � z(x):

Òîãäà âûïîëíÿòñÿ óñëîâèÿ:

	(0) � 0; 	(1) � 0; L	(x) � 0; 0 < x < 1: (4)

Â ñèëó ïðèíöèïà ìàêñèìóìà 	(x) � 0: Ýòî äîêàçûâàåò ëåììó.

Èç ëåììû 1 ñëåäóåò åäèíñòâåííîñòü è ðàâíîìåðíàÿ ïî " îãðàíè÷åííîñòü

ðåøåíèÿ çàäà÷è (1).

2. Ïîñòðîåíèå ðàçíîñòíîé ñõåìû

Ââåäåì ðàâíîìåðíóþ ñåòêó 
:


 = fx

n

: x

n

= x

n�1

+ h; n = 1; : : : ; N ; x

0

= 0; x

N

= 1; �

n

= (x

n�1

; x

n

℄g
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Äëÿ ïîñòðîåíèÿ ðàçíîñòíîé ñõåìû ïåðåéäåì îò (1) ê óðàâíåíèþ ñ êóñî÷íî-

ïîñòîÿííûìè êîý��èöèåíòàìè:

("+ x)~u

00

+ ~a(x)~u

0

�

~

f(x; ~u) = 0; ~u(0) = A; ~u(1) = B; (5)

ãäå ïðè x 2 �

n

~a(x) = a(x

n

);

~

f(x; ~u(x)) = f(x

n

; ~u(x

n

)):

Äëÿ çàäàííîãî n áóäåì îòäåëüíî ðàññìàòðèâàòü ñëó÷àè a(x

n

) = 1; a(x

n

) = 0;

òàê êàê ýòè ñëó÷àè âëèÿþò íà âèä ðåøåíèÿ óðàâíåíèÿ (5) íà èíòåðâàëå �

n

:

Ïóñòü äëÿ çàäàííîãî n

a(x

n

) 6= 1; a(x

n

) 6= 0; a(x

n+1

) 6= 1; a(x

n+1

) 6= 0:

Äëÿ çàäà÷è (5) íà èíòåðâàëå �

n

âûïèøåì òî÷íîå ðåøåíèå:

~u(x) = 

(n)

1

�

1 +

x

"

�

1�a

n

+ 

(n)

2

+

f

n

a

n

x; a

n

= a(x

n

); f

n

= f(x

n

; u

h

n

);

ãäå u

h

n

� ðåøåíèå çàäà÷è (5) â óçëå x

n

: Ó÷èòûâàÿ, ÷òî

~u(x

n�1

) = u

h

n�1

; ~u(x

n

) = u

h

n

; íàéäåì çíà÷åíèå 

(n)

1

:



(n)

1

=

�

u

h

n

� u

h

n�1

�

f

n

a

n

h

� �

�

1 +

x

n

"

�

1�a

n

�

�

1 +

x

n�1

"

�

1�a

n

�

�1

:

Âûïèøåì ñîîòíîøåíèå, ñîîòâåòñòâóþùåå íåïðåðûâíîñòè ïåðâûõ ïðîèçâîäíûõ

ðåøåíèÿ çàäà÷è (5) â òî÷êå x

n

:

lim

x!x

n

�0

~u

0

(x) = lim

x!x

n

+0

~u

0

(x):

Ó÷òåì âèä ðåøåíèÿ çàäà÷è (5) íà èíòåðâàëàõ �

n

è �

n+1

è ïîëó÷èì òðåõòî÷å÷-

íîå ðàçíîñòíîå ñîîòíîøåíèå:

L

h

n

u

h

=

(u

h

n

� u

h

n�1

� f

n

a

�1

n

h)(1� a

n

)

(1 + x

n

"

�1

)

a

n

�

(1 + x

n

"

�1

)

1�a

n

� (1 + x

n�1

"

�1

)

1�a

n

��

�

(u

h

n+1

� u

h

n

� f

n+1

a

�1

n+1

h)(1� a

n+1

)

(1 + x

n

"

�1

)

a

n+1

�

(1 + x

n+1

"

�1

)

1�a

n

� (1 + x

n

"

�1

)

1�a

n

� =

�

f

n+1

a

n+1

�

f

n

a

n

�

": (6)

�àññìîòðèì ñëó÷àé a(x

n

) = 1: Â ýòîì ñëó÷àå ðåøåíèå çàäà÷è (5) íà èíòåðâàëå

�

n

èìååò âèä:

~u(x) = 

(n)

1

ln("+ x) + 

(n)

2

+ f

n

x:

Âèä ðàçíîñòíîãî ñîîòíîøåíèÿ äëÿ óçëà x

n

çàâèñèò îò çíà÷åíèÿ a(x

n+1

): Â ñëó÷àå

a(x

n+1

) = 1 ýòî ñîîòíîøåíèå ïðèíèìàåò âèä:

u

h

n+1

� u

h

n

ln[("+ x

n+1

)=("+ x

n

)℄

�

u

h

n

� u

h

n�1

ln[("+ x

n

)=("+ x

n�1

)℄

= (f

n

� f

n+1

)("+ x

n

): (7)
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�àññìîòðèì ñëó÷àé a(x

n

) = 0: Â ýòîì ñëó÷àå ïðè x 2 �

n

~u(x) = u

h

n

� f

n

[�("+ x

n

)� �("+ x)℄ +

u

h

n

� u

h

n�1

h

(x� x

n

)+

+

f

n

h

[�("+ x

n

)� �("+ x

n�1

)℄(x

n

� x); �(x) = x ln(x):

�àçíîñòíîå ñîîòíîøåíèå â óçëå x

n

çàâèñèò îò òîãî, a

n+1

= 0 èëè íåò. Ïðåäïî-

ëîæèì, ÷òî a

n+1

= 0: Óñëîâèå íåïðåðûâíîñòè ïðîèçâîäíîé â óçëå x

n

ïðèâîäèò

ê ðàçíîñòíîìó ñîîòíîøåíèþ:

u

h

n+1

� 2u

h

n

+ u

h

n�1

= h(f

n

� f

n+1

)�

0

("+ x

n

)+

+f

n+1

[�("+ x

n+1

)� �("+ x

n

)℄� f

n

[�("+ x

n

)� �("+ x

n�1

)℄: (8)

Àíàëîãè÷íûì îáðàçîì ìîãóò áûòü ðàññìîòðåíû ñëó÷àè

a

n

= 0; a

n+1

6= 0; a

n

6= 0; a

n+1

= 0; a

n

= 1; a

n+1

6= 1; a

n

6= 1; a

n+1

= 1:

Â ñëó÷àå, êîãäà ïðè âñåõ n a(x

n

) 6= 0; a(x

n

) 6= 1; ðàçíîñòíóþ ñõåìó äëÿ çàäà÷è

(1) ìîæíî çàïèñàòü â âèäå:

L

h

n

u

h

=

�

f

n+1

a

n+1

�

f

n

a

n

�

"; u

h

0

= A; u

h

N

= B;

a

n

= a(x

n

); f

n

= f(x

n

; u

h

n

); n = 1; 2; :::; N � 1: (9)

Ïðåäïîëàãàåì, ÷òî â ñëó÷àå óñëîâèé a(x

n

) = 0; a(x

n

) = 1 ðàçíîñòíàÿ ñõåìà (9)

äîïîëíÿåòñÿ ñîîòíîøåíèÿìè âèäà (7),(8), ÷òî íå âëèÿåò íà îáîñíîâàíèå ðàâíî-

ìåðíîé ñõîäèìîñòè.

Òåîðåìà 1. Ïóñòü u

h

� ðåøåíèå ñõåìû (9). Äëÿ íåêîòîðîé ïîñòîÿííîé C

ïðè âñåõ n

ju

h

n

� u(x

n

)j � Chj lnhj:

Äîêàçàòåëüñòâî. Ñîãëàñíî ïîñòðîåíèþ ñõåìà (9) ÿâëÿåòñÿ òî÷íîé íà ðåøå-

íèè çàäà÷è (5), ïîýòîìó äîñòàòî÷íî îöåíèòü z = u� ~u: Íåòðóäíî óáåäèòüñÿ, ÷òî

z(x) ÿâëÿåòñÿ ðåøåíèåì êðàåâîé çàäà÷è:

Lz = ("+ x)z

00

+ ~az

0

�G(x; u; ~u)z = F (x; u; ~u); z(0) = 0; z(1) = 0; (10)

ãäå ïðè x 2 �

n

G(x; u; ~u) = [f(x; u

n+1

)� f(x; ~u

n+1

)℄=(u

n+1

� ~u

n+1

) � 0;

F (x; u; ~u) = (~a� a)u

0

(x) + f(x; u)�

~

f(x; u)�G(x; u; ~u)(u� u

n+1

+ ~u

n+1

� ~u);

ãäå u = u(x); u

n

= u(x

n

); ~u

n

= ~u(x

n

): Äîêàæåì, ÷òî ñïðàâåäëèâà îöåíêà:

ju

0

(x)j �

C

"+ x

: (11)
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Â ñîîòâåòñòâèè ñ òåîðåìîé î ñðåäíåì çíà÷åíèè u(1)� u(0) = u

0

(s); 0 < s < 1:

Èíòåãðèðóÿ óðàâíåíèå (1) îò s äî x è ïðèìåíÿÿ �îðìóëó èíòåãðèðîâàíèÿ ïî

÷àñòÿì, ïîëó÷èì îöåíêó (11). Îöåíêà (11) ïîêàçûâàåò, ÷òî â ìàëîé ïîëóîêðåñò-

íîñòè íóëÿ ïðîèçâîäíàÿ ðåøåíèÿ ïî ìîäóëþ ìîæåò áûòü âåëèêà, ïîðÿäêà "

�1

,

ïðè âîçðàñòàíèè x ìîäóëü ïðîèçâîäíîé ðåøåíèÿ óáûâàåò ïî ñòåïåííîé çàâèñè-

ìîñòè, ÷òî ãîâîðèò î íàëè÷èè â ðåøåíèè ñòåïåííîãî ïîãðàíè÷íîãî ñëîÿ.

Ó÷èòûâàÿ (11), íåòðóäíî ïîêàçàòü, ÷òî ïðè âñåõ x 2 (0; 1)

jLz(x)j �

C

0

h

"+ x

: (12)

Îïðåäåëèì áàðüåðíóþ �óíêöèþ:

V (x) =

�

� ln("+ �x=2); åñëè x � Æ;

� ln("+ �Æ=2) +M�(x)�M�(Æ); åñëè x > Æ;

ãäå

M = �(2"+ �Æ)

�1

(� + 2)

�1

Æ

���1

:

Íåòðóäíî óáåäèòüñÿ, ÷òî �óíêöèÿ V (x) ÿâëÿåòñÿ íåïðåðûâíî äè��åðåíöèðóå-

ìîé íà èíòåðâàëå [0; 1℄: Ìîæíî ïîêàçàòü, ÷òî ïðè x � Æ

LP (x) � �

�

2("+ x)

; P (x) = � ln

�

"+

�x

2

�

: (13)

Îïðåäåëèì �óíêöèþ

	(x) = C

1

fC

2

+ V (x)gh� z(x):

Ó÷èòûâàÿ îöåíêè (3),(12), (13), ïîëó÷èì, ÷òî äëÿ íåêîòîðûõ ïîñòîÿííûõ C

1

; C

2

âûïîëíÿòñÿ óñëîâèÿ (4). Òîãäà â ñèëó ïðèíöèïà ìàêñèìóìà ïðè âñåõ x 	(x) � 0.

Èòàê, ïðè âñåõ x 2 [0; 1℄

ju(x)� ~u(x)j � C

1

h

C

2

� ln

�

"+

�x

2

�i

h + Ch:

Ó÷èòûâàÿ, ÷òî ñõåìà (9) ÿâëÿåòñÿ òî÷íîé íà �óíêöèè ~u(x); ïðèäåì ê óòâåðæäå-

íèþ òåîðåìû.

Òåîðåìà 2. Ïóñòü a(0) > 1: Òîãäà äëÿ ñõåìû (9) ñïðàâåäëèâà îöåíêà òî÷íî-

ñòè:

ju

h

n

� u(x

n

)j � Ch; n = 0; 1; :::; N:

Äîêàçàòåëüñòâî. Â ñèëó íåïðåðûâíîñòè a(x) íàéäåòñÿ Æ > 0; òàêîå, ÷òî

a(x) � � > 1 ïðè âñåõ x � Æ: Äîêàæåì, ÷òî

ju

0

(x)j � C

0

+ C

0

�

"

"+ x

�

��1

1

"+ x

: (14)
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Â ñëó÷àÿõ x � Æ èëè " � Æ ýòà îöåíêà ñëåäóåò èç îöåíêè (11). �àññìîòðèì ñëó÷àé

x < Æ; " < Æ: Ïðåäñòàâèì óðàâíåíèå (1) â âèäå:

0

�

u

0

(x) exp

8

<

:

x

Z

0

a(s)

"+ s

ds

9

=

;

1

A

0

=

f(x; u)

"+ x

exp

8

<

:

x

Z

0

a(s)

"+ s

ds

9

=

;

: (15)

Ïî òåîðåìå Ëàãðàíæà äëÿ íåêîòîðîãî � < " u(")�u(0) = u

0

(�)": Ñëåäîâàòåëüíî,

ju

0

(�)j � C=": Èíòåãðèðóÿ óðàâíåíèå (15) îò 0 äî �; ïîëó÷èì ju

0

(0)j � C=":

Èíòåãðèðóÿ (15) îò 0 äî x; ïîëó÷èì òðåáóåìóþ îöåíêó (14).

Îöåíèì ïðàâóþ ÷àñòü â óðàâíåíèè (10). Îöåíèì ñíà÷àëà

jf(x; u)�

~

f(x; u)j: Ïóñòü x 2 �

n

Òîãäà

jf(x; u(x))�

~

f(x; u(x))j = jf(x; u(x))� f(x

n+1

; u(x

n+1

))j �

� C

0

h+ C

0

x

n+1

Z

x

ju

0

(s)jds � C

0

h+ C

0

x

n+1

Z

x

"

C

0

+ C

0

�

"

"+ s

�

��1

1

"+ s

#

ds �

� C

0

h+ C

0

h

�

"

"+ x

�

��1

1

"+ x

:

Îöåíèâàÿ àíàëîãè÷íûì îáðàçîì îñòàëüíûå ñëàãàåìûå â �óíêöèè F; ïîëó÷èì:

jLz(x)j � C

0

h + C

0

h

�

"

"+ x

�

��1

1

"+ x

: (16)

Îïðåäåëèì áàðüåðíóþ �óíêöèþ:

V (x) =

�

("=("+ x))

��1

; åñëè x � Æ;

("=("+ Æ))

��1

+M�(x)�M�(Æ); åñëè x > Æ;

ãäå

M = (�� 1)

1

"+ Æ

�

"

"+ Æ

�

��1

(� + 2)

�1

Æ

���1

:

Ïðè òàêîì çàäàíèè M �óíêöèÿ V (x) ÿâëÿåòñÿ íåïðåðûâíî äè��åðåíöèðóåìîé

íà èíòåðâàëå [0; 1℄: Íåòðóäíî ïîêàçàòü, ÷òî ïðè x � Æ äëÿ íåêîòîðîé ïîñòîÿííîé

C

1

LP (x) � �

C

1

"+ x

�

"

"+ x

�

��1

; P (x) =

�

"

"+ x

�

��1

: (17)

Îïðåäåëèì �óíêöèþ

	(x) = C

2

fC

3

+ V (x)gh� z(x):

Ó÷èòûâàÿ îöåíêè (3),(16), (17), ïîëó÷èì, ÷òî ïðè íåêîòîðûõ ïîñòîÿííûõ C

2

; C

3

âûïîëíÿòñÿ óñëîâèÿ (4). Â ñèëó ïðèíöèïà ìàêñèìóìà ïðè âñåõ x 2 [0; 1℄

	(x) � 0: Èòàê, ju(x)� ~u(x)j � Ch: Ó÷èòûâàÿ, ÷òî ñõåìà (9) ÿâëÿåòñÿ òî÷íîé

íà �óíêöèè ~u(x); ïðèäåì ê óòâåðæäåíèþ òåîðåìû.
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Òàêèì îáðàçîì, êðàåâàÿ çàäà÷à (1) äëÿ íåëèíåéíîãî äè��åðåíöèàëüíîãî

óðàâíåíèÿ ñâåäåíà ê íåëèíåéíîé ñèñòåìå àëãåáðàè÷åñêèõ óðàâíåíèé (9). Ìå-

òîäû ðåøåíèÿ íåëèíåéíûõ ñèñòåì àëãåáðàè÷åñêèõ óðàâíåíèé èññëåäîâàëèñü,

íàïðèìåð, â [4℄.

�àññìîòðèì ñëó÷àé ëèíåéíîé çàäà÷è (1), êîãäà f(x; u) = (x)u + g(x): �àç-

íîñòíàÿ ñõåìà (9) â ýòîì ñëó÷àå ïðèíèìàåò âèä:

Q

n

u

h

n�1

�

�

Q

n

+R

n

+



n

a

n

h�



n

a

n

Q

n

h

�

u

h

n

+

�

R

n

+



n+1

a

n+1

h�



n+1

a

n+1

R

n

h

�

u

h

n+1

=

=

g

n

a

n

(1�Q

n

)h+

g

n+1

a

n+1

(R

n

� 1)h; (18)

ãäå

Q

n

=

h

"

�

1 +

x

n

"

�

�a

n

�

�

1 +

x

n

"

�

1�a

n

�

�

1 +

x

n�1

"

�

1�a

n

�

�1

(1� a

n

);

R

n

=

h

"

�

1 +

x

n

"

�

�a

n+1

�

�

1 +

x

n+1

"

�

1�a

n+1

�

�

1 +

x

n

"

�

1�a

n+1

�

�1

(1� a

n+1

):

Ïîêàæåì, ÷òî ñõåìà (18) ìîíîòîííà ïðè h � h

0

; h

0

= 2min

n

a

n

=

n

:

Èñïîëüçóÿ òåîðåìó î ñðåäíåì çíà÷åíèè, íåòðóäíî ïîêàçàòü, ÷òî

Q

n

=

�

"+ �

n

"+ x

n

�

a

n

; �

n

2 (x

n�1

; x

n

); R

n

=

�

"+ �

n+1

"+ x

n

�

a

n+1

; �

n+1

2 (x

n

; x

n+1

):

Èç ýòèõ ñîîòíîøåíèé ñëåäóåò, ÷òî

0 < Q

n

< 1; 1 < R

n

< 2:

Òåïåðü íåòðóäíî óáåäèòüñÿ â ìîíîòîííîñòè ñõåìû (18) ïðè h � h

0

: Ñëåäîâà-

òåëüíî, ìåòîä ïðîãîíêè [5℄ , èñïîëüçóåìûé äëÿ íàõîæäåíèÿ ðåøåíèÿ ñõåìû

(18), óñòîé÷èâ.
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