
� ²¥¬ ²¨·¥±ª¨¥

±²°³ª²³°» ¨ ¬®¤¥«¨°®¢ ¨¥

2000. �»¯. 5, ±.11{17.

��� 519.63

���������� ����� ���

�������������� ���������

�� ��������� �����������

����� � ������

�.�. � ¤®°¨

Elliptic equation with a power boundary layer in a strip is considered. The

di�erence scheme with the property of the uniform in a small parameter con-

vergence is constructed. Then the scheme is reduced to the �nite number of

nodes.

�°¨ ¬ ²¥¬ ²¨·¥±ª®¬ ¬®¤¥«¨°®¢ ¨¨ ±² ¶¨® °®£® ° ±¯°®±²° ¥¨¿ ¯°¨-

¬¥±¨ ¢  ¯° ¢«¥¨¨ ¢¥²° , ±®£« ±® [1], ¢®§¨ª ¥² ª° ¥¢ ¿ § ¤ ·  ¤«¿ ¤¢³¬¥°-

®£® ½««¨¯²¨·¥±ª®£® ³° ¢¥¨¿ ¢ ¡¥±ª®¥·®© ¯®«®±¥. �¥¸¥¨¥ ² ª®© § ¤ ·¨

±®¤¥°¦¨² ±²¥¯¥®© ¯®£° ¨·»© ±«®©. � ¤ ®© ° ¡®²¥ ¤«¿ ² ª®© § ¤ ·¨

±²°®¨²±¿ ° ¢®¬¥°® ±µ®¤¿¹ ¿±¿ ±µ¥¬ . �® ®¤®¬³ ¨§  ¯° ¢«¥¨© ±µ¥¬  ±®-

¤¥°¦¨² ¡¥±ª®¥·®¥ ·¨±«® ³§«®¢. �°¥¤« £ ¥²±¿ ±¯®±®¡ °¥¤³ª¶¨¨ ½²®© ±µ¥¬» ª

±µ¥¬¥ ± ª®¥·»¬ ·¨±«®¬ ³§«®¢.

�² ª, ° ±±¬®²°¨¬ ª° ¥¢³¾ § ¤ ·³:

"

1

@

2

u

@x

2

+ ("

2

+ y)

@

2

u

@y

2

� a(x; y)

@u

@x

+ w(y)

@u

@y

� c(x; y)u = f(x; y); (1)

u(x; 1) = 0; lim

x!�1

u(x; y) = 0; u(x; 0)� "
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@u

@y

(x; 0) = 0 (2)

¤«¿ ¡¥±ª®¥·®© ¯®«®±»: D = f�1 < x <1; 0 < y < 1g: �°¥¤¯®« £ ¥¬, ·²®

"

1

> 0; "

2

> 0; a(x; y) � � > 0; w(y) > � > 0; �

2

> 0; c(x; y) � � > 0;

lim

x!�1

a(x; y) = a

�1

(y); lim

x!�1

c(x; y) = c

�1

(y); lim

x!�1

f(x; y) = 0: (3)

�«¿ ®¶¥ª¨ ¯°®¨§¢®¤»µ ¯® x ¯®²°¥¡³¥²±¿ ¤®¯®«¨²¥«¼®¥ ®£° ¨·¥¨¥:

c(x; y) + 4a
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x

� � > 0: (4)
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�±¾¤³ ¯®¤ C ¨ C

i

¡³¤¥¬ ¯®¨¬ ²¼ ¯®«®¦¨²¥«¼»¥ ¯®±²®¿»¥, ¥ § ¢¨±¿-

¹¨¥ ®² ¯ ° ¬¥²°®¢ "
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¨ "

2

: �®¤ ®°¬®© ´³ª¶¨¨ ¥¯°¥°»¢®£®  °£³¬¥²  ¨«¨

±¥²®·®© ´³ª¶¨¨ ¡³¤¥¬ ¯®¨¬ ²¼ ¬ ª±¨¬ «¼®¥ ¯® ¬®¤³«¾ § ·¥¨¥, ¯°¥¤¯®-

« £ ¥¬, ·²® ®°¬  ¬ ²°¨¶» ±®£« ±®¢   ± ¢¥ª²®°®© ®°¬®©.

�¥²°³¤® ³¡¥¤¨²¼±¿, ·²® ±¯° ¢¥¤«¨¢  ®¶¥ª :

jju(x; y)jj � �
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jjf(x; y)jj:

�¥¬¬  1. �«¿ ¥ª®²®°®© ¯®±²®¿®© C
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: (6)

�®ª § ²¼ ¤ ³¾ «¥¬¬³ ¬®¦® ± ¯®¬®¹¼¾ ¯°¨¶¨¯  ¬ ª±¨¬³¬ , ¯®   «®-

£¨¨ ± ²¥¬, ª ª ¢ ±«³· ¥ ®¡»ª®¢¥®£® ³° ¢¥¨¿ ½²® ¤¥« «®±¼ ¢ [2], [3].

1. �®±²°®¥¨¥ ° §®±²®© ±µ¥¬»

�±² ®¢¨¬±¿   ¢®¯°®±¥ ¯®±²°®¥¨¿ ° §®±²®© ±µ¥¬» ¤«¿ § ¤ ·¨ (1)-(2). �®-

£« ±® «¥¬¬¥ 1 ¯°®¨§¢®¤»¥ ¯® x ° ¢®¬¥°® ®£° ¨·¥»,   ¯® ¯¥°¥¬¥®©

y ¨¬¥¥² ¬¥±²® ±²¥¯¥®© ¯®£° ¨·»© ±«®© ®ª®«® £° ¨¶» y = 0: �«¿ ¯®-

±²°®¥¨¿ ° §®±²®© ±µ¥¬» ¨±¯®«¼§³¥¬ ¬¥²®¤ ¯°¿¬»µ ¯® x: �³¤¥¬ ¯°¥¤¯®-

« £ ²¼ ±¥²ª³ ° ¢®¬¥°®© ¯® ®¡®¨¬ ª®®°¤¨ ²»¬  ¯° ¢«¥¨¿¬, ± ¸ £ ¬¨

h
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¨ h
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: �°¨ ¯°¨¬¥¥¨¨ ¬¥²®¤  ¯°¿¬»µ ®² ´³ª¶¨¨ ¤¢³µ  °£³¬¥²®¢ u(x; y)

¯¥°¥©¤¥¬ ª ¡¥±ª®¥·®© ±¨±²¥¬¥ ¤¨´´¥°¥¶¨ «¼»µ ³° ¢¥¨© ± °¥¸¥¨¥¬

u

i

(y) = u(x

i

; y); �1 < i < +1; y 2 [0; 1]:

�² ª, ¯¥°¥©¤¥¬ ®² (1)-(2) ª ±¨±²¥¬¥ ³° ¢¥¨©:
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�«¿ § ¤ ·¨ (8), ± ª³±®·®-¯®±²®¿»¬¨ ª®½´´¨¶¨¥² ¬¨, ¯®±²°®¨¬ ²®·³¾

° §®±²³¾ ±µ¥¬³. �«¿ ½²®£® ¤«¿ ª ¦¤®£® i ¨ ª ¦¤®£® ±¥²®·®£® ¨²¥°¢ «  �

j

¤«¿ ³° ¢¥¨© (8) ¢»¯¨¸¥¬ ²®·®¥ °¥¸¥¨¥. �±«®¢¨¥ ¥¯°¥°»¢®±²¨ ¯°®¨§¢®¤-

®© ¯® y   £° ¨¶¥ ¤¢³µ ±®±¥¤¨µ ¨²¥°¢ «®¢ �
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«³· ¥¬ ¢ °¥§³«¼² ²¥ ¯®¤±² ®¢ª¨ °¥¸¥¨¿ § ¤ ·¨ (8)   ¯¥°¢®¬ ±¥²®·®¬ ¨-

²¥°¢ «¥ ¢ «¥¢®¥ ª° ¥¢®¥ ³±«®¢¨¥. �®±²°®¥ ¿ ° §®±² ¿ ±µ¥¬  ¨¬¥¥² ¢¨¤:
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�¥®°¥¬  1. �«¿ ±µ¥¬» (9) ±¯° ¢¥¤«¨¢  ®¶¥ª  ²®·®±²¨:
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� ±«³· ¥ � > 1
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�®ª § ²¥«¼±²¢®. �® ¯®±²°®¥¨¾ ±µ¥¬  (9) ¿¢«¿¥²±¿ ²®·®©   °¥¸¥¨¨

§ ¤ ·¨ (8), ¯®½²®¬³ ¤®±² ²®·® ®¶¥¨²¼ ¡«¨§®±²¼ °¥¸¥¨© § ¤ · (7) ¨ (8).
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(1) = 0; jij <1; z
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£¤¥M { ²°¥µ¤¨ £® «¼ ¿ ¬ ²°¨¶  ¡¥±ª®¥·®£® ¯®°¿¤ª , ¥³«¥¢»¥ ½«¥¬¥²»

¯°®¨§¢®«¼®© i-© ±²°®ª¨ ª®²®°®© ¨¬¥¾² ¢¨¤:
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:

�·¨²»¢ ¿ ®¶¥ª¨ ¯°®¨§¢®¤»µ ±®£« ±® «¥¬¬¥ 1, ¯®«³·¨¬:
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�®¦® ¯®ª § ²¼, ·²® ¤«¿ ®¯¥° ²®°  L ±¯° ¢¥¤«¨¢ ¯°¨¶¨¯ ¬ ª±¨¬³¬  ¨ ¥±«¨

¤«¿ ª ª®©-«¨¡® ¤¢ ¦¤» ¥¯°¥°»¢® ¤¨´´¥°¥¶¨°³¥¬®© ¢¥ª²®°-´³ª¶¨¨ 	(y)

¢»¯®«¥» ³±«®¢¨¿:
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(y) > 0; (13)

²® 	(y) � 0 ¯°¨ ¢±¥µ y 2 [0; 1]:

�¯°¥¤¥«¨¬ ¢¥ª²®°-´³ª¶¨¾ 	(y) ± ª®¬¯®¥² ¬¨
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1
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�·¨²»¢ ¿ ®¶¥ª³ (12), § ª«¾· ¥¬, ·²® ¤«¿ ¥ª®²®°®© ¯®±²®¿®© C ¤«¿ § -

¤ ®© ´³ª¶¨¨ 	(y) ¢»¯®«¿²±¿ ³±«®¢¨¿ (13). � ±¨«³ ¯°¨¶¨¯  ¬ ª±¨¬³¬ 

	(y) � 0: �«¥¤®¢ ²¥«¼®, ¯°¨ ¢±¥µ i
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:

�²® ¤®ª §»¢ ¥² ®¶¥ª³ (10).

�±² ®¢¨¬±¿   ±«³· ¥ � > 1: �·²¥¬ ®¶¥ª³ ¯°®¨§¢®¤®© (6) ¨ ¯®«³·¨¬:
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�¯°¥¤¥«¨¬ ¢¥ª²®°-´³ª¶¨¾ 	(y) ± ª®¬¯®¥² ¬¨:
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�·¨²»¢ ¿ ®¶¥ª³ (14), ¯®«³·¨¬, ·²® ¤«¿ ¥ª®²®°®© ¯®±²®¿®© C ¤«¿ 	

i

(y)

¡³¤³² ¢»¯®«¥» ³±«®¢¨¿ (13). �®£¤  ¢ ±¨«³ ¯°¨¶¨¯  ¬ ª±¨¬³¬  	

i

(y) � 0;

y 2 [0; 1]: �²® ¤®ª §»¢ ¥² ®¶¥ª³ (11). �¥®°¥¬  ¤®ª §  .
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2. �¥¤³ª¶¨¿ ±µ¥¬» ª ª®¥·®¬³ ·¨±«³ ³§«®¢

�² ª, ¤®ª § «¨, ·²® ±µ¥¬  (9) ®¡« ¤ ¥² ±¢®©±²¢®¬ ±µ®¤¨¬®±²¨, ° ¢®¬¥°®©

¯® ¬ «»¬ ¯ ° ¬¥²° ¬. �²  ±µ¥¬  ¬®¦¥² ¡»²¼ § ¯¨±   ¢ ¢¨¤¥ ²°¥µ²®·¥·®©

¢¥ª²®°®© ° §®±²®© ±µ¥¬» ± ¡¥±ª®¥·»¬ ·¨±«®¬ ³§«®¢ ¯® ª®®°¤¨ ²¥ x.

�«¿ ²®£®, ·²®¡» ¯®±²°®¥³¾ ±µ¥¬³ ¬®¦® ¡»«® ¨±¯®«¼§®¢ ²¼ ¤«¿ ª®¬¯¼¾²¥°-

»µ ¢»·¨±«¥¨©, ¥®¡µ®¤¨¬® °¥¸¨²¼ ¢®¯°®± °¥¤³ª¶¨¨ ½²®© ±µ¥¬» ª ª®¥·®¬³

·¨±«³ ³§«®¢. �±¨¬¯²®²¨·¥±ª®¥ ¯®¢¥¤¥¨¥ °¥¸¥¨¿ ±ª «¿°»µ ° §®±²»µ ³° ¢-

¥¨© ¯¥°¢®£® ¨ ¢²®°®£® ¯®°¿¤ª  ¨±±«¥¤³¥²±¿ ¢ [4].

� ±±¬®²°¨¬ ¢ ¢¥ª²®°®¬ ¢¨¤¥ ²°¥µ²®·¥·³¾ ° §®±²³¾ ±µ¥¬³:
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£¤¥ ®²®±¨²¥«¼® ¢µ®¤¿¹¨µ ¢ (15) ¬ ²°¨¶ ¯°¥¤¯®« £ ¥¬ ¢»¯®«¥»¬¨ ®£° -

¨·¥¨¿:

C

i

; D

i

- ¥³«¥¢»¥ ¥®²°¨¶ ²¥«¼»¥ ¤¨ £® «¼»¥ ¬ ²°¨¶» ¯®°¿¤ª  N ;

¬ ²°¨¶» G

i

¿¢«¿¾²±¿ M -¬ ²°¨¶ ¬¨,

C

i

! C

�1

; G

i

!G

�1

; D

i

! D

�1

; F

i

! 0; i! �1;

jjG

�1

i

C

i

jj+ jjG

�1

i

D

i

jj � � < 1;

C

i

� D

i

� 0; Q

i

= G

i

�C

i

�D

i

;

Q

j;j

i

�

X

k 6=j

jQ

j;k

i

j+�; � > 0; i > 0; 1 � j � N: (17)

� ±±¬®²°¨¬ ®²¤¥«¼® ¯¥°¥®± ª° ¥¢®£® ³±«®¢¨¿ ¨§ (+1) ¨ ¨§ (�1): �¥-

°¥®± ª° ¥¢®£® ³±«®¢¨¿ ¨§ (+1) ®±³¹¥±²¢«¿¥¬   ®±®¢¥ ±®®²®¸¥¨¿ «¥¢®©

¬ ²°¨·®© ¯°®£®ª¨,   ¯¥°¥®± ª° ¥¢®£® ³±«®¢¨¿ ¨§ (�1) {   ®±®¢¥ ±®®²®-

¸¥¨¿ ¯° ¢®© ¬ ²°¨·®© ¯°®£®ª¨. �«¿ ¯¥°¥®±  ³±«®¢¨¿ ¨§ (�1) ®¯°¥¤¥«¨¬

±®®²®¸¥¨¥:
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i

)

�1

D

i

A

i

! A

�1

; i!�1; (19)

C

i

(B

i+1

�B

i

) + [G

i

�C

i

�C

i

A

i

]B

i+1

= �F

i

; B

i

! 0; i! �1; (20)

¬ ²°¨¶  A

�1

¿¢«¿¥²±¿ °¥¸¥¨¥¬ ³° ¢¥¨¿

C

�1

A

2

�G

�1

A +D

�1

= 0

± ®°¬®©, ¬¥¼¸¥© ¥¤¨¨¶». �®¦® ¯®ª § ²¼, ·²® ¯°¨ ¢»¯®«¥¨¨ ³±«®¢¨© (17)

² ª®¥ °¥¸¥¨¥ ±³¹¥±²¢³¥². �®£¤  ¯°¨ ¢±¥µ i jjA

(1)

i

jj � � < 1: �§ ½²®£® ±«¥¤³¥²,

·²® ±®®²®¸¥¨¥ (18) ¢»¤¥«¿¥² ¬®£®®¡° §¨¥ °¥¸¥¨© ° §®±²®£® ³° ¢¥¨¿

(15), ³¤®¢«¥²¢®°¿¾¹¨µ ¯°¥¤¥«¼®¬³ ³±«®¢¨¾   (�1).



16 �.�. � ¤®°¨. � §®±² ¿ ±µ¥¬  ¤«¿ ½««¨¯²¨·¥±ª®£® ³° ¢¥¨¿...

�¥¸¥¨¿ § ¤ · (19) ¨ (20) ¬®£³² ¡»²¼  ©¤¥»   ®±®¢¥ ° §«®¦¥¨¿ ª®-

½´´¨¶¨¥²®¢ ° §®±²®£® ³° ¢¥¨¿ (15) ¢ °¿¤ ¯® ®²°¨¶ ²¥«¼»¬ ±²¥¯¥¿¬ i:

�®¦® ¤®ª § ²¼, ·²® ¯°¨ ½²®¬ ²®·®±²¼ ¢»·¨±«¥¨¿ A

(1)

i

¨ B

(1)

i

³¢¥«¨·¨¢ ¥²±¿

± ³¢¥«¨·¥¨¥¬ jij: �±«¨ ° §®±²®¥ ³° ¢¥¨¥ (15) ¢»°®¦¤ ¥²±¿ ¯°¨ ±²°¥¬«¥¨¨

¥ª®²®°®£® ¯ ° ¬¥²°  ª ³«¾ ( ·²® ±«³· ¥²±¿ ¯°¨ ° §®±²®©  ¯¯°®ª±¨¬ ¶¨¨

³° ¢¥¨© ± ¬ «»¬ ¯ ° ¬¥²°®¬ ¯°¨ ±² °¸¨µ ¯°®¨§¢®¤»µ), ¤«¿  µ®¦¤¥¨¿

A

(1)

i

¨ B

(1)

i

¬®¦® ¨±¯®«¼§®¢ ²¼  ±¨¬¯²®²¨·¥±ª¨¥ ° §«®¦¥¨¿ ¯® ¬ «®¬³ ¯ -

° ¬¥²°³. �°¨ ½²®¬ ²®·®±²¼ ¢»·¨±«¥¨¿ ½²¨µ ª®½´´¨¶¨¥²®¢ ¥ § ¢¨±¨² ®²

i:

�¥°¥©¤¥¬ ²®·»¬ ®¡° §®¬ ®² (15)-(16) ª ° §®±²®© ±µ¥¬¥ ± ª®¥·»¬ ·¨-

±«®¬ ³§«®¢:

C

i

U

i�1

�G

i

U

i

+D

i

U

i+1

= F

i

; M < i < N;

U

M

= A

(1)

M+1

U

M+1

+B

(1)

M+1

; U

N

= A

(2)

N

U

N�1

+B

(2)

N

: (21)

�®½´´¨¶¨¥²» ¢ ª° ¥¢»µ ³±«®¢¨¿µ ±µ¥¬» (21) ¨§ ±®®²¢¥²±²¢³¾¹¨µ § ¤ · ¬®-

£³² ¡»²¼ ¢»·¨±«¥» ¯°¨¡«¨¦¥®. �  ®±®¢ ¨¨ ¯°¨¶¨¯  ¬ ª±¨¬³¬  ¬®¦®

¯®ª § ²¼, ·²® °¥¸¥¨¥ ±µ¥¬» (21) ³±²®©·¨¢® ª ¢®§¬³¹¥¨¾ ½²¨µ ª®½´´¨¶¨¥-

²®¢. �®·¥¥ ½²® ¬®¦® ±´®°¬³«¨°®¢ ²¼ ±«¥¤³¾¹¨¬ ®¡° §®¬.

�¥¬¬  2. �³±²¼

~

U { °¥¸¥¨¥ ±µ¥¬» (21) ¢ ±«³· ¥ ¢®§¬³¹¥»µ

~

A

(1)

M+1

;

~

B

(1)

M+1

;

~

A

(2)

N

;

~

B

(2)

N

:

�³±²¼

jj

~

A

(1)

M+1

�A

(1)

M+1

jj; jj

~

B

(1)

M+1

�B

(1)

M+1

jj; jj

~

A

(2)

N

�A

(2)

N

jj; jj

~

B

(2)

N

�B

(2)

N

jj � �;

jj

~

A

(1)

M+1

jj; jj

~

A

(2)

N

jj � � < 1:

�®£¤  ¯°¨ ¢±¥µ i =M;M + 1; :::; N

max

i

jj

~

U

i

�U

i

jj �

�

1� �

(1 + max

i

jjU

i

jj):

�³±²¼ jjD

i

jj � ": �®£¤  ®² (15)-(16) ¬®¦® ¯¥°¥©²¨ ª ±µ¥¬¥ ± ª®¥·»¬

·¨±«®¬ ³§«®¢:

C

i

V

i�1

�G

i

V

i

+D

i

V

i+1

= F

i

; M < i < N;

C

M+1

V

M

�G

M+1

V

M+1

= F

M+1

; C

N

V

N�1

�G

N

V

N

= F

N

: (22)

� ¯®¬®¹¼¾ ¯°¨¶¨¯  ¬ ª±¨¬³¬  ¬®¦® ¤®ª § ²¼, ·²® ±¯° ¢¥¤«¨¢  ®¶¥ª :

max

i

jjU

i

�V

i

jj �

"

1 � �

fjjG

�1

M+1

jj � jjU

M+2

jj+ jjG

�1

N

jj � jjU

N+1

jjg:
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