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A system of seond order nonlinear equations with a small parameter effeting

higher derivatives and a point soure on an infinite interval is onsidered. The

question of the transformation of the boundary problem to the finite interval

is investigated. For redued to finite interval problem differene sheme is

investigated.

Ââåäåíèå

Ïðè ìàòåìàòè÷åñêîì ìîäåëèðîâàíèè ñòàöèîíàðíîãî ðàñïðîñòðàíåíèÿ ïðèìåñè

îò òî÷å÷íîãî èñòî÷íèêà âîçíèêàåò êðàåâàÿ çàäà÷à ñ òî÷å÷íûì èñòî÷íèêîì äëÿ

íåëèíåéíîé àâòîíîìíîé ñèñòåìû óðàâíåíèé âòîðîãî ïîðÿäêà â íåîãðàíè÷åííîé

îáëàñòè. Óðàâíåíèÿ ñîäåðæàò ìàëûé ïàðàìåòð ïðè ñòàðøèõ ïðîèçâîäíûõ, ñîîò-

âåòñòâóþùèé êîý��èöèåíòó äè��óçèè. Ïðè ÷èñëåííîì ðåøåíèè òàêîé çàäà÷è

àêòóàëüíîé ïðîáëåìîé ÿâëÿåòñÿ ïåðåíîñ êðàåâûõ óñëîâèé èç áåñêîíå÷íîñòè è

ðàçðàáîòêà ðàçíîñòíîé ñõåìû, ó÷èòûâàþùåé ïîãðàíñëîéíûé ðîñò ðåøåíèÿ.

Äëÿ ïåðåíîñà êðàåâûõ óñëîâèé èç áåñêîíå÷íîñòè â ñîîòâåòñòâèè ñ ïîäõî-

äîì, ðàçðàáàòûâàåìûì â ðàáîòàõ À.À. Àáðàìîâà, Í.Á. Êîíþõîâîé è èõ êîëëåã,

íàïðèìåð, â [1�4℄ è öåëîì ðÿäå äðóãèõ ðàáîò, âûäåëÿåì îäíîìåðíûå ìíîãî-

îáðàçèÿ ðåøåíèé èñõîäíîé ñèñòåìû, óäîâëåòâîðÿþùèå ïðåäåëüíûì óñëîâèÿì

íà ïëþñ è ìèíóñ áåñêîíå÷íîñòè. Íàëè÷èå ìàëîãî ïàðàìåòðà ïîçâîëÿåò ðåøàòü

âñïîìîãàòåëüíûå ñèíãóëÿðíûå çàäà÷è Êîøè àñèìïòîòè÷åñêèì ìåòîäîì. Äëÿ

ðåäóöèðîâàííîé ê êîíå÷íîìó èíòåðâàëó çàäà÷è ïîñòðîåíà ðàçíîñòíàÿ ñõåìà è

äîêàçàíà åå ðàâíîìåðíàÿ îòíîñèòåëüíî ìàëîãî ïàðàìåòðà ñõîäèìîñòü.

Ïîä C è C

i

áóäóò ïîäðàçóìåâàòüñÿ ïîëîæèòåëüíûå ïîñòîÿííûå, íå çàâèñÿ-

ùèå îò ïàðàìåòðà " è øàãîâ ðàçíîñòíîé ñåòêè. Èñïîëüçóåì íîðìû:

� äëÿ îãðàíè÷åííîé �óíêöèè p(x) jjp(x)jj = max

x2I

jp(x)j;

� äëÿ âåêòîðà q èç N êîìïîíåíò jjqjj = max

1�i�N

jq

i

j;

� äëÿ âåêòîð-�óíêöèè q(x) èç N êîìïîíåíò jjq(x)jj = max

1�i�N

max

x2I

jq

i

(x)j.

Ïðåäïîëàãàåì, ÷òî íîðìà ìàòðèöû ñîãëàñîâàíà ñ âåêòîðíîé íîðìîé. Ïîä íåðà-

âåíñòâîì âåêòîðîâ áóäåì ïîíèìàòü ïîêîìïîíåíòíîå íåðàâåíñòâî.
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Èòàê, ðàññìîòðèì èñõîäíóþ êðàåâóþ çàäà÷ó

Tu = �"u

00

+ au

0

+ g(u) = 0; x 6= 0; (1)

T

0

u = "u

0

(+0)� "u

0

(�0) = �Q; (2)

lim

x!�1

u(x) = A; lim

x!1

u(x) = B; (3)

ãäå " 2 (0; 1℄; a � ïîñòîÿííàÿ äèàãîíàëüíàÿ êâàäðàòíàÿ ìàòðèöà ïîðÿäêà N ñ

äèàãîíàëüíûìè ýëåìåíòàìè a

i

; i = 1; 2; :::; N; g(u) � íåïðåðûâíî äè��åðåíöè-

ðóåìàÿ âåêòîð-�óíêöèÿ, Q;A;B � âåêòîðû èç N êîìïîíåíò.

Ïóñòü

G(v) =

�g

i

(v)

�v

j

; v 2 R

N

� ìàòðèöà ßêîáè âåêòîð-�óíêöèè g(v): Ïðåäïîëàãàåì, ÷òî

a

i

> m > 0; Q

i

> 0; g(A) = 0; g(B) = 0;

G

i;j

(v) � 0; i 6= j;

N

X

j=1

G

i;j

(v) > �

i

> � > 0; v 2 R

N

; i = 1; ::; N:

Çàäà÷à (1)� (3) ÿâëÿåòñÿ ìîäåëüíîé ïðè îïèñàíèè ïåðåíîñà ïðèìåñè îò òî-

÷å÷íîãî èñòî÷íèêà ñ ó÷åòîì õèìè÷åñêèõ ðåàêöèé. Ñëó÷àé îäíîãî óðàâíåíèÿ ñ

òî÷å÷íûì èñòî÷íèêîì íà áåñêîíå÷íîì èíòåðâàëå ðàññìàòðèâàëñÿ íàìè â [5,6℄.

1. Àíàëèç ðåøåíèÿ èñõîäíîé çàäà÷è

�àññìîòðèì ëèíåéíûé îïåðàòîð

Lu = �"u

00

+ au

0

+Mu; x 6= 0;

L

0

u = "u

0

(+0)� "u

0

(�0); lim

x!�1

u(x) = A; lim

x!1

u(x) = B;

ãäå äëÿ ìàòðèöû M ñïðàâåäëèâû îãðàíè÷åíèÿ

M

i;j

� 0; i 6= j;

N

X

j=1

M

i;j

> �

1

> 0; i = 1; ::; N:

Ëåììà 1. Ïóñòü ñóùåñòâóåò âåêòîð-�óíêöèÿ �(x) ñ äâàæäû íåïðåðûâíî

äè��åðåíöèðóåìûìè êîìïîíåíòàìè âñþäó, êðîìå òî÷êè íóëü, ãäå ñàìà �óíê-

öèÿ íåïðåðûâíà, à åå ïåðâàÿ ïðîèçâîäíàÿ èìååò ðàçðûâ ïåðâîãî ðîäà, òàêàÿ,

÷òî äëÿ ëþáîãî x 2 (�1;+1) ïðè âñåõ i = 1; ::; N

�

i

(x) > 0; L�

i

(x) > 0; x 6= 0; L

0

�

i

(x) � 0: (4)

Òîãäà åñëè äëÿ íåêîòîðîé âåêòîð-�óíêöèè  (x) ñ äâàæäû íåïðåðûâíî äè��å-

ðåíöèðóåìûìè êîìïîíåíòàìè âñþäó, êðîìå òî÷êè íóëü,

L (x) > 0; L

0

 (x) � 0; lim

x!�1

 (x) > 0;
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òî ïðè âñåõ x  (x) > 0:

Äîêàçàòåëüñòâî. Ïðåäïîëîæèì, ÷òî íåêîòîðûå êîìïîíåíòû âåêòîð-�óíêöèè

 (x) îêàçàëèñü ìåíüøå íóëÿ. Îïðåäåëèì y : y

i

=  

i

=�

i

; i = 1; ::; N: Òîãäà ïðè

íåêîòîðûõ i; x

0

áóäåò y

i

(x

0

) < 0: Â ñèëó êðàåâûõ óñëîâèé �óíêöèÿ y

i

(x) èìååò

â íåêîòîðîé òî÷êå ëîêàëüíûé îòðèöàòåëüíûé ìèíèìóì. Áåç îãðàíè÷åíèÿ îáù-

íîñòè ìîæíî ñ÷èòàòü, ÷òî y

i

(x

0

) = min

j

min

x

y

j

(x): �àññìîòðèì äâà ñëó÷àÿ:

1) Ïóñòü x

0

= 0. Òîãäà

y

i

(0) < 0; y

0

i

(+0) > 0; y

0

i

(�0) � 0; y

02

i

(+0) + y

02

i

(�0) > 0:

Ïîëó÷àåì ïðîòèâîðå÷èå ñ óñëîâèåì ëåììû:

L

(i)

0

 = "y

0

i

(+0)�

i

(+0)� "y

0

i

(�0)�

i

(�0) + y

i

(0)L

0

�

i

> 0:

2) Ïóñòü x

0

6= 0: Òîãäà y

i

(x

0

) < 0; y

0

i

(x

0

) = 0; y

00

i

(x

0

) > 0: Â ýòîì ñëó÷àå

L

(i)

 (x

0

) = �"�

i

(x

0

)y

00

i

(x

0

) + (�2"�

0

i

(x

0

) + a

i

�

i

(x

0

))y

0

i

(x

0

)+

+y

i

(x

0

)L

(i)

�(x

0

) +

N

X

j=1

M

ij

�

j

(x

0

)(y

j

(x

0

)� y

i

(x

0

)) < 0;

÷òî ïðîòèâîðå÷èò óñëîâèþ ëåììû.

Îïðåäåëèì âåêòîð-�óíêöèþ �(x) ñ êîìïîíåíòàìè

�

i

(x) =

�

exp(r

0

1

x); x � 0

exp(r

0

2

x); x > 0;

ãäå r

0

1

; r

0

2

� ïîëîæèòåëüíûé è îòðèöàòåëüíûé êîðíè óðàâíåíèÿ

�"r

2

+ mr + 0; 5�

1

= 0: Äëÿ �

i

(x) âûïîëíåíû óñëîâèÿ (4). Â ñîîòâåòñòâèè ñ

ëåììîé 1 äëÿ îïåðàòîðà L ñïðàâåäëèâ ïðèíöèï ìàêñèìóìà.

Ëåììà 2. Ïóñòü u(x) � ðåøåíèå çàäà÷è (1) � (3). Òîãäà ïðè âñåõ i = 1; ::; N

äëÿ ëþáîãî x 2 (�1;+1)

ju

i

(x)j �

1

�

jjg(0)jj+

1

m

�

i

(x) jjQjj+ jjAjj+ jjBjj;

ãäå

�

i

(x) =

�

exp(r

i1

x); x � 0

exp(r

i2

x); x > 0

;

r

i1

; r

i2

� ïîëîæèòåëüíûé è îòðèöàòåëüíûé êîðíè óðàâíåíèÿ

�"r

2

i

+ a

i

r

i

+ �

i

= 0: (5)

Äîêàçàòåëüñòâî. Îïðåäåëèì ïîêîìïîíåíòíî ñëåäóþùóþ âåêòîð-�óíêöèþ:

 

i

(x) =

1

�

jjg(0)jj+

1

m

�

i

(x) jjQjj+ jjAjj+ jjBjj � u

i

(x):
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Òîãäà

L

(i)

0

 �

1

m

jjQjj ("r

i2

� "r

i1

) +Q

i

< 0:

�àññìîòðèì ñëó÷àé x < 0. Èìååì

L

(i)

 >

N

X

j=1

G

i;j

1

�

jjg(0)jj+

N

X

j=1

G

i;j

jjAjj+

N

X

j=1

G

i;j

jjBjj � jg(0)j > 0:

Àíàëîãè÷íî äëÿ ñëó÷àÿ x > 0 L

(i)

 > 0:

Î÷åâèäíî, ÷òî lim

x!�1

 (x) > 0: Èñïîëüçóÿ ïðèíöèï ìàêñèìóìà, ïîëó÷èì

 (x) > 0; èç ÷åãî ñëåäóåò óòâåðæäåíèå ëåììû.

Èç äàííîé ëåììû è ïðèíöèïà ìàêñèìóìà ñëåäóåò ñóùåñòâîâàíèå, åäèíñòâåí-

íîñòü è îãðàíè÷åííîñòü ðåøåíèÿ çàäà÷è (1) � (3).

Ëåììà 3. Ïóñòü u(x) � ðåøåíèå çàäà÷è (1) � (3). Òîãäà ïðè âñåõ i äëÿ x � 0

ju

i

(x)� A

i

j � ju

i

(0)� A

i

j exp(r

i1

x);

äëÿ x > 0

ju

i

(x)�B

i

j � ju

i

(0)� B

i

j exp(r

i2

x);

ãäå r

1i

è r

2i

ñîîòâåòñòâóþò (5).

Äîêàçàòåëüñòâî. �àññìîòðèì ñëó÷àé x � 0: Ïóñòü z(x) = u(x) � A: Òîãäà

z(x) ÿâëÿåòñÿ ðåøåíèåì êðàåâîé çàäà÷è

Lz = �"z

00

+ az

0

+Gz = 0; z(0) = u(0)� A; lim

x!�1

z(x) = 0:

Îïðåäåëèì ïîêîìïîíåíòíî ñëåäóþùóþ âåêòîð-�óíêöèþ:

 

i

(x) = ju

i

(0)� A

i

j exp(r

i1

x)� z

i

(x):

Òîãäà äëÿ êàæäîãî i

L

(i)

 > (�"r

2

i1

+ a

i

r

i1

+ �

i

)ju

i

(0)�A

i

j exp(r

i1

x) = 0;  (0) > 0; lim

x!�1

 (x) > 0:

Â ñèëó ïðèíöèïà ìàêñèìóìà  (x) > 0; èç ÷åãî ñëåäóåò óòâåðæäåíèå ëåììû.

Ñëó÷àé x > 0 ðàññìàòðèâàåòñÿ àíàëîãè÷íî.

Ñîãëàñíî ëåììå 3, ïðè äîñòàòî÷íî áîëüøèõ jxj u(x) ïî êàæäîé êîìïîíåíòå

ýêñïîíåíöèàëüíî ïðèáëèæàåòñÿ ê êðàåâûì óñëîâèÿì.

Ëåììà 4. Ïóñòü u(x) � ðåøåíèå çàäà÷è (1) � (3). Íàéäåòñÿ Ñ òàêîå, ÷òî

ïðè âñåõ i, äëÿ êîòîðûõ Q

i

6= 0 , ïðè x � 0

ju

(j)

i

(x)j � C

�

1 +

1

"

j

exp

�

mx

"

��

: (6)
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Ïðè Q

i

= 0 äëÿ ëþáîãî x; à òàêæå ïðè Q

i

6= 0 äëÿ x > 0

ju

(j)

i

(x)j � C: (7)

Äîêàçàòåëüñòâî. 1) Ïóñòü Q

i

6= 0; x � 0: Ïðåäñòàâèì óðàâíåíèå (1) ïîêîì-

ïîíåíòíî â âèäå

�

"u

0

i

exp

�

1

"

Z

0

x

a

i

dt

��

0

= g

i

(u

i

) exp

�

1

"

Z

0

x

a

i

dt

�

: (8)

Èíòåãðèðóÿ (8) îò � äî 0; èñïîëüçóÿ òåîðåìó î ñðåäíåì çíà÷åíèè è ëåììó 2,

ïîëó÷èì ju

0

i

(0)j � C"

�1

: Èíòåãðèðóÿ (8) îò x äî 0; ïîëó÷èì (6) äëÿ j = 1:

Äè��åðåíöèðóÿ óðàâíåíèå (1) è ïðåäñòàâëÿÿ åãî â âèäå (8), ïîëó÷èì (6)

ïðè j = 2: Ñëó÷àé äðóãèõ j àíàëîãè÷åí.

2) Ïóñòü Q

i

= 0; x 2 (�1;+1) èëè Q

i

6= 0; x > 0: Ïðåäñòàâèì óðàâíåíèå

(1) â âèäå

�

"u

0

i

exp

�

1

"

Z

1

x

a

i

ds

��

0

= g

i

(u

i

) exp

�

1

"

Z

1

x

a

i

ds

�

:

Èíòåãðèðóÿ îò x äî áåñêîíå÷íîñòè, ïîëó÷èì (7) äëÿ j = 1: Ñëó÷àé äðóãèõ j

àíàëîãè÷åí.

2. Ïåðåíîñ êðàåâûõ óñëîâèé èç áåñêîíå÷íîñòè

Â ñîîòâåòñòâèå ñ ïîäõîäîì [1�4℄ ìíîãîîáðàçèå ðåøåíèé óðàâíåíèÿ (1), óäîâëå-

òâîðÿþùèõ ïðåäåëüíîìó óñëîâèþ íà +1, çàäàäèì ñîîòíîøåíèåì

u

0

= 

2

(u�B) + F

2

(u); (9)

ãäå 

2

ÿâëÿåòñÿ ðåøåíèåì ìàòðè÷íîãî êâàäðàòíîãî óðàâíåíèÿ

�"

2

2

+ a

2

+G(B) = 0; (10)

F

2

(u) ÿâëÿåòñÿ ðåøåíèåì çàäà÷è Ëÿïóíîâà

"(F

2

)

0

u

[

2

(u�B)+F

2

(u)℄+ ("

2

�a)F

2

(u) = g(u)�G(B)(u�B); F

2

(B) = 0: (11)

Ìàòðèöó 

2

èç (10) èùåì â âèäå àñèìïòîòè÷åñêîãî ðÿäà ïî "

e

2

=

N

X

k=0



(k)

2

"

k

;

ãäå 

(k)

2

îïðåäåëÿåòñÿ íà îñíîâå ðåêóððåíòíîé �îðìóëû



(k+1)

2

= a

�1

X

p+q=k



(p)

2



(q)

2

; p; q > 0; 

(0)

2

= �a

�1

G(B):
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Íåòðóäíî ïîêàçàòü, ÷òî jj

2

� 

(0)

2

jj � C":

Íà îñíîâå àñèìïòîòè÷åñêèõ ðàçëîæåíèé ìîæåò áûòü ðåøåíà è çàäà÷à (11):

e

F

2

(u) =

N

X

k=0

F

(k)

2

(u)"

k

;

F

(k)

2

(u) = a

�1

"

k�1

X

i=0

F

(nki�1)

2

(F

(i)

2

)

0

+ 

2

�

F

(k�1)

2

+ (u� B)(F

(k�1)

2

)

0

�

#

;

F

(0)

2

(u) = a

�1

(G(B)(u�B)� g(u)):

Òåïåðü âûäåëèì ìíîãîîáðàçèå ðåøåíèé óðàâíåíèÿ (1), óäîâëåòâîðÿþùèõ

ïðåäåëüíîìó óñëîâèþ íà �1 :

"u

0

(x) = 

1

(u� A) + F

1

(u); (12)

ãäå 

1

ÿâëÿåòñÿ ðåøåíèåì ìàòðè÷íîãî êâàäðàòíîãî óðàâíåíèÿ



2

1

� a

1

�G(A)" = 0 (13)

è F

1

(u) ÿâëÿåòñÿ ðåøåíèåì çàäà÷è Ëÿïóíîâà:

(F

1

)

0

u

[

1

(u�A)+F

1

(u)℄+(

1

�a)F

1

(u) = "[g(u)�G(A)(u�A)℄; F

1

(A) = 0: (14)

Ïóñòü

e

1

=

N

X

k=0



(k)

1

"

k

:

Ó÷èòûâàÿ ýòî ðàçëîæåíèå â (13), ïîëó÷èì ðåêóððåíòíóþ �îðìóëó



(k)

1

= �(2

(0)

1

� a)

�1

X

p+q=k



(p)

1



(q)

1

; p; q > 0;



(0)

1

= a; 

(1)

1

= (2

(0)

1

� a)

�1

G(A):

Ïóñòü

e

F

1

(u) =

N

X

k=0

F

(k)

1

(u)"

k

:

Òîãäà ïîëó÷èì ñëåäóþùóþ ðåêóððåíòíóþ �îðìóëó:

F

(k)

1

(u) = �((F

(0)

1

)

0

)

�1

"

k�1

X

i=0

�

(F

(i)

1

)

0



(k�i)

1

(u� A) + 

(k�i)

1

F

(i)

1

�

+

k�1

X

j=1

(F

(j)

1

)

0

F

(k�j)

1

#

;

F

(0)

1

(u) = �

(0)

1

(u� A):

Ïîêàæåì, ÷òî ðåøåíèå óðàâíåíèÿ (9) u(x) ! B ïðè x ! 1: Ìàòðèöà �

(0)

2

ÿâëÿåòñÿ Ì-ìàòðèöåé, ïîýòîìó âñå åå ñîáñòâåííûå çíà÷åíèÿ ëåæàò â ïðàâîé
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ïîëóïëîñêîñòè. Â ñèëó íåïðåðûâíîé çàâèñèìîñòè ñîáñòâåííûõ çíà÷åíèé îò ýëå-

ìåíòîâ ìàòðèöû, ïðè äîñòàòî÷íî ìàëûõ " ñïåêòð ìàòðèöû 

2

ëåæèò â ëåâîé

ïîëóïëîñêîñòè. Êðîìå òîãî, jjF

2

(u)jj = o(jjujj) â ñîîòâåòñòâèè ñ [4℄. Ïîýòîìó ïî

òåîðåìå Ïåððîíà ( [7, .343℄) ðåøåíèå óðàâíåíèÿ (9) u(x)! B; x! +1: Àíàëî-

ãè÷íûì îáðàçîì ðåøåíèå óðàâíåíèÿ (12) óäîâëåòâîðÿåò ïðåäåëüíîìó óñëîâèþ

íà �1:

�àññìîòðèì âîïðîñ ðåäóêöèè èñõîäíîé çàäà÷è ê çàäà÷å â îãðàíè÷åííîé îáëà-

ñòè. Ïðè ýòîì óðàâíåíèÿ (9), (12) ïðè �èêñèðîâàííîì çíà÷åíèè x èñïîëüçóåì â

êà÷åñòâå ãðàíè÷íûõ óñëîâèé. Âåêòîð-�óíêöèè F

i

è ìàòðèöû 

i

; i = 1; 2; ïðèñóò-

ñòâóþùèå â ýòèõ óðàâíåíèÿõ, ìîãóò áûòü íàéäåíû ïðèáëèæåííî íà îñíîâå ïîëó-

÷åííûõ àñèìïòîòè÷åñêèõ ðàçëîæåíèé. Â ñâÿçè ñ ýòèì íåîáõîäèìî èññëåäîâàòü

âîïðîñ óñòîé÷èâîñòè ïîëó÷àåìîé êðàåâîé çàäà÷è ïî îòíîøåíèþ ê âîçìóùåíèþ

êîý��èöèåíòîâ â êðàåâûõ óñëîâèÿõ.

Èòàê, ïåðåéäåì îò çàäà÷è (1) � (3) ê çàäà÷å íà êîíå÷íîì èíòåðâàëå

Tu = �"u

00

+ au

0

+ g(u) = 0; x 6= 0;

T

0

u = "u

0

(+0)� "u

0

(�0) = �Q;

"u

0

(L

1

) = 

1

(u(L

1

)� A) + F

1

(u(L

1

));

u

0

(L

2

) = 

2

(u(L

2

)�B) + F

2

(u(L

2

)): (15)

Ïðåäâàðèòåëüíî ðàññìîòðèì ëèíåéíûé îïåðàòîð

Lz(x) = �"z

00

(x) + az

0

(x) +Gz(x); x 6= 0; L

1

< x < L

2

;

L

0

z = "z

0

(+0)� "z

0

(�0); x = 0;

D

1

z = S

1

z(L

1

)� "z

0

(L

1

); D

2

z = S

2

z(L

2

) + z

0

(L

2

): (16)

Ëåììà 5. Ïóñòü G

i;j

� 0; S

i;j

� 0 ïðè âñåõ i 6= j; i; j = 1; :::; N: Ïóñòü

ñóùåñòâóåò âåêòîð-�óíêöèÿ �(x) ñ äâàæäû íåïðåðûâíî äè��åðåíöèðóåìûìè

êîìïîíåíòàìè âñþäó, êðîìå òî÷êè íóëü, ãäå ñàìà �óíêöèÿ íåïðåðûâíà, à åå

ïåðâàÿ ïðîèçâîäíàÿ èìååò ðàçðûâ ïåðâîãî ðîäà, òàêàÿ, ÷òî ïðè âñåõ i = 1; ::; N

�

i

(x) > 0; L�

i

(x) > 0; L

1

< x < L

2

; x 6= 0; L

0

�

i

(x) � 0; D

1

�

i

> 0; D

2

�

i

> 0:

(17)

Òîãäà åñëè  (x) � âåêòîð-�óíêöèÿ ñ äâàæäû íåïðåðûâíî äè��åðåíöèðóåìûìè

êîìïîíåíòàìè âñþäó, êðîìå òî÷êè x = 0; òî èç óñëîâèé

L (x) > 0; L

1

< x < L

2

; x 6= 0; L

0

 (x) � 0; D

1

 > 0; D

2

 > 0 (18)

ñëåäóåò  (x) > 0; L

1

� x � L

2

:

Äîêàçàòåëüñòâî. Îïðåäåëèì ïîêîìïîíåíòíî ñëåäóþùóþ �óíêöèþ y: y

i

(x) =

 

i

(x)=�

i

(x); i = 1; ::; N: Ïóñòü ïðè íåêîòîðûõ i; x

0

áóäåò  

i

(x

0

) < 0: Òîãäà

y

i

(x

0

) < 0:
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Áåç îãðàíè÷åíèÿ îáùíîñòè ìîæíî ñ÷èòàòü, ÷òî y

i

(x

0

) = min

j2f1;::;Ng

min

x

y

j

(x):

Åñëè L

1

< x

0

< L

2

; òî ïîëó÷èì ïðîòèâîðå÷èå, êàê è â ëåììå 1. Ïóñòü x

0

= L

1

:

Òîãäà y

0

i

(L

1

) > 0;

D

(i)

1

 �

N

X

j=1

S

(1)

ij

�

j

(x

0

)(y

j

(x

0

)� y

i

(x

0

)) + y

i

(x

0

)D

(i)

1

� < 0:

Ïîëó÷èëè ïðîòèâîðå÷èå ñ óñëîâèÿìè (8). Ñëó÷àé x

0

= L

2

àíàëîãè÷åí.

Ëåììà 6. Ïóñòü G

i;j

� 0; S

i;j

� 0 ïðè âñåõ i 6= j; i; j = 1; ::; N;

N

X

j=1

G

ij

> �

i

> � > 0;

N

X

j=1

S

(1)

ij

> � > 0;

N

X

j=1

S

(2)

ij

> � > 0:

Òîãäà äëÿ îïåðàòîðà L èç (16) ñïðàâåäëèâ ïðèíöèï ìàêñèìóìà.

Äîêàçàòåëüñòâî. Îïðåäåëèì âåêòîð-�óíêöèþ �(x) ñ êîìïîíåíòàìè �

i

(x) =

C. Äëÿ äàííîé âåêòîð-�óíêöèè âûïîëíåíû óñëîâèÿ (17). Ýòî äîêàçûâàåò ëåììó.

Âåðíåìñÿ ê ñ�îðìóëèðîâàííîé íà êîíå÷íîì èíòåðâàëå çàäà÷å (15). Âåêòîð-

�óíêöèè F

i

è ìàòðèöû 

i

â êðàåâûõ óñëîâèÿõ ýòîé çàäà÷è èç ñîîòâåòñòâóþùèõ

âñïîìîãàòåëüíûõ çàäà÷ ìîãóò áûòü íàéäåíû ïðèáëèæåííî. Îöåíèì âëèÿíèå

ïîãðåøíîñòåé â F

i

è 

i

íà ðåøåíèå çàäà÷è (15): Ïåðåéäåì îò (15) ê çàäà÷å ñ

âîçìóùåííûìè F

i

è 

i

Teu = �"eu

00

+ aeu

0

+ g(eu) = 0; x 6= 0;

T

0

eu = "eu

0

(+0)� "eu

0

(�0) = �Q; x = 0;

"eu

0

(L

1

) = e

1

(eu(L

1

)� A) +

f

F

1

(eu(L

1

)); eu

0

(L

2

) = e

2

(eu(L

2

)� B) +

f

F

2

(eu(L

2

)):

Òåîðåìà 1. Ïóñòü

e

S

1

(v) = e

1

+

e

F

0

1

(v);

e

S

2

(v) = � e

2

�

e

F

0

2

(v);

e

S

(1)

i;j

� 0;

e

S

(2)

i;j

� 0; i 6= j;

N

X

j=1

e

S

(1)

ij

> � > 0;

N

X

j=1

e

S

(2)

ij

> � > 0; i = 1; ::; N:

Ïóñòü

jjF

1

(u(L

1

))�

e

F

1

(u(L

1

))jj � �

1

; jjF

2

(u(L

2

))�

e

F

2

(u(L

2

))jj � �

2

;

jj

1

� e

1

jj � �

1

; jj

2

� e

2

jj � �

2

:

Òîãäà äëÿ ëþáûõ i 2 f1; ::; Ng; x 2 [L

1

; L

2

℄

ju

i

(x)� eu

i

(x)j �

�

1

�

�

1 + jju(L

1

)� Ajj

�

+

�

2

�

�

1 + jju(L

2

)� Bjj

�

:
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Äîêàçàòåëüñòâî. Ïóñòü z(x) = u(x)� eu(x): Òîãäà äëÿ íåêîòîðûõ �;�

1

;�

2

;

ïîëó÷èì ñëåäóþùóþ çàäà÷ó îòíîñèòåëüíî z:

Lz = �"z

00

+ az

0

+G(�)z = 0; x 6= 0;

L

0

z = "z

0

(+0)� "z

0

(�0) = 0;

D

1

z =

e

S

1

z(L

1

)� "z

0

(L

1

) = ( e

1

� 

1

)(u(L

1

)� A) +

f

F

1

(u(L

1

))� F

1

(u(L

1

));

D

2

z =

e

S

2

z(L

2

) + z

0

(L

2

) = (

2

� e

2

)(u(L

2

)� B) + F

2

(u(L

2

))�

f

F

2

(u(L

2

));

ãäå

e

S

1

= e

1

+

f

F

1

0

(�

1

);

e

S

2

= � e

2

�

f

F

2

0

(�

2

):

Â ñîîòâåòñòâèè ñ ëåììîé 6 äëÿ îïåðàòîðà L ñïðàâåäëèâ ïðèíöèï ìàêñèìóìà.

Îïðåäåëèì âåêòîð-�óíêöèþ  (x) ñ êîìïîíåíòàìè

 

i

(x) =

�

1

�

�

1 + jju(L

1

)� Ajj

�

+

�

2

�

�

1 + jju(L

2

)�Bjj

�

� z

i

(x):

Òîãäà

L

(i)

 > 0; L

(i)

0

 = 0; D

(i)

1

 � 0; D

(i)

2

 � 0:

Â ñèëó ïðèíöèïà ìàêñèìóìà  (x) > 0; ÷òî äîêàçûâàåò òåîðåìó.

3. Ïîñòðîåíèå è àíàëèç ðàçíîñòíîé ñõåìû

Ïóñòü 
 � ðàâíîìåðíàÿ ñåòêà èíòåðâàëà [L

1

; L

2

℄ :


 = fx

n

: x

n

= x

n�1

+ h; x

�M

= L

1

; x

0

= 0; x

M

= L

2

; n 2 f�M;Mgg:

Îïðåäåëèì ðàçíîñòíóþ ñõåìó äëÿ ÷èñëåííîãî ðåøåíèÿ çàäà÷è (15).

1. �àññìîòðèì ñëó÷àé Q

i

6= 0: Â ýòîì ñëó÷àå ïðè x

n

< 0 èñïîëüçóåì ñõåìó, ïî-

äîãíàííóþ ê ýêñïîíåíöèàëüíîìó èçìåíåíèþ ðåøåíèÿ â ëåâîé ïîëóîêðåñòíîñòè

íóëÿ [8℄. Ó÷òåì ýêñïîíåíöèàëüíûé ðîñò ðåøåíèÿ è ïðè àïïðîêñèìàöèè óñëîâèÿ

íà ñêà÷îê ïðîèçâîäíîé ïðè x = 0: Ïðè x

n

> 0 èñïîëüçóåì ñõåìó íàïðàâëåííûõ

ðàçíîñòåé. Òîãäà ïîëó÷èì ñëåäóþùóþ ðàçíîñòíóþ ñõåìó:

T

h

n

u

h

i

= �e"

i

u

h

i;n+1

� 2u

h

i;n

+ u

h

i;n�1

h

2

+ a

i

u

h

i;n+1

� u

h

i;n�1

2h

+ g

i

(u

h

1;n

; ::; u

h

N;n

) = 0;

e"

i

=

a

i

h

2

oth

a

i

h

2"

; �M < n < 0;

T

h

0

u

h

i

= "

u

h

i;1

� u

h

i;0

h

� e"

i0

u

h

i;0

� u

h

i;�1

h

= �Q

i

; e"

i0

=

a

i

h

1� exp (�

a

i

h

"

)

; n = 0;

e

T

h

n

u

h

i

= �"

u

h

i;n+1

� 2u

h

i;n

+ u

h

i;n�1

h

2

+a

i

u

h

i;n+1

� u

h

i;n

h

+g

i

(u

h

1;n

; ::; u

h

N;n

) = 0; 0 < n < M;

T

h

�M

u

h

i

= "

u

h

i;�M+1

� u

h

i;�M

h

� 

1

(u

h

i;�M

� A)� F

1

(u

h

i;�M

) = 0;
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T

h

M

u

h

i

= "

u

h

i;M

� u

h

i;M�1

h

� 

2

(u

h

i;M

� B)� F

2

(u

h

i;M

) = 0: (19)

2. �àññìîòðèì ñëó÷àé Q

i

= 0: Â ýòîì ñëó÷àå, êàê ïîêàçàíî âûøå, ðåøå-

íèå çàäà÷è (15) íå ñîäåðæèò ïîãðàíñëîéíîé ñîñòàâëÿþùåé. Èñïîëüçóåì ñõåìó

íàïðàâëåííûõ ðàçíîñòåé

e

T

h

n

u

h

i

= 0; �M < n < 0; 0 < n < M;

e

T

h

0

u

h

i

= "

u

h

i;1

� u

h

i;0

h

� "

u

h

i;0

� u

h
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