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1 Ââåäåíèå
Ïðèìåíåíèå ìíîãî÷ëåíà Ëàãðàíæà äëÿ èíòåðïîëÿöèè ôóíêöèé ñ áîëüøèìè ãðàäèåíòàìè
ìîæåò ïðèâîäèòü ê çíà÷èòåëüíûì ïîãðåøíîñòÿì [1]. Ðåøåíèå ñèíãóëÿðíî âîçìóùåííîé êðà-
åâîé çàäà÷è èìååò ïîãðàíñëîéíûå îáëàñòè áîëüøèõ ãðàäèåíòîâ [2], [3]. Â ñîîòâåòñòâèè ñ [4],
[5] ïðèìåíåíèå ìíîãî÷ëåíà Ëàãðàíæà äëÿ èíòåðïîëÿöèè ôóíêöèè, èìåþùåé áûñòðî ìåíÿ-
þùóþñÿ ñîñòàâëÿþùóþ, ñîîòâåòñòâóþùóþ ýêñïîíåíöèàëüíîìó ïîãðàíè÷íîìó ñëîþ, ìîæåò
ïðèâîäèòü ê ïîãðåøíîñòÿì ïîðÿäêà O(1). Äëÿ ïîâûøåíèÿ òî÷íîñòè èíòåðïîëÿöèè ôóíê-
öèé ñ ïîãðàíñëîéíîé ñîñòàâëÿþùåé â [6] ïîñòðîåí àíàëîã èíòåðïîëÿöèîííîãî ìíîãî÷ëåíà
Ëàãðàíæà, òî÷íûé íà ýòîé ñîñòàâëÿþùåé. Ïðè ýòîì ñåòêà ìîæåò áûòü ðàâíîìåðíîé.

Â äàííîé ðàáîòå èññëåäóåì âîçîæíîñòü ïðèìåíåíèÿ ìíîãî÷ëåíà Ëàãðàíæà äëÿ èíòåð-
ïîëÿöèè ôóíêöèé ñ ïîãðàíñëîéíîé ñîñòàâëÿþùåé íà êóñî÷íî-ðàâíîìåðíîé ñåòêå, ñãóùàþ-
ùåéñÿ â ïîãðàíè÷íîì ñëîå [2].

Ïðåäïîëàãàåì, ÷òî èíòåðïîëèðóåìàÿ ôóíêöèÿ u(x) ïðåäñòàâèìà â âèäå:

u(x) = q(x) + Φ(x), x ∈ [0, 1], (1.1)

ãäå
|q(j)(x)| ≤ C1, |Φ(j)(x)| ≤ C1

εj
e−αx/ε, 0 ≤ j ≤ m, (1.2)

ãäå ôóíêöèè q(x) è Φ(x) â ÿâíîì âèäå íå çàäàíû, α > 0, ε > 0, íåêîòîðàÿ ïîñòîÿííàÿ C1 íå
çàâèñèò îò ε.

Ñîãëàñíî (1.2), ðåãóëÿðíàÿ ñîñòàâëÿþùàÿ q(x) èìååò ïðîèçâîäíûå, îãðàíè÷åííûå äî
ïîðÿäêà m, à ïîãðàíñëîéíàÿ ñîñòàâëÿþùàÿ Φ(x) èìååò ïðîèçâîäíûå, íå îãðàíè÷åííûå ðàâ-
íîìåðíî ïî ïàðàìåòðó ε.

Â ñîîòâåòñòâèè ñ [2], [3], [7], ïðåäñòàâëåíèå (1.1) ñ îãðàíè÷åíèÿìè (1.2) èìååò ìåñòî äëÿ
ðåøåíèÿ ñèíãóëÿðíî âîçìóùåííîé êðàåâîé çàäà÷è :

εu′′(x) + a1(x)u′(x)− a2(x)u(x) = f(x), u(0) = A, u(1) = B, (1.3)

ãäå
a1(x) ≥ α > 0, a2(x) ≥ 0, ε > 0,

ôóíêöèè a1(x), a2(x), f(x)� äîñòàòî÷íî ãëàäêèå. Ïðè ìàëûõ çíà÷åíèÿõ ïàðàìåòðà ε ðåøåíèå
çàäà÷è (1.3) èìååò ïîãðàíñëîéíóþ îáëàñòü áîëüøèõ ãðàäèåíòîâ ó ãðàíèöû x = 0, ÷åìó
ñîîòâåòñòâóåò ïðåäñòàâëåíèå (1.1).
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Ñíà÷àëà äëÿ ôóíêöèè u(x), èìåþùåé ïðåäñòàâëåíèå (1.1), ïðîâåäåì àíàëèç ïîãðåøíîñòè
èíòåðïîëÿöèè ìíîãî÷ëåíîì Ëàãðàíæà íà êóñî÷íî-ðàâíîìåðíîé ñåòêå, ïðåäëîæåííîé â [2],
à çàòåì íà îñíîâå ïðîâåäåííîãî àíàëèçà îöåíèì ïîãðåøíîñòü ñîñòàâíîé ôîðìóëû Íüþòîíà-
Êîòåñà íà ýòîé ñåòêå.

Ïîä C è Cj áóäåì ïîäðàçóìåâàòü ïîëîæèòåëüíûå ïîñòîÿííûå, íå çàâèñÿùèå îò ïàðàìåò-
ðà ε è ÷èñëà èíòåðâàëîâ ñåòêè N .

2 Îöåíêà ïîãðåøíîñòè èíòåðïîëÿöèè ìíîãî÷ëåíîì Ëàãðàíæà
íà êóñî÷íî-ðàâíîìåðíîé ñåòêå

Â ñîîòâåòñòâèè ñ [2] çàäàäèì êóñî÷íî-ðàâíîìåðíóþ ñåòêó:

Ω = {xn : xn = xn−1 + hn, n = 1, 2, . . . , N, x0 = 0, xN = 1} (2.1)

ñ øàãàìè:
hn =

2σ

N
, 1 ≤ n ≤ N

2
; hn =

2(1− σ)
N

,
N

2
< n ≤ N,

ãäå ïàðàìåòð σ çàäàäèì íèæå ñ ó÷åòîì èíòåðïîëÿöèîííîé ôîðìóëû. Ïðåäïîëàãàåì, ÷òî
èíòåðïîëèðóåìàÿ ôóíêöèÿ u(x) çàäàíà â óçëàõ ñåòêè Ω, un = u(xn), n = 0, 1, . . . , N .

Èñïîëüçóåì ñïëàéí-èíòåðïîëÿöèþ ìíîãî÷ëåíîì Ëàãðàíæà ïî m ïîñëåäîâàòåëüíî ðàñ-
ïîëîæåííûì óçëàì ñåòêè Ω. Ïðåäïîëàãàåì, ÷òî N êðàòíî 2(m − 1) è ðàçáèâàåì èñõîäíûé
èíòåðâàë [0, 1] íà N/(m− 1) èíòåðâàëîâ:

[0, 1] =
N−m+1⋃

k=0, m−1

[xk, xk+m−1].

Íà êàæäîì èíòåðâàëå [xk, xk+m−1] îñóùåñòâèì èíòåðïîëÿöèþ ôóíêöèè u(x) ìíîãî÷ëåíîì
Ëàãðàíæà:

Lk,m(u, x) =
k+m−1∑

n=k

unPn,k(x), (2.2)

ãäå ìíîæèòåëü Ëàãðàíæà Pn,k(x) èìååò âèä:

Pn,k(x) =
k+m−1∏

j=k
j 6=n

x− xj

xn − xj
.

Çàäàäèì êîíñòàíòó Ëåáåãà äëÿ ñåòêè èíòåðâàëà [xk, xk+m−1]:

λk,m = max
x

k+m−1∑

n=k

|Pn,k(x)|. (2.3)

Òàê êàê N êðàòíî 2(m− 1), òî [xk, xk+m−1] ⊆ [0, σ] èëè [xk, xk+m−1] ⊆ [σ, 1], ïîýòîìó ñåòêà
êàæäîãî èíòåðâàëà [xk, xk+m−1] ÿâëÿåòñÿ ðàâíîìåðíîé. Â ñëó÷àå ðàâíîìåðíîé ñåòêè äëÿ
êîíñòàíòû Ëåáåãà (2.3) èìåþòñÿ îöåíêè ñâåðõó è ñíèçó. Â ñîîòâåòñòâèè ñ ([8], c. 26):

2m−3m−3/2 ≤ λk,m ≤ 2m−1. (2.4)

Äëÿ ñåòêè (2.1) çàäàäèì
σ = min

{1
2
,
mε

α
ln N

}
. (2.5)
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Îöåíèì ïîãðåøíîñòü èíòåðïîëÿöèè ìíîãî÷ëåíîì Ëàãðàíæà íà èíòåðâàëå [xk, xk+m−1].
Ëåììà 1. Ïóñòü äëÿ ôóíêöèè u(x) ñïðàâåäëèâî ïðåäñòàâëåíèå (1.1) ñ îãðàíè÷åíèÿìè

(1.2), ñåòêà Ω ñîîòâåòñòâóåò (2.1), (2.5). Òîãäà íà ïðîèçâîëüíîì èíòåðâàëå [xk, xk+m−1]
ñïðàâåäëèâû îöåíêè ïîãðåøíîñòè èíòåðïîëÿöèè:

∣∣∣u(x)− Lk,m(u, x)
∣∣∣ ≤ C12m

4mNm

[
1 + (mα−1 ln N)m

]
, σ <

1
2
, xk+m−1 ≤ σ, (2.6)

∣∣∣u(x)− Lk,m(u, x)
∣∣∣ ≤ C12m

4mNm

[
1 + 2m +

4m

2m

]
, σ <

1
2
, xk ≥ σ, (2.7)

∣∣∣u(x)− Lk,m(u, x)
∣∣∣ ≤ C1

4mNm

[
1 + min

{ 1
εm

,
(2m ln N

α

)m}]
, σ =

1
2
, (2.8)

ãäå ïîñòîÿííàÿ C1 ñîîòâåòñòâóåò (1.2).
Äîêàçàòåëüñòâî. Â ñîîòâåòñòâèè ñ [1], ïðè èíòåðïîëÿöèè ôóíêöèè u(x) ìíîãî÷ëåíîì

Ëàãðàíæà (2.2) ñïðàâåäëèâà îöåíêà:

|u(x)− Lk,m(u, x)| ≤ max
s∈[xk,xk+m−1]

|u(m)(s)| |wm(x)|
m!

,

ãäå wm(x) = (x − kk)(x − kk+1) · · · · · (x − xk+m−1). Ïóñòü τk � ïîñòîÿííûé øàã èíòåðâàëà
[xk, xk+m−1]. Èçâåñòíî ([9], ñ. 86), ÷òî â ñëó÷àå ïîñòîÿííîãî øàãà τk ñïðàâåäëèâà îöåíêà:

|wm(x)| ≤ 1
4
τm
k (m− 1)!.

Ñëåäîâàòåëüíî,
|u(x)− Lk,m(u, x)| ≤ max

s∈[xk,xk+m−1]
|u(m)(s)| τ

m
k

4m
. (2.9)

Îöåíèì ïîãðåøíîñòü èíòåðïîëÿöèè ôóíêöèè q(x). Ó÷èòûâàÿ (1.2), èç (2.9) ïîëó÷àåì:

|q(x)− Lk,m(q, x)| ≤ C1
τm
k

4m
, x ∈ [xk, xk+m−1]. (2.10)

Ïóñòü σ < 1/2. Ó÷èòûâàÿ (2.1), ïîëó÷àåì, ïðè âñåõ n âûïîëíÿåòñÿ îöåíêà hn < 2/N.
Òîãäà èç (2.10) ñëåäóåò:

|q(x)− Lk,m(q, x)| ≤ C12m

4mNm
. (2.11)

Ïóñòü σ = 1/2. Òîãäà ñåòêà Ω ðàâíîìåðíà è èç (2.10) ïîëó÷àåì:

|q(x)− Lk,m(q, x)| ≤ C1

4mNm
. (2.12)

Òåïåðü îöåíèì ïîãðåøíîñòü èíòåðïîëÿöèè ïîãðàíñëîéíîé ñîñòàâëÿþùåé Φ(x).
Ïóñòü σ < 1/2.
Ðàññìîòðèì ñëó÷àé xk+m−1 ≤ σ. Â ñîîòâåòñòâèè ñ (1.2), (2.1), (2.5) èìååì:

τk =
2mε

α

lnN

N
, |Φ(m)(x)| ≤ C1

εm
.

Ïðèìåíÿÿ íåðàâåíñòâî (2.9) ê ôóíêöèè Φ(x), ïîëó÷àåì:

|Φ(x)− Lk,m(Φ, x)| ≤ C1(2m)m

4mαm

lnm N

Nm
. (2.13)
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Ïóñòü xk ≥ σ. Òîãäà â ñîîòâåòñòâèè ñ (1.2), (2.5) âûïîëíèòñÿ:

|Φ(x)| ≤ C1

Nm
. (2.14)

Ó÷èòûâàÿ (2.2), (2.3), (2.14), ïîëó÷àåì

|Φ(x)− Lk,m(Φ, x)| ≤ |Φ(x)|+ |Lk,m(Φ, x)| ≤ C1

Nm
(1 + λk,m).

Ó÷èòûâàÿ (2.4), èìååì
|Φ(x)− Lk,m(Φ, x)| ≤ C1

Nm
(1 + 2m−1). (2.15)

Îñòàåòñÿ ðàññìîòðåòü ñëó÷àé σ = 1/2. Òîãäà ñåòêà Ω ðàâíîìåðíà, èç (1.2), (2.5), (2.9)
ïîëó÷àåì:

|Φ(x)− Lk,m(Φ, x)| ≤ C1

4mεmNm
, ε ≥ α

2m ln N
.

Ñëåäîâàòåëüíî, ïðè σ = 1/2 ñïðàâåäëèâà îöåíêà:

|Φ(x)− Lk,m(Φ, x)| ≤ C1

4mNm
min

{ 1
εm

,
(2m lnN

α

)m}
. (2.16)

Ó÷èòûâàÿ (1.1), îöåíêè (2.11)-(2.13), (2.15), (2.16), ïîëó÷àåì îöåíêè (2.6)-(2.8). Ëåììà
äîêàçàíà.

Ïîëó÷åííûå îöåíêè ïîãðåøíîñòè (2.6)-(2.8) ðàâíîìåðíû ïî ïàðàìåòðó ε. Ýòè îöåíêè
ìîæíî óïðîñòèòü, èñïîëüçóÿ íåêîòîðóþ ïîñòîÿííóþ C0:

∣∣∣u(x)− Lk,m(u, x)
∣∣∣ ≤





C0
lnm N

Nm
, ε <

α

2m lnN
, xk+m−1 ≤ σ,

C0

Nm
, ε <

α

2m lnN
, xk ≥ σ,

C0

Nm
min

{ 1
εm

, lnm N
}

, ε ≥ α

2m lnN
.

(2.17)

3 Ôîðìóëû Íüþòîíà-Êîòåñà íà ñåòêå Øèøêèíà
Âîïðîñ ïîñòðîåíèÿ êâàäðàòóðíûõ ôîðìóë äëÿ ôóíêöèé ñ îñîáåííîñòÿìè ïðåäñòàâëÿåò èí-
òåðåñ. Îñòàíîâèìñÿ íà ôîðìóëàõ Íüþòîíà-Êîòåñà äëÿ âû÷èñëåíèÿ èíòåãðàëà

I(u) =

1∫

0

u(x) dx, (3.1)

ãäå ïîäûíòåãðàëüíàÿ ôóíêöèÿ u(x) èìååò ïðåäñòàâëåíèå (1.1) ñ îãðàíè÷åíèÿìè (1.2) è èìååò
ïðîèçâîäíûå, íå îãðàíè÷åííûå ïðè ìàëûõ çíà÷åíèÿõ ïàðàìåòðà ε.

Ïóñòü Ω - ðàâíîìåðíàÿ ñåòêà èíòåðâàëà [0, 1] ñ øàãîì h. Èçâåñòíî, ÷òî â ðåãóëÿðíîì
ñëó÷àå, êîãäà èíòåãðèðóåìàÿ ôóíêöèÿ èìååò îãðàíè÷åííûå ïðîèçâîäíûå, ñîñòàâíàÿ ôîð-
ìóëà, îñíîâàííàÿ íà ôîðìóëå Íüþòîíà-Êîòåñà ñ m óçëàìè, èìååò ïîãðåøíîñòü íå âûøå
O(hm) . Â [10]- [12] ïîêàçàíî, ÷òî åñëè ôóíêöèÿ u(x) ñîäåðæèò ïîãðàíñëîéíóþ ñîñòàâëÿ-
þùóþ, ñîîòâåòñòâóþùóþ ïðåäñòàâëåíèþ (1.1), òî ïîãðåøíîñòü ñîñòàâíûõ êâàäðàòóðíûõ
ôîðìóë, îñíîâàííûõ íà ôîðìóëàõ Íüþòîíà-Êîòåñà ñ ÷èñëîì óçëîâ m = 2, 3, 4, 5, ïðè ε ≤ h
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ñòàíîâèòñÿ âåëè÷èíîé ïîðÿäêà O(h). Òàêèì îáðàçîì, ïîãðåøíîñòü ôîðìóë Íüþòîíà-Êîòåñà
ñóùåñòâåííî ïîâûøàåòñÿ ñ óìåíüøåíèåì ïàðàìåòðà ε.

Äëÿ ïîâûøåíèÿ òî÷íîñòè â [10]-[12] ñòðîèëèñü àíàëîãè ôîðìóë Íüþòîíà-Êîòåñà íà ðàâ-
íîìåðíîé ñåòêå ñ ÷èñëîì óçëîâ îò äâóõ äî ïÿòè òàêèì îáðàçîì, ÷òîáû êâàäðàòóðíûå ôîðìó-
ëû áûëè òî÷íûìè íà ïîãðàíñëîéíîé ñîñòàâëÿþùåé, èçâåñòíîé ñ òî÷íîñòüþ äî ìíîæèòåëÿ.
Êâàäðàòóðíûå ôîðìóëû ñòðîèëèñü íà îñíîâå ïðèáëèæåíèÿ ïîäûíòåãðàëüíîé ôóíêöèè èí-
òåðïîëÿíòîì, òî÷íûì íà ïîãðàíñëîéíîé ñîñòàâëÿþùåé [6]. Â [10]-[12] äîêàçàíî, ÷òî åñëè
ïîñòðîåííàÿ êâàäðàòóðíàÿ ôîðìóëà èìååò m óçëîâ è (m − 1)-àÿ ïðîèçâîäíàÿ ðåãóëÿðíîé
ñîñòàâëÿþùåé ÿâëÿåòñÿ îãðàíè÷åííîé, òî ñîñòàâíàÿ ôîðìóëà èìååò ïîãðåøíîñòü ïîðÿäêà
O(hm−1), ðàâíîìåðíî ïî ïîãðàíñëîéíîé ñîñòàâëÿþùåé è åå ïðîèçâîäíûì.

Â äàííîé ðàáîòå äëÿ ïîâûøåíèÿ òî÷íîñòè èñïîëüçóåì äðóãîé ïîäõîä: ïðèìåíåíèå ôîð-
ìóëû Íüþòîíà-Êîòåñà íà êóñî÷íî-ðàâíîìåðíîé ñåòêå [2], ñãóùàþøåéñÿ â ïîãðàíè÷íîì ñëîå.

Èòàê, èñïîëüçóåì ñåòêó (2.1), (2.5) è îïðåäåëèì

Ik,m(u) =

xk+m−1∫

xk

u(x) dx (3.2)

äëÿ k = 0,m − 1, 2m − 2, . . . , N −m + 1. Äëÿ âû÷èñëåíèÿ èíòåãðàëà (3.2) ñòðîèì ôîðìóëó
Íüþòîíà-Êîòåñà ñ m óçëàìè, èñïîëüçóÿ ìíîãî÷ëåí Ëàãðàíæà (2.2):

Sk,m(u) =

xk+m−1∫

xk

Lk,m(u, x) dx. (3.3)

Ó÷èòûâàÿ (2.2), êâàäðàòóðíóþ ôîðìóëó (3.3) ìîæíî çàïèñàòü â âèäå:

Sk,m(u) =
k+m−1∑

n=k

Dnun, Dn =

xk+m−1∫

xk

Pn,k(x) dx. (3.4)

Íà îñíîâå (3.4) çàäàäèì ñîñòàâíóþ êâàäðàòóðíóþ ôîðìóëó:

Sm(u) =
N−m+1∑

k=0, m−1

Sk,m(u). (3.5)

Îöåíèì ïîãðåøíîñòü ñîñòàâíîé ôîðìóëû (3.5).
Ëåììà 2. Ïóñòü äëÿ ôóíêöè u(x) ñïðàâåäëèâî ïðåäñòàâëåíèå (1.1) ñ îãðàíè÷åíèÿìè

(1.2). Òîãäà äëÿ ôîðìóëû (3.5) íà ñåòêå (2.1), (2.5) äëÿ íåêîòîðîé ïîñòîÿííîé C ñïðàâåä-
ëèâû îöåíêè ïîãðåøíîñòè:

|I(u)− Sm(u)| ≤ C

Nm

[
1 + ε lnm+1 N

]
ïðè ε <

α

2m ln N
, (3.6)

|I(u)− Sm(u)| ≤ C

Nm
min

{ 1
εm

, lnm N
}

ïðè ε ≥ α

2m ln N
. (3.7)

Äîêàçàòåëüñòâî. Ðàññìîòðèì îáà ñëó÷àÿ äëÿ çíà÷åíèÿ σ èç (2.5).
Ïóñòü σ < 1/2.
Ïóñòü èíòåðâàë [xk, xk+m−1] íàõîäèòñÿ â ïîãðàíè÷íîì ñëîå. Ó÷èòûâàÿ îöåíêó (2.6), äëÿ

íåêîòîðîé ïîñòîÿííîé C2 ïîëó÷èì

|Ik,m(u)− Sk,m(u)| ≤ C12m−1

Nm+1

[
1 + (mα−1 ln N)m

]
(m− 1)α−1ε lnN ≤ C2ε

lnm+1 N

Nm+1
. (3.8)
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Ïóñòü èíòåðâàë [xk, xk+m−1] íàõîäèòñÿ âíå ïîãðàíè÷íîãî ñëîÿ. Ó÷èòûâàÿ (2.7), äëÿ íåêî-
òîðîé ïîñòîÿííîé C3 ïîëó÷èì

|Ik,m(u)− Sk,m(u)| ≤ C12m−1

mNm+1
(m− 1)

[
1 + 2m +

4m

2m

]
≤ C3

Nm+1
. (3.9)

Ïóñòü σ = 1/2. Ó÷èòûâàÿ (2.8), ïîëó÷èì

|Ik,m(u)− Sk,m(u)| ≤ C1

4Nm+1

m− 1
m

[
1 + min

{ 1
εm

,
(2m ln N

α

)m}]
.

Ñëåäîâàòåëüíî, äëÿ íåêîòîðîé ïîñòîÿííîé C4

|Ik,m(u)− Sk,m(u)| ≤ C4

Nm+1
min

{ 1
εm

, lnm N
}

. (3.10)

Òåïåðü îöåíèì ïîãðåøíîñòü ñîñòàâíîé êâàäðàòóðíîé ôîðìóëû (3.5).
Ïóñòü σ < 1/2. Ó÷èòûâàÿ îöåíêè (3.8), (3.9), äëÿ íåêîòîðîé ïîñòîÿííîé C ïîëó÷àåì

îöåíêó (3.6).
Ïóñòü σ = 1/2. Ó÷èòûâàÿ îöåíêó (3.10), ïîëó÷àåì îöåíêó (3.7). Ëåììà äîêàçàíà.
Èç îöåíîê (3.6), (3.7) ñëåäóåò, ÷òî ïðè ε ≈ 1 è ïðè äîñòàòî÷íî ìàëûõ çíà÷åíèÿõ ε äëÿ

ïîãðåøíîñòè ñîñòàâíîé êâàäðàòóðíîé ôîðìóëû, îñíîâàííîé íà ôîðìóëå Íüþòîíà-Êîòåñà ñ
m óçëàìè, ñïðàâåäëèâà îöåíêà

|I(u)− Sm(u)| ≤ C5

Nm
, (3.11)

êîòîðàÿ ñîîòâåòñòâóåò îöåíêå ïîãðåøíîñòè â ðåãóëÿðíîì ñëó÷àå, êîãäà ïðîèçâîäíûå èíòå-
ãðèðóåìîé ôóíêöèè ðàâíîìåðíî îãðàíè÷åíû [1].

Èçâåñòíî, ÷òî â ðåãóëÿðíîì ñëó÷àå äëÿ êâàäðàòóðíûõ ôîðìóë ñ íå÷åòíûì êîëè÷åñòâîì
óçëîâ îöåíêà ïîãðåøíîñòè (3.11) ìîæåò áûòü óëó÷øåíà íà ïîðÿäîê [1]. Ýòà îöåíêà ìîæåò
áûòü óëó÷øåíà è â ñëó÷àå èíòåãðèðîâàíèÿ ôóíêöèè, èìåþùåé ïðåäñòàâëåíèå (1.1)-(1.2).
Â [13] äëÿ òàêîé ôóíêöèè íà ñåòêå âèäà (2.1), (2.5) ïîëó÷åíà ðàâíîìåðíàÿ ïî ïàðàìåòðó ε
îöåíêà ïîãðåøíîñòè ôîðìóëû Ñèìïñîíà. Äîêàçàíî, ÷òî êâàäðàòóðíàÿ ôîðìóëà S3(u) èìååò
ïîãðåøíîñòü ïîðÿäêà O(N−4(1 + ε ln5 N)).

4 Ïðèìåíåíèå ìîäèôèöèðîâàííîé ñåòêè Øèøêèíà
Óëó÷øèì îöåíêó ïîãðåøíîñòè (2.17) íà îñíîâå ïðèìåíåíèÿ ìîäèôèöèðîâàííîé ñåòêè Øèø-
êèíà, êîãäà èíòåðâàë [0, 1] ðàçáèâàåòñÿ áîëüøå, ÷åì íà äâà èíòåðâàëà ñ ðàâíîìåðíûìè øà-
ãàìè. Òàêèå ñåòêè ïðèìåíÿëèñü, íàïðèìåð, â [14], [15] äëÿ ïîâûøåíèÿ òî÷íîñòè ðàçíîñòíûõ
ñõåì äëÿ ñèíãóëÿðíî âîçìóùåííûõ êðàåâûõ çàäà÷.

Ïóñòü èíòåðâàë [0, 1] ðàçáèâàåòñÿ íà K èíòåðâàëîâ ñ ðàâíîìåðíûìè øàãàìè. Êàê è
ðàíåå, ïðåäïîëàãàåì, ÷òî N - ÷èñëî èíòåðâàëîâ ñåòêè Ω è N êðàòíî K(m − 1). Èíòåðâàë
[0, 1] ðàçáèâàåì íà K èíòåðâàëîâ:

[0, 1] =
K⋃

j=1

[σj−1, σj ], (4.1)

ãäå
σ0 = 0, σj = min

{
2j−K ,

mε

α
ln ln . . . ln︸ ︷︷ ︸

K−j

N
}

, j = 1, 2, . . . , K − 1, σK = 1. (4.2)
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Ïðåäïîëàãàåì, ÷òî ln ln . . . ln︸ ︷︷ ︸
K−1

N > 0. Îòìåòèì, ÷òî äëÿ çàäàíèÿ σj âìåñòî 2j−K ìîæíî èñ-

ïîëüçîâàòü äðóãóþ ìîíîòîííî âîçðàñòàþùóþ ïî j ôóíêöèþ.
Íåñëîæíî óáåäèòüñÿ, ÷òî σ0 < σ1 < · · · < σK . Íà êàæäîì èíòåðâàëå [σj−1, σj ] çàäàäèì

ïîñòîÿííûé øàã τj :
τj = K(σj − σj−1)/N, j = 1, 2, . . . ,K. (4.3)

Îöåíèì ïîãðåøíîñòü èíòåðïîëÿöèè ìíîãî÷ëåíîì Ëàãðàíæà (2.2) íà ïðîèçâîëüíîì èíòåð-
âàëå [xk, xk+m−1] ïîñòðîåííîé ñåòêè.

Ïóñòü [xk, xk+m−1] ⊂ [σ0, σ1].
Ïóñòü â (4.2)

σ1 =
mε

α
ln ln . . . ln︸ ︷︷ ︸

K−1

N.

Ó÷èòûâàÿ (1.2), (2.9), (4.3), äëÿ íåêîòîðîé ïîñòîÿííîé C6 ïîëó÷àåì îöåíêó:
∣∣∣Φ(x)− Lk,m(Φ, x)

∣∣∣ ≤ C6

Nm

(
ln ln . . . ln︸ ︷︷ ︸

K−1

N
)m

, x ∈ [xk, xk+m−1]. (4.4)

Â ñëó÷àå σ1 = 21−K ó÷èòûâàåì, ÷òî

ε ≥ α 21−K

m ln ln . . . ln︸ ︷︷ ︸
K−1

N

è, èñïîëüçóÿ (1.2), (2.9), (4.3), ñíîâà ïîëó÷èì îöåíêó (4.4).
Ïóñòü [xk, xk+m−1] ⊂ [σj , σj+1], j = 1, 2, . . . , K − 2. Â ñîîòâåòñòâèè ñ (1.2), (2.9), (4.3)

∣∣∣Φ(x)− Lk,m(Φ, x)
∣∣∣ ≤ C1

4mεm
e−αε−1σj

(
K(σj+1 − σj)/N

)m
, x ∈ [xk, xk+m−1]. (4.5)

Ïóñòü
σj =

mε

α
ln ln . . . ln︸ ︷︷ ︸

K−j

N, σj+1 =
mε

α
ln ln . . . ln︸ ︷︷ ︸

K−j−1

N. (4.6)

Ó÷èòûâàÿ (4.6) â (4.5), ïîëó÷àåì:
∣∣∣Φ(x)− Lk,m(Φ, x)

∣∣∣ ≤ C1

4m

(mK

αN

)m(
1− ln ln . . . ln︸ ︷︷ ︸

K−j

N
/

ln ln . . . ln︸ ︷︷ ︸
K−j−1

N
)m

.

Ñëåäîâàòåëüíî, ∣∣∣Φ(x)− Lk,m(Φ, x)
∣∣∣ ≤ C1

4m

(mK

αN

)m
.

Èòàê, â äàííîì ñëó÷àå äëÿ íåêîòîðîé ïîñòîÿííîé C6

∣∣∣Φ(x)− Lk,m(Φ, x)
∣∣∣ ≤ C6

Nm
, x ∈ [xk, xk+m−1]. (4.7)

Ïóñòü
σj =

mε

α
ln ln . . . ln︸ ︷︷ ︸

K−j

N, σj+1 = 2j+1−K .

Òîãäà óñèëèâàåì íåðàâåíñòâî (4.5), çàìåíÿÿ σj+1 íà áîëüøåå çíà÷åíèå
mε

α
ln ln . . . ln︸ ︷︷ ︸

K−j−1

N
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è ïî àíàëîãèè ñ ïðåäûäóùèì ñëó÷àåì ïîëó÷àåì îöåíêó (4.7).
Ïóñòü

σj = 2j−K , σj+1 =
mε

α
ln ln . . . ln︸ ︷︷ ︸

K−j−1

N.

Òîãäà äëÿ íåêîòîðîé ïîñòîÿííîé C

ε−me−αε−1σj ≤ C.

Èñïîëüçóÿ ýòî íåðàâåíñòâî â (4.5), ïîëó÷àåì (4.7).
Àíàëîãè÷íî ìîæíî ïîêàçàòü, ÷òî è â ñëó÷àå

σj = 2j−K , σj+1 = 2j+1−K

ñïðàâåäëèâà îöåíêà (4.7).
Ïóñòü [xk, xk+m−1] ⊂ [σK−1, 1]. Ïî àíàëîãèè ñ ðàññìîòðåííûìè ñëó÷àÿìè ìîæíî óáå-

äèòüñÿ â ñïðàâåäëèâîñòè îöåíêè (4.7).
Â ñîîòâåòñòâèè ñ (1.2) ôóíêöèÿ q(x) èìååò îãðàíè÷åííûå ïðîèçâîäíûå äî ïîðÿäêà m.

Íåñëîæíî óáåäèòüñÿ, ÷òî òîãäà äëÿ ëþáîãî k è íåêîòîðîé ïîñòîÿííîé C6

∣∣∣q(x)− Lk,m(q, x)
∣∣∣ ≤ C6

Nm
, x ∈ [xk, xk+m−1]. (4.8)

Ó÷èòûâàÿ îöåíêè (4.4), (4.7), (4.8), ïîëó÷àåì, ÷òî äëÿ íåêîòîðîé ïîñòîÿííîé C ñïðàâåä-
ëèâà ñëåäóþùàÿ îöåíêà ïîãðåøíîñòè èíòåðïîëÿöèè ìíîãî÷ëåíîì Ëàãðàíæà íà èíòåðâàëå
[xk, xk+m−1] â ñëó÷àå ìîäèôèöèðîâàííîé ñåòêè Øèøêèíà:

∣∣∣u(x)− Lk,m(u, x)
∣∣∣ ≤





C

Nm

(
ln ln . . . ln︸ ︷︷ ︸

K−1

N
)m

, xk+m−1 ≤ σ1,

C

Nm
, xk ≥ σ1.

(4.9)

Ñðàâíèâàÿ îöåíêè (4.9) è (2.17), óáåæäàåìñÿ, ÷òî ïðèìåíåíèå ìîäèôèöèðîâàííîé ñåòêè
Øèøêèíà ïðèâîäèò ê ïîâûøåíèþ òî÷íîñòè ïîãðåøíîñòè èíòåðïîëÿöèè. Ïðè äîñòàòî÷íî
áîëüøèõ K ïîãðåøíîñòü èíòåðïîëÿöèè ñòàíîâèòñÿ âåëè÷èíîé ïîðÿäêà O(N−m), êàê è â
ðåãóëÿðíîì ñëó÷àå, êîãäà èíòåðïîëèðóåìàÿ ôóíêöèÿ èìååò ðàâíîìåðíî îãðàíè÷åííûå ïðî-
èçâîäíûå.
Ïîãðåøíîñòü ôîðìóëû Íüþòîíà-Êîòåñà. Ïðîâåäåì àíàëèç ïîãðåøíîñòè ñîñòàâíîé
ôîðìóëû Íüþòîíà-Êîòåñà íà ìîäèôèöèðîâàííîé ñåòêå Øèøêèíà. Äëÿ âû÷èñëåíèÿ èíòå-
ãðàëà (3.1) ïðèìåíÿåì ñîñòàâíóþ êâàäðàòóðíóþ ôîðìóëó (3.5) íà ñåòêå, çàäàâàåìîé ñîãëàñ-
íî (4.1)-(4.3). Èñïîëüçóÿ (4.9) è îöåíèâàÿ ïîãðåøíîñòü ñîñòàâíîé êâàäðàòóðíîé ôîðìóëû íà
èíòåðâàëàõ [σj , σj+1], j = 0, 1, . . . ,K−1, íåñëîæíî ïîêàçàòü, ÷òî äëÿ íåêîòîðîé ïîñòîÿííîé
C ñïðàâåäëèâà îöåíêà:

|I(u)− Sm(u)| ≤ C

Nm

[
1 + ε

(
ln ln . . . ln︸ ︷︷ ︸

K−1

N
)m+1]

.

Ïðè äîñòàòî÷íî áîëüøèõ K ïîãðåøíîñòü ñîñòàâíîé ôîðìóëû Íüþòîíà-Êîòåñà ñòàíîâèòñÿ
âåëè÷èíîé ïîðÿäêà O(N−m), êàê è â ðåãóëÿðíîì ñëó÷àå [1].
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5 ×èñëåííûå ýêñïåðèìåíòû
Ðàññìîòðèì ôóíêöèþ

u(x) = cos
πx

2
+ e−ε−1(x+x2/2), x ∈ [0, 1], ε > 0, (5.1)

êîòîðóþ ìîæíî ðàññìàòðèâàòü êàê ðåøåíèå çàäà÷è (1.3) ïðè çàäàíèè a1(x) = 1+x, a2(x) = 0
è ñîîòâåòñòâóþùèõ f(x), A, B. Îñòàíîâèìñÿ íà ñëó÷àå èíòåðïîëÿöèîííîãî ìíîãî÷ëåíà Ëàãðàí-
æà Lk,4(u, x) ñ óçëàìè èíòåðïîëÿöèè xk, xk+1, xk+2, xk+3 ïðîèçâîëüíîãî èíòåðâàëà [xk, xk+3],
k = 0, 3, 6, . . . , N − 3. Îïðåäåëèì ïîãðåøíîñòü

∆N,ε = max
k=0,3,...,N−3

max
j=1,2,3

|Lk,4(u, x̃k+j)− u(x̃k+j)|, x̃k+j = (xk+j + xk+j−1)/2

è âû÷èñëåííûé ïîðÿäîê òî÷íîñòè èíòåðïîëÿöèîííîãî ìíîãî÷ëåíà

MN,ε = log2

∆N,ε

∆2N,ε
. (5.2)

Â òàáëèöàõ ïîä e±m áóäåì ïîäðàçóìåâàòü 10±m.
Â Òàáë. 1 â ñëó÷àå ðàâíîìåðíîé ñåòêè ïðèâåäåíà ïîãðåøíîñòü êóñî÷íî-êóáè÷åñêîé èí-

òåðïîëÿöèè ∆N,ε â çàâèñèìîñòè îò N è ε. Ïðè ε = 1 èíòåðïîëÿöèîííàÿ ôîðìóëà îáëàäàåò
÷åòâåðòûì ïîðÿäêîì òî÷íîñòè ïî øàãó ñåòêè, îäíàêî ïîãðåøíîñòü ñòàíîâèòñÿ âåëè÷èíîé
ïîðÿäêà O(1) ïðè ìàëûõ çíà÷åíèÿõ ïàðàìåòðà ε.

Òàáëèöà 1: Ïîãðåøíîñòü êóñî÷íî-êóáè÷åñêîé èíòåðïîëÿöèè íà ðàâíîìåðíîé ñåòêå

ε N
24 48 96 192 384 768

1 4.43e− 7 2.89e− 8 1.84e− 9 1.16e− 10 7.31e− 12 4.58e− 13
10−1 4.04e− 4 2.85e− 5 1.88e− 6 1.21e− 7 7.64e− 9 4.80e− 10
10−2 2.03e− 1 7.14e− 2 1.28e− 2 1.44e− 3 1.23e− 4 8.99e− 6
10−3 3.12e− 1 3.12e− 1 3.07e− 1 2.44e− 1 1.08e− 1 2.41e− 2
10−4 3.12e− 1 3.12e− 1 3.12e− 1 3.12e− 1 3.12e− 1 3.11e− 1
10−5 3.12e− 1 3.12e− 1 3.12e− 1 3.12e− 1 3.12e− 1 3.12e− 1

Â Òàáë. 2 â ñëó÷àå êóñî÷íî-ðàâíîìåðíîé ñåòêè (2.1), (2.5) è m = 4 ïðèâåäåíû çíà÷åíèÿ
∆N,ε è MN,ε äëÿ êóñî÷íî-êóáè÷åñêîé èíòåðïîëÿöèè â çàâèñèìîñòè îò N è ε. Â ïîñëåäíåé
ñòðîêå òàáëèöû ïðèâåäåíà òåîðåòè÷åñêàÿ îöåíêà ïîðÿäêà òî÷íîñòè

MN = log2

16 ln4 N

ln4(2N)
,

ñîîòâåòñòâóþùàÿ ïåðâîé (íàèìåíåå òî÷íîé) îöåíêå â (2.17) ïðè m = 4. Ïðè ìàëûõ çíà÷å-
íèÿõ ε ñ ðîñòîì N âû÷èñëåííûé ïîðÿäîê òî÷íîñòè MN,ε ïðèáëèæàåòñÿ ê MN .

Òåïåðü îñòàíîâèìñÿ íà àíàëèçà ïîãðåøíîñòè èíòåðïîëÿöèè ìíîãî÷ëåíîì Ëàãðàíæà íà
ìîäèôèöèðîâàííîé ñåòêå Øèøêèíà (4.1)-(4.3). Îñòàíîâèìñÿ íà ñëó÷àå, êîãäà èíòåðâàë [0, 1]
ðàçáèâàåòñÿ íà òðè ïîäèíòåðâàëà ñ çàäàíèåì

σ1 = min
{1

4
,
4ε

α
ln lnN

}
, σ2 = min

{1
2
,
4ε

α
ln N

}
(5.3)

è ðàâíîìåðíûõ øàãîâ ñåòêè íà êàæäîì ïîäèíòåðâàëå:

τ1 =
4σ1

N
, τ2 =

4(σ2 − σ1)
N

, τ3 =
2(1− σ2)

N
. (5.4)
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Òàáëèöà 2: Ïîãðåøíîñòü è ïîðÿäîê òî÷íîñòè êóñî÷íî-êóáè÷åñêîé èíòåðïîëÿöèè íà ñåòêå
Øèøêèíà

ε N
24 48 96 192 384 768

1 4.43e− 7 2.89e− 8 1.84e− 9 1.16e− 10 7.31e− 12 4.58e− 13
3.94 3.97 3.98 3.99 3.99 3.98

10−1 4.04e− 4 2.85e− 5 1.88e− 6 1.21e− 7 7.64e− 9 4.80e− 10
3.82 3.92 3.96 3.98 3.99 3.99

10−2 1.34e− 2 2.94e− 3 4.84e− 4 6.46e− 5 7.44e− 6 7.73e− 7
2.19 2.60 2.90 3.11 3.26 3.37

10−3 1.37e− 2 3.03e− 3 5.03e− 4 6.76e− 5 7.82e− 6 8.14e− 7
2.17 2.59 2.89 3.11 3.26 3.36

10−4 1.37e− 2 3.00e− 3 5.05e− 4 6.79e− 5 7.86e− 6 8.20e− 7
2.17 2.58 2.89 3.11 3.26 3.36

10−5 1.37e− 2 3.04e− 3 5.05e− 4 6.79e− 5 7.86e− 6 8.19e− 7
2.17 2.58 2.89 3.11 3.26 3.36

MN 2.86 3.05 3.18 3.28 3.36 3.43

Â Òàáë. 3 â ñëó÷àå êóñî÷íî-ðàâíîìåðíîé ñåòêè, ñîîòâåòñòâóþùåé (5.3)-(5.4), ïðèâåäå-
íû çíà÷åíèÿ ∆N,ε è MN,ε äëÿ êóñî÷íî-êóáè÷åñêîé èíòåðïîëÿöèè â çàâèñèìîñòè îò N è ε.
Â ïîñëåäíåé ñòðîêå òàáëèöû ïðè ðàçëè÷íûõ N ïðèâåäåíà òåîðåòè÷åñêàÿ îöåíêà ïîðÿäêà
òî÷íîñòè:

PN = log2

16(ln lnN)4

(ln ln(2N))4
,

ñîîòâåòñòâóþùàÿ ïåðâîé îöåíêå â (4.9) ïðè m = 4 è K = 3. Ïðè ìàëûõ çíà÷åíèÿõ ε ñ
ðîñòîì N âû÷èñëåííûé ïîðÿäîê òî÷íîñòè MN,ε ïðèáëèæàåòñÿ ê PN , ÷òî ïîäòâåðæäàåò
îöåíêó (4.9).

Èç ñðàâíåíèÿ òàáëèö 2 è 3 ñëåäóåò, ÷òî ïðè ìîäèôèêàöèè ñåòêè Øèøêèíà ïîâûøàåòñÿ
òî÷íîñòü èíòåðïîëÿöèè ìíîãî÷ëåíîì Ëàãðàíæà ôóíêöèè ñ ïîãðàíñëîéíîé ñîñòàâëÿþùåé.

Àíàëîãè÷íûì îáðàçîì áûëè ïðîâåäåíû âû÷èñëèòåëüíûå ýêñïåðèìåíòû ñ èñïîëüçîâàíè-
åì ìíîãî÷ëåíà Ëàãðàíæà ñ äâóìÿ è òðåìÿ óçëàìè èíòåðïîëÿöèè. Êàê è â ñëó÷àå ÷åòûðåõ
óçëîâ èíòåðïîëÿöèè, ïîëó÷åíû ïîãðåøíîñòè, ïîäòâåðæäàþùèå îöåíêè (2.17) è (4.9).

Òåïåðü îñòàíîâèìñÿ íà àíàëèçå ôîðìóëû Íüþòîíà-Êîòåñà ñ ÷åòûðüìÿ óçëàìè äëÿ âû-
÷èñëåíèÿ èíòåãðàëà îò ôóíêöèè ñ ïîãðàíñëîéíîé ñîñòàâëÿþùåé:

I(u) =

1∫

0

u(x) dx, u(x) = cos
πx

2
+ e−x/ε, ε > 0.

Âûïèøåì êâàäðàòóðíóþ ôîðìóëó äëÿ êàæäîãî èíòåðâàëà [xk, xk+3]:

Sk,4(u) =
3τk

8
(uk + 3uk+1 + 3uk+2 + uk+3),

ãäå k = 0, 3, 6, . . . , N − 3 è τk � ïîñòîÿííûé øàã èíòåðâàëà [xk, xk+3]. Òåïåðü âûïèøåì
ñîñòàâíóþ êâàäðàòóðíóþ ôîðìóëó:

S4(u) =
N−3∑

k=0,3

Sk,4(u). (5.5)
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Òàáëèöà 3: Ïîãðåøíîñòü è ïîðÿäîê òî÷íîñòè êóñî÷íî-êóáè÷åñêîé èíòåðïîëÿöèè íà ìîäè-
ôèöèðîâàííîé ñåòêå Øèøêèíà

ε N
24 48 96 192 384 768

1 1.43e− 7 9.23e− 9 5.86e− 10 3.69e− 11 2.31e− 12 1.44e− 13
3.95 3.97 3.98 3.99 3.99 3.99

10−1 1.36e− 4 9.28e− 6 6.03e− 7 3.84e− 8 2.42e− 9 1.52e− 10
3.87 3.94 3.97 3.98 3.99 3.99

10−2 2.04e− 3 3.18e− 4 3.77e− 4 3.76e− 6 3.30e− 7 2.71e− 8
2.68 3.07 3.33 3.49 3.60 3.68

10−3 2.11e− 3 3.32e− 4 3.95e− 5 3.93e− 6 3.48e− 7 2.86e− 8
2.67 3.07 3.32 3.49 3.60 3.67

10−4 2.12e− 3 3.33e− 4 3.97e− 5 3.95e− 6 3.50e− 7 2.87e− 8
2.67 3.06 3.32 3.49 3.60 3.67

10−5 2.12e− 3 3.33e− 4 3.97e− 5 3.95e− 6 3.50e− 7 2.88e− 8
2.67 3.06 3.31 3.49 3.60 3.67

PN 3.09 3.34 3.49 3.59 3.65 3.71

Òàáëèöà 4: Ïîãðåøíîñòü êâàäðàòóðíîé ôîðìóëû (5.5) íà ðàâíîìåðíîé ñåòêå

ε N
24 48 96 192 384 768

1 1.69e− 7 1.06e− 8 6.63e− 10 4.15e− 11 2.59e− 12 1.61e− 13
10−1 3.63e− 5 2.33e− 6 1.47e− 7 9.23e− 9 5.77e− 10 3.61e− 11
10−2 6.36e− 3 1.13e− 3 1.17e− 4 8.64e− 6 5.66e− 7 3.58e− 8
10−3 1.46e− 2 6.81e− 3 2.91e− 3 9.85e− 4 2.10e− 4 2.55e− 5
10−4 1.55e− 2 7.71e− 3 3.81e− 3 1.85e− 3 8.77e− 4 3.88e− 4
10−5 1.56e− 2 7.80e− 3 3.89e− 3 1.94e− 3 9.67e− 4 4.78e− 4

Äëÿ çàäàííûõ ε è N âû÷èñëÿåì ïîãðåøíîñòü

∆N,ε = |I(u)− S4(u)|.
Äàëåå îïðåäåëÿåì âû÷èñëåííûé ïîðÿäîê òî÷íîñòè êâàäðàòóðíîé ôîðìóëû â ñîîòâåòñòâèè
ñ ñîîòíîøåíèåì (5.2).

Â Òàáë. 4 ïðè ðàçëè÷íûõ çíà÷åíèÿõ ε è N ïðèâåäåíà ïîãðåøíîñòü ∆N,ε êâàäðàòóðíîé
ôîðìóëû S4(u) â ñëó÷àå ðàâíîìåðíîé ñåòêè. Òî÷íîñòü êâàäðàòóðíîé ôîðìóëû ïîíèæàåò-
ñÿ ñ óìåíüøåíèåì ε. Ïðè ýòîì ïîðÿäîê òî÷íîñòè êâàäðàòóðíîé ôîðìóëû ïîíèæàåòñÿ ñ
÷åòâåðòîãî äî ïåðâîãî ñ óìåíüøåíèåì ε.

Â Òàáë. 5 ïðè ðàçëè÷íûõ çíà÷åíèÿõ ε è N ïðèâåäåíû ïîãðåøíîñòü ∆N,ε è ïîðÿäîê
òî÷íîñòè MN,ε êâàäðàòóðíîé ôîðìóëû S4(u) íà êóñî÷íî-ðàâíîìåðíîé ñåòêå (2.1), (2.5) ïðè
m = 4. Ñ óìåíüøåíèåì ε ïîãðåøíîñòü êâàäðàòóðíîé ôîðìóëû ñíà÷àëà óâåëè÷èâàåòñÿ, à
çàòåì óìåíüøàåòñÿ, ÷òî ñîîòâåòñòâóåò îöåíêàì (3.6), (3.7). Âû÷èñëåííûé ïîðÿäîê òî÷íîñòè
áëèçîê ê ÷åòûðåì ïðè ε ≈ 1 è ïðè ìàëûõ çà÷åíèÿõ ε.

Â Òàáë. 6 ïðè ðàçëè÷íûõ çíà÷åíèÿõ ε è N ïðèâåäåíû ïîãðåøíîñòü ∆N,ε è ïîðÿäîê òî÷-
íîñòè MN,ε êâàäðàòóðíîé ôîðìóëû S4(u) íà ìîäèôèöèðîâàííîé ñåòêå Øèøêèíà, ñîîòâåò-
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Òàáëèöà 5: Ïîãðåøíîñòü è âû÷èñëåííûé ïîðÿäîê òî÷íîñòè êâàäðàòóðíîé ôîðìóëû (5.5) íà
ñåòêå Øèøêèíà

ε N
24 48 96 192 384 768

1 1.69e− 7 1.06e− 8 6.63e− 10 4.15e− 11 2.59e− 12 1.61e− 13
4.00 4.00 4.00 4.00 4.01

10−1 3.63e− 5 2.33e− 6 1.47e− 7 9.23e− 9 5.77e− 10 3.61e− 11
3.96 3.99 3.99 4.00 4.00

10−2 1.25e− 4 1.97e− 5 2.53e− 6 2.85e− 7 2.94e− 8 2.86e− 9
2.67 2.96 3.18 3.28 3.36

10−3 1.46e− 5 2.10e− 6 2.61e− 7 2.90e− 8 2.97e− 9 2.88e− 10
2.80 3.00 3.17 3.29 3.37

10−4 3.66e− 6 3.44e− 7 3.44e− 8 3.41e− 9 3.29e− 10 3.08e− 11
3.41 3.32 3.34 3.37 3.42

10−5 2.56e− 6 1.68e− 7 1.17e− 8 8.57e− 10 6.51e− 11 5.09e− 12
3.93 3.84 3.77 3.72 3.68

ñòâóþùåé (5.3)-(5.4). Âû÷èñëåííûé ïîðÿäîê òî÷íîñòè êâàäðàòóðíîé ôîðìóëû ïîâûñèëñÿ
ïðè ìîäèôèêàöèè ñåòêè Øèøêèíà.

Òàáëèöà 6: Ïîãðåøíîñòü è âû÷èñëåííûé ïîðÿäîê òî÷íîñòè êâàäðàòóðíîé ôîðìóëû (5.5) íà
ìîäèôèöèðîâàííîé ñåòêå Øèøêèíà

ε N
24 48 96 192 384 768

1 1.69e− 7 1.06e− 8 6.63e− 10 4.15e− 11 2.59e− 12 1.61e− 13
4.00 4.00 4.00 4.00 4.01

10−1 3.63e− 5 2.33e− 6 1.47e− 7 9.23e− 9 5.77e− 10 3.61e− 11
3.96 3.99 3.99 4.00 4.00

10−2 4.22e− 5 5.21e− 6 5.25e− 7 4.69e− 8 3.90e− 9 3.09e− 10
3.02 3.31 3.49 3.59 3.66

10−3 6.38e− 6 6.52e− 7 6.05e− 8 5.19e− 9 4.21e− 10 3.28e− 11
3.29 3.43 3.54 3.62 3.68

10−4 2.83e− 6 1.99e− 7 1.43e− 8 1.03e− 9 7.42e− 11 5.29e− 12
3.83 3.80 3.80 3.80 3.81

10−5 2.48e− 6 1.54e− 7 9.73e− 9 6.19e− 10 3.96e− 11 2.54e− 12
4.01 3.98 3.98 3.97 3.96

6 Çàêëþ÷åíèå
Ïðîâåäåí àíàëèç òî÷íîñòè èíòåðïîëÿöèîííîãî ìíîãî÷ëåíà Ëàãðàíæà ïðè èíòåðïîëÿöèè
ôóíêöèè îäíîé ïåðåìåííîé, ñîîòâåòñòâóþùåé ðåøåíèþ ñèíãóëÿðíî âîçìóùåííîé êðàåâîé
çàäà÷è ñ ýêñïîíåíöèàëüíûì ïîãðàíè÷íûì ñëîåì. Ïîêàçàíî, ÷òî â ñëó÷àå ðàâíîìåðíîé ñåòêè
ïîãðåøíîñòü èíòåðïîëÿöèè ìîæåò áûòü çíà÷èòåëüíîé. Ïîëó÷åíà ðàâíîìåðíàÿ ïî ìàëîìó
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ïàðàìåòðó îöåíêà ïîãðåøíîñòè èíòåðïîëÿöèè ìíîãî÷ëåíîì Ëàãðàíæà íà ñåòêå Øèøêèíà.
Ïîêàçàíî, ÷òî ìîäèôèêàöèÿ ñåòêè Øèøêèíà, ïðè êîòîðîé èñõîäíûé èíòåðâàë ðàçáèâàåòñÿ
áîëåå, ÷åì íà äâà ïîäèíòåðâàëà ñ ðàâíîìåðíûìè øàãàìè, ïðèâîäèò ê óìåíüøåíèþ ïîãðåø-
íîñòè èíòåðïîëÿöèè. Íà îñíîâå àíàëèçà ïîãðåøíîñòè èíòåðïîëÿöèè ìíîãî÷ëåíîì Ëàãðàíæà
ïîëó÷åíû îöåíêè ïîãðåøíîñòè ñîñòàâíûõ êâàäðàòóðíûõ ôîðìóë Íüþòîíà-Êîòåñà íà ñåòêå
Øèøêèíà è åå ìîäèôèêàöèè. Ýòè îöåíêè ðàâíîìåðíû ïî ìàëîìó ïàðàìåòðó.
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Êëþ÷åâûå ñëîâà: ôóíêöèÿ îäíîé ïåðåìåííîé, ïîãðàíè÷íûé ñëîé, áîëüøèå ãðàäèåíòû,
ñåòêà Øèøêèíà, èíòåðïîëÿöèÿ Ëàãðàíæà, ôîðìóëà Íüþòîíà-Êîòåñà, îöåíêà ïîãðåøíîñòè.

Çàäîðèí À. È. Èíòåðïîëÿöèÿ Ëàãðàíæà è ôîðìóëû Íüþòîíà-Êîòåñà äëÿ ôóíêöèé ñ
ïîãðàíñëîéíîé ñîñòàâëÿþùåé íà êóñî÷íî-ðàâíîìåðíûõ ñåòêàõ.

ÓÄÊ 519.652

Èññëåäóåòñÿ âîïðîñ èòåðïîëÿöèè ôóíêöèè îäíîé ïåðåìåííîé, ñîîòâåòñòâóþùåé ðåøå-
íèþ êðàåâîé çàäà÷è äëÿ óðàâíåíèÿ ñ ìàëûì ïàðàìåòðîì ε ïðè ñòàðøåé ïðîèçâîäíîé. Ïðè-
ìåíåíèå ìíîãî÷ëåíà Ëàãðàíæà íà ðàâíîìåðíîé ñåòêå äëÿ èíòåðïîëÿöèè òàêîé ôóíêöèè
ìîæåò ïðèâåñòè ê çíà÷èòåëüíûì ïîãðåøíîñòÿì. Ïîëó÷åíû ε-ðàâíîìåðíûå îöåíêè ïîãðåø-
íîñòè èíòåðïîëÿöèè ìíîãî÷ëåíîì Ëàãðàíæà íà ñåòêå Øèøêèíà. Ïðèâåäåíà ìîäèôèêàöèÿ
ñåòêè Øèøêèíà, ïîâûøàþùàÿ òî÷íîñòü èíòåðïîëÿöèè. Ïîëó÷åíû ε-ðàâíîìåðíûå îöåíêè
ïîãðåøíîñòè ôîðìóë Íüþòîíà-Êîòåñà íà òàêèõ ñåòêàõ. Îáñóæäàþòñÿ ðåçóëüòàòû ÷èñëåí-
íûõ ýêñïåðèìåíòîâ.
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The interpolation problem of a one-variable function, which can be considered as a solution
of a boundary value problem for a equation with a small parameter ε before highest derivative
is investigated. The application of Lagrange interpolation for such functions on a uniform grid
can lead to signi�cant errors. In the case of Shishkin mesh ε-uniform error estimates of Lagrange
interpolation are obtained. Shishkin mesh is modi�ed to increase the interpolation accuracy. The
ε-uniform error estimates of Newton-Cotes formulas on such meshes are obtained. Numerical
results are discussed
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