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The second order equation of the type reaction-di�usion with a small param-

eter e�ecting a higher derivative and a point source on the in�nite interval

is considered. The question of the transformation of the boundary conditions

to the �nite interval is investigated. For reduced to �nite interval problem

di�erence scheme is constructed. The uniform convergence of the di�erence

scheme is proved.

�°¨ ¬ ²¥¬ ²¨·¥±ª®¬ ¬®¤¥«¨°®¢ ¨¨ ±² ¶¨® °®£® ° ±¯°®±²° ¥¨¿ ¯°¨-

¬¥±¨ ®² ²®·¥·®£® ¨±²®·¨ª  ¢®§¨ª ¥² ª° ¥¢ ¿ § ¤ ·  ¤«¿ ³° ¢¥¨¿ ± ¬ -

«»¬ ¯ ° ¬¥²°®¬ ¯°¨ ±² °¸¥© ¯°®¨§¢®¤®© ¨ ¨±²®·¨ª®¢»¬ ·«¥®¬ ¢ ¢¨¤¥ �-

´³ª¶¨¨ �¨° ª . �° ¥¢»¥ ³±«®¢¨¿ ¤«¿ ² ª®© § ¤ ·¨ ¬®£³² ±² ¢¨²¼±¿   ¡¥±-

ª®¥·®¬ ³¤ «¥¨¨ ®² ¨±²®·¨ª . �°¨ ¯°¨¬¥¥¨¨ ª ² ª®© § ¤ ·¥ ª®¥·®-

° §®±²®© ±µ¥¬» ¥®¡µ®¤¨¬® ¯°¥¤¢ °¨²¥«¼® °¥¸¨²¼ ¢®¯°®± °¥¤³ª¶¨¨ ª° ¥-

¢»µ ³±«®¢¨© ª ®£° ¨·¥®© ®¡« ±²¨.

� ¤ ®© ° ¡®²¥ ½²¨ ¢®¯°®±» ° ±±¬ ²°¨¢ ¾²±¿ ¢ ±«³· ¥ ®¡»ª®¢¥®£®

¤¨´´¥°¥¶¨ «¼®£® ³° ¢¥¨¿ ²¨¯  °¥ ª¶¨¿-¤¨´´³§¨¿. � ±«³· ¥ ³° ¢¥¨¿

²¨¯  ¤¨´´³§¨¿-ª®¢¥ª¶¨¿ ¤ »© ¢®¯°®± ¡»« ° ±±¬®²°¥ ¢ [1]. �®·¥·®¬³ ¨±-

²®·¨ª³ ±®®²¢¥²±²¢³¥² ³±«®¢¨¥   ±ª ·®ª ¯°®¨§¢®¤®©.

�² ª, ° ±±¬®²°¨¬ ¨±µ®¤³¾ ª° ¥¢³¾ § ¤ ·³:

Lu = "

2

u

00

(x)� c

2

(x)u(x) = f(x); x 6= 0; (1 )

L

0

u = "u

0

(+0)� "u

0

(�0) = �Q; (1¡)

u(x)! 0; x!�1; u(x)! 0; x! +1: (1¢)

�°¥¤¯®« £ ¥¬, ·²®

c(x) � � > 0; " > 0; Q > 0:

c



c



c
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c(x)! c

1

; f(x)! 0; x! �1; c(x)! c

2

; f(x)! 0; x! +1; (2)

´³ª¶¨¨ a; c; f� ¤®±² ²®·® £« ¤ª¨¥.

�¥¸¥¨¥ u(x) ¿¢«¿¥²±¿ ¤¢ ¦¤» ¥¯°¥°»¢® ¤¨´´¥°¥¶¨°³¥¬®© ´³ª¶¨¥©

¢±¾¤³, ª°®¬¥ ²®·ª¨ ³«¼, £¤¥ ± ¬  ´³ª¶¨¿ ¥¯°¥°»¢ ,   ¥¥ ¯¥°¢ ¿ ¯°®¨§¢®¤-

 ¿ ¨¬¥¥² ° §°»¢ ¯¥°¢®£® °®¤ .

�°¨ ¬®¤¥«¨°®¢ ¨¨ ° ±¯°®±²° ¥¨¿ ¯°¨¬¥±¨ ¯°¥¤¯®« £ ¥²±¿, ·²® u(x) -

ª®¶¥²° ¶¨¿ ¯°¨¬¥±¨, " - ª®½´´¨¶¨¥² ¤¨´´³§¨¨, c(x) - ª®½´´¨¶¨¥² ¯®£«®-

¹¥¨¿ ¯°¨¬¥±¨, Q - ¬®¹®±²¼ ²®·¥·®£® ¨±²®·¨ª , f(x) - ¥±®±°¥¤®²®·¥»©

¨±²®·¨ª ¨«¨ ±²®ª ¯°¨¬¥±¨.

�±¾¤³ ¨¦¥ ¯®¤ � ¡³¤³² ¯®¤° §³¬¥¢ ²¼±¿ ¯®«®¦¨²¥«¼»¥ ¯®±²®¿»¥, ¥

§ ¢¨±¿¹¨¥ ®² ¯ ° ¬¥²°  " ¨ ¸ £®¢ ° §®±²®© ±¥²ª¨. �®¤ ®°¬®© ´³ª¶¨¨

¥¯°¥°»¢®£®  °£³¬¥²  p(x) ¡³¤¥¬ ¯®¨¬ ²¼ jjp(x)jj = maxjp(x)j; £¤¥ x ¯°®-

¡¥£ ¥² ®¡« ±²¼ ®¯°¥¤¥«¥¨¿ ´³ª¶¨¨.

1. � «¨§ °¥¸¥¨¿ ¨±µ®¤®© § ¤ ·¨

�¥²°³¤® ¯®ª § ²¼, ·²® ¤«¿ ®¯¥° ²®°  § ¤ ·¨ (1) ±¯° ¢¥¤«¨¢ ¯°¨¶¨¯ ¬ ª±¨-

¬³¬ :

�³±²¼ 	(x) - ¥¯°¥°»¢® ¤¨´´¥°¥¶¨°³¥¬ ¿ ´³ª¶¨¿ ¢±¾¤³, ª°®¬¥ ²®·ª¨

x = 0; £¤¥ ¯°®¨§¢®¤ ¿ ¬®¦¥² ¨¬¥²¼ ° §°»¢ ¯¥°¢®£® °®¤ . �®£¤  ¨§ ³±«®¢¨©

L	(x) � 0; L

0

	(x) � 0; lim

x!�1

	(x) � 0 (3)

±«¥¤³¥² 	(x) � 0; jxj <1:

�¥²°³¤® ¯®ª § ²¼, ·²® ¯°¨ f(x) = 0 u(x) ¢®§° ±² ¥² ¯°¨ x < 0 ¨ ³¡»¢ ¥²

¯°¨ x > 0:

�¥¬¬  1. �°¨ ¢±¥µ x

ju(x)j �

Q

2�

exp(��"

�1

jxj) +

jjf(x)jj

�

2

:

�®ª § ²¥«¼±²¢®. �¯°¥¤¥«¨¬ ´³ª¶¨¾

	(x) =

Q

2�

exp(��"

�1

jxj) +

jjf(x)jj

�

2

� u(x):

�®¦® ¯®ª § ²¼, ·²® ²®£¤  ¢»¯®«¥» ³±«®¢¨¿ (3). � ±¨«³ ¯°¨¶¨¯  ¬ ª±¨-

¬³¬  	(x) � 0: �²® ¤®ª §»¢ ¥² «¥¬¬³.

�¥¬¬  2. �«¿ ¥ª®²®°®© ¯®±²®¿®© C

ju

(j)

(x)j � C

h

1 +

1

"

j

exp(��"

�1

jxj)

i

: (4)

�®ª § ²¥«¼±²¢®. �®ª ¦¥¬ (4) ¤«¿ j = 1; x < 0: �¥°¥©¤¥¬ ª ª° ¥¢®© § ¤ ·¥

  ¯®«³¡¥±ª®¥·®¬ ¨²¥°¢ «¥:

Lu(x) = "

2

u

00

(x)� c

2

(x)u(x) = f(x); u(x)! 0; x! �1; u(0) = A; (5)
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£¤¥ ¢ ±®®²¢¥²±²¢¨¨ ± «¥¬¬®© 1 jAj � C: �®ª ¦¥¬, ·²®

ju

0

(0)j � C=": (6)

�¯°¥¤¥«¨¬

u

�

(x) = u(0)� Cf1� exp("

�1

x)g; z(x) = u

+

(x)� u(x):

�¥±«®¦® ¯®ª § ²¼, ·²®

Lz(x) � 0; lim

x!�1

z(x) � 0; z(0) = 0:

� ±¨«³ ¯°¨¶¨¯  ¬ ª±¨¬³¬  z(x) � 0: � ª¨¬ ®¡° §®¬, u

+

(x) � u(x);

u

+

(0) = u(0): �«¥¤®¢ ²¥«¼®, u

0

(0) � �C=": � «®£¨·® ¬®¦® ¯®ª § ²¼, ·²®

u

�

(x) � u(x); u

�

(0) = u(0): �²® ¤®ª §»¢ ¥² ®¶¥ª³ (6). �¯°¥¤¥«¨¬

	(x) = C

1

+

C

2

"

exp(�"

�1

x)� u

0

(x):

�¨´´¥°¥¶¨°³¿ ³° ¢¥¨¥ (5) ¨ ¯°¨¬¥¿¿ ¯°¨¶¨¯ ¬ ª±¨¬³¬  ª ¯®«³·¥®¬³

³° ¢¥¨¾, ³¡¥¤¨¬±¿, ·²® ¤«¿ ¥ª®²®°»µ C

1

¨ C

2

	(x) � 0: �²® ¤®ª §»¢ ¥² (4)

¯°¨ j = 1; x < 0: �°³£¨¥ ±«³· ¨   «®£¨·». �¥¬¬  ¤®ª §  .

2. �¥°¥®± ª° ¥¢»µ ³±«®¢¨© ¨§ ¡¥±ª®¥·®±²¨

� ±±¬®²°¨¬ ¢®¯°®± ¯¥°¥®±  ª° ¥¢»µ ³±«®¢¨© ¨§ �1: �»¤¥«¨¬ ¬®£®®¡° §¨¿

°¥¸¥¨© ¨±µ®¤®£® ³° ¢¥¨¿ (1 ), ª®²®°»¥ ³¤®¢«¥²¢®°¿¾² ¯°¥¤¥«¼»¬ ³±«®-

¢¨¿¬   (+1) ¨ (�1): �«¿ ½²®£® ¨±¯®«¼§³¥¬ ¯®¤µ®¤ [2]. � ·¥¬ ± ¯¥°¥®± 

³±«®¢¨¿ ¨§ (�1). �®£®®¡° §¨¥ °¥¸¥¨© ³° ¢¥¨¿ (1 ) § ¤ ¤¨¬ ³° ¢¥¨¥¬

¯¥°¢®£® ¯®°¿¤ª :

"u

0

(x) = 

1

(x)u(x) + �

1

(x); (7)

£¤¥ ´³ª¶¨¨ 

1

¨ �

1

¿¢«¿¾²±¿ °¥¸¥¨¿¬¨ § ¤ ·:

"

0

1

(x) + 

2

1

(x)� c

2

(x) = 0; lim

x!�1



1

(x) = c

1

; (8)

"�

0

1

(x) + �

1

(x)

1

(x) = f(x); lim

x!�1

�

1

(x) = 0: (9)

� «®£¨·»¬ ®¡° §®¬ ¯°¥¤¥«¼®¥ ª° ¥¢®¥ ³±«®¢¨¥   +1 ¢»¤¥«¿¥² ¬®£®®¡° -

§¨¥ °¥¸¥¨©:

"u

0

(x) = 

2

(x)u(x) + �

2

(x); (10)

£¤¥ ´³ª¶¨¨ 

2

¨ �

2

¿¢«¿¾²±¿ °¥¸¥¨¿¬¨ § ¤ ·:

"

0

2

(x) + 

2

2

(x)� c

2

(x) = 0; lim

x!+1



2

(x) = �c

2

; (11)

"�

0

2

(x) + �

2

(x)

2

(x) = f(x); lim

x!+1

�

2

(x) = 0: (12)
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�¥¬¬  3. �¯° ¢¥¤«¨¢» ®¶¥ª¨:



1

(x) � �; x � 0; 

2

(x) � ��; x � 0: (13)

�®ª § ²¥«¼±²¢®. �®ª ¦¥¬ ¯¥°¢³¾ ®¶¥ª³ ¢ (13). � ª ª ª 

1

(x) ¥ § ¢¨±¨²

®² f(x); ¯®«®¦¨¬ f(x) = 0: �®£¤  ¨§ (7) ¯®«³·¨¬:

u(x) = u(0) exp

0

@

x

Z

0



1

(s)

"

ds

1

A

:

� ¤°³£®© ±²®°®», ±®£« ±® «¥¬¬¥ 1

u(x) � u(0) exp

�

�

"

x

�

;

�§ ½²¨µ ¤¢³µ ±®®²®¸¥¨© ±«¥¤³¥²:

0

Z

x

[

1

(s)� �] ds � 0

¤«¿ ¯°®¨§¢®«¼®£® x � 0: �«¥¤®¢ ²¥«¼®, 

1

(0) � �: �·¨²»¢ ¿, ·²® c

1

� �;   ¢

²®·ª µ ½ª±²°¥¬³¬  

1

(s) = c(s); ¯®«³·¨¬ ¯¥°¢³¾ ®¶¥ª³ ¢ (13). �²®° ¿ ®¶¥ª 

¤®ª §»¢ ¥²±¿   «®£¨·®. �¥¬¬  ¤®ª §  .

�±¯®«¼§³¿ ±®®²®¸¥¨¿ (7); (10); ®² § ¤ ·¨ (1) ¬®¦® ¯¥°¥©²¨ ª § ¤ ·¥  

ª®¥·®¬ ¨²¥°¢ «¥:

"

2

u

00

(x)� c

2

(x)u(x) = f(x); x 6= 0; "u

0

(+0)� "u

0

(�0) = �Q;

"u

0

(L

1

) = 

1

(L

1

)u(L

1

) + �

1

(L

1

); "u

0

(L

2

) = 

2

(L

2

)u(L

2

) + �

2

(L

2

): (14)

�®¦® ¯®ª § ²¼, ·²® ¢±«¥¤±²¢¨¥ ³±«®¢¨© 

1

(x) > 0; 

2

(x) < 0; ª ¤¨´´¥°¥¶¨ «¼-

®¬³ ®¯¥° ²®°³ § ¤ ·¨ (14) ¬®¦® ¯°¨¬¥¿²¼ ¯°¨¶¨¯ ¬ ª±¨¬³¬ . �±¯®«¼§³¿

¯°¨¶¨¯ ¬ ª±¨¬³¬ , ¥²°³¤® ³¡¥¤¨²¼±¿, ·²® °¥¸¥¨¿ § ¤ · (1) ¨ (14) ±®¢¯ -

¤ ¾² ¯°¨ ¢±¥µ x 2 [L

1

; L

2

]:

�®½´´¨¶¨¥²» 

i

¨ �

i

¨§ § ¤ · (8),(9),(11),(12) ¬®£³² ¡»²¼  ©¤¥» ¯°¨-

¡«¨¦¥®. �±±«¥¤³¥¬ ¢«¨¿¨¥ ¯®£°¥¸®±²¥© ¢ ½²¨µ ª®½´´¨¶¨¥² µ   °¥¸¥¨¥

§ ¤ ·¨ (14).

�¥®°¥¬  1. �³±²¼

j

1

(L

1

)� ~

1

(L

1

)j � �

1

; j�

1

(L

1

)�

~

�

1

(L

1

)j � �

1

;

j

2

(L

2

)� ~

2

(L

2

)j � �

2

; j�

2

(L

2

)�

~

�

2

(L

2

)j � �

2

:

�®£¤  ¤«¿ ¥ª®²®°®© ¯®±²®¿®© C

ju(x)� ~u(x)j � ��

1

exp(��"

�1

(x� L

1

)) + C�

2

exp(�"

�1

(x� L

2

)):
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�®ª § ²¥«¼±²¢®. �¯°¥¤¥«¨¬ z(x) = u(x)� ~u(x): �®£¤  z(x) ¿¢«¿¥²±¿ °¥¸¥-

¨¥¬ § ¤ ·¨:

Lz = "

2

z

00

(x)� c

2

(x)z(x) = 0; L

0

z = "z

0

(+0)� "z

0

(�0) = 0;

D

1

z = ~

1

z(L

1

)� "z

0

(L

1

) =

~

�

1

� �

1

+ u(L

1

)( ~

1

� 

1

);

D

2

z = "z

0

(L

2

)� ~

2

z(L

2

) = �

2

�

~

�

2

+ u(L

2

)(

2

� ~

2

): (15)

�¯°¥¤¥«¨¬

	(x) =

�

1

�

(1 + ju(L

1

)j) exp(��"

�1

(x� L

1

))+

+

�

2

�

(1 + ju(L

2

)j) exp(�"

�1

(x� L

2

))� z(x):

�®£¤ 

L	 � 0; L

0

	 = 0; D

1

	 � 0; D

2

 � 0:

� ±¨«³ ¯°¨¶¨¯  ¬ ª±¨¬³¬  	(x) � 0: �²® ¤®ª §»¢ ¥² ²¥®°¥¬³.

�° ¢¥¨¿ (8),(9),(11),(12) ±®¤¥°¦ ² ¬ «»© ¯ ° ¬¥²° ¯°¨ ±² °¸¥© ¯°®¨§-

¢®¤®©. � ±¢¿§¨ ± ½²¨¬ °¥¸¥¨¿ ½²¨µ ³° ¢¥¨© ¬®¦®  ©²¨   ®±®¢¥  ±¨¬-

¯²®²¨·¥±ª¨µ ° §«®¦¥¨© ¯® ¯ ° ¬¥²°³ ": �±² ®¢¨¬±¿   ¯¥°¢®¬ ¯°¨¡«¨¦¥¨¨

¤«¿ ½²¨µ ° §«®¦¥¨©:

~

1

(x) = c(x);

~

�

1

(x) = f(x)=c(x); ~

2

(x) = �c(x);

~

�

2

(x) = �f(x)=c(x): (16)

�®ª ¦¥¬, ·²® ´®°¬³«» (16) ®¯°¥¤¥«¿¾² ª®½´´¨¶¨¥²» ± ²®·®±²¼¾ O("):

�±² ®¢¨¬±¿   ª®½´´¨¶¨¥²¥ 

1

(x): �®ª ¦¥¬, ·²®

j ~

1

(x)� 

1

(x)j � C": (17)

�³±²¼ z(x) = 

1

(x)� ~

1

(x): �®£¤  z(x) ¿¢«¿¥²±¿ °¥¸¥¨¥¬ § ¤ ·¨:

R

"

z = "z

0

(x) + (

1

(x) + ~

1

(x))z(x) = �" ~

1

0

(x); lim

x!�1

z(x) = 0:

�¯°¥¤¥«¨¬

	(x) = "jj ~

1

0

(x)jj=(2�)� z(x):

�®£¤ 

lim

x!�1

	(x) � 0; R

"

	(x) � 0:

�®£¤ , ª ª ¥²°³¤® ³¡¥¤¨²¼±¿ ° ±±³¦¤¥¨¿¬¨ ®² ¯°®²¨¢®£®, 	(x) � 0:

�¶¥ª  (17) ¤®ª §  .
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3. �®±²°®¥¨¥ ° §®±²®© ±µ¥¬»

�² ª, § ¤ ·³ (1) ±¢¥«¨ ª § ¤ ·¥ (14), ±´®°¬³«¨°®¢ ®©   ª®¥·®¬ ¨²¥°¢ «¥.

�®±²°®¨¬ ° §®±²³¾ ±µ¥¬³ ¤«¿ § ¤ ·¨ (14). �³±²¼ L

2

= �L

1

= L; h - ¸ £

° ¢®¬¥°®© ±¥²ª¨ 
 = fx

n

: �N � n � N; x

�N

= �L; x

0

= 0; x

N

= Lg:

�»¤¥«¨¬ ¢ °¥¸¥¨¨ § ¤ ·¨ (1) ±®±² ¢«¿¾¹³¾, § ¤ ¾¹³¾ ½ª±¯®¥¶¨ «¼-

»© °®±² °¥¸¥¨¿ ¢ ®ª°¥±²®±²¨ ³«¿:

u(x) = p(x) + V (x);

V (x) = � exp(�c(0)"

�1

jxj); jp

j

(x)j � "

1�j

exp(��"

�1

jxj); j � 4: (18)

�²°®¿ ° §®±²³¾ ±µ¥¬³   ®±®¢¥ ²®£®, ·²®¡» ®  ¡»«  ²®·®©   ¯®£° -

±«®©®© ´³ª¶¨¨ V (x) [3], ¯®«³·¨¬:

L

h

n

u

h

= ~"

2

u

h

n+1

� 2u

h

n

+ u

h

n�1

h

2

� c

2

n

u

h

n

= f

n

; n 6= 0; jnj < N; c

n

= c(x

n

); f

n

= f(x

n

);

L

h

0

u

h

= u

h

1

� 2u

h

0

+ u

h

�1

= �

Q

c

0

�

1� exp

�

�

c

0

h

"

��

; ~" = "

c

0

h=(2")

sinh(c

0

h=(2"))

;

L

h

�N

u

h

= "

u

h

�N+1

� u

h

�N

h

� 

1

u

h

�N

= �

1

; L

h

N

u

h

= "

u

h

N

� u

h

N�1

h

� 

2

u

h

N

= �

2

: (19)

�¥®°¥¬  2. �³±²¼ u(x) - °¥¸¥¨¥ § ¤ ·¨ (14); u

h

- °¥¸¥¨¥ ±µ¥¬» (19):

�®£¤  ¤«¿ ¥ª®²®°®© ¯®±²®¿®© C ¯°¨ ¢±¥µ n = �N; : : : ;N ¢»¯®«¨²±¿

ju

h

n

� u(x

n

)j � Ch:

�®ª § ²¥«¼±²¢®. �³±²¼ z

h

= u

h

� [u]: �·¨²»¢ ¿ ¯°¥¤±² ¢«¥¨¥ °¥¸¥¨¿

(18), ¬®¦® ¯®ª § ²¼:

jL

h

n

z

h

j � Ch; n = �N;�N + 1; : : : ; N ]:

�±¯®«¼§³¿ ¯°¨¶¨¯ ¬ ª±¨¬³¬  ¤«¿ ®¯¥° ²®°  ±µ¥¬» (19), ¯®«³·¨¬ ³²¢¥°¦¤¥¨¥

²¥®°¥¬».
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