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Àííîòàöèÿ

Ðàññìàòðèâàåòñÿ çàäà÷à ïàðàáîëè÷åñêîé ñïëàéí-èíòåðïîëÿöèè ïî Ñóááîòèíó ôóíê-
öèé ñ áîëüøèìè ãðàäèåíòàìè â ïîãðàíè÷íîì ñëîå. Äîêàçàíà íåýôôåêòèâíîñòü ïðè-
ìåíåíèÿ ðàâíîìåðíûõ ñåòîê. Ýêñïåðèìåíòàëüíî ïîêàçàíî, ÷òî ïðè ïàðàáîëè÷åñêîé
ñïëàéí-èíòåðïîëÿöèè ôóíêöèé ñ áîëüøèìè ãðàäèåíòàìè â ýêñïîíåíöèàëüíîì ïîãðà-
íè÷íîì ñëîå íà øèðîêî ïðèìåíÿåìîé ñåòêå Øèøêèíà ïîãðåøíîñòü ìîæåò íåîãðà-
íè÷åííî ðàñòè ïðè ñòðåìëåíèè ìàëîãî ïàðàìåòðà ê íóëþ ïðè ôèêñèðîâàííîì ÷èñëå
óçëîâ ñåòêè. Ïðåäëîæåí àïïðîêñèìàöèîííûé ïðîöåññ ïàðàáîëè÷åñêèìè ñïëàéíàìè
äåôåêòà 1, äëÿ êîòîðîãî ïîëó÷åíû ðàâíîìåðíûå ïî ìàëîìó ïàðàìåòðó îöåíêè ïî-
ãðåøíîñòè.

Êëþ÷åâûå ñëîâà: ñèíãóëÿðíîå âîçìóùåíèå, ïîãðàíè÷íûé ñëîé, ñåòêà Øèøêèíà,
ïàðàáîëè÷åñêèé ñïëàéí, ìîäèôèêàöèÿ, îöåíêà ïîãðåøíîñòè.

Ââåäåíèå

Êîíâåêòèâíî-äèôôóçèîííûå ïðîöåññû ñ ïðåîáëàäàþùåé êîíâåêöèåé, êàê èçâåñòíî, ìî-
äåëèðóþòñÿ íà îñíîâå êðàåâûõ çàäà÷ äëÿ óðàâíåíèé ñ ìàëûì ïàðàìåòðîì ε ïðè ñòàðøèõ
ïðîèçâîäíûõ. Ðåøåíèÿ òàêèõ çàäà÷ èìåþò áîëüøèå ãðàäèåíòû, ÷òî ñêàçûâàåòñÿ íà òî÷-
íîñòè êëàññè÷åñêèõ ðàçíîñòíûõ ñõåì. Äëÿ ÷èñëåííîãî ðåøåíèÿ òàêèõ çàäà÷ ñòðîÿòñÿ
ñïåöèàëüíûå ðàçíîñòíûå ñõåìû, îáëàäàþùèå ðàâíîìåðíîé ïî ïàðàìåòðó ε òî÷íîñòüþ.
Øèðîêî èçâåñòíû äâà ïîäõîäà äëÿ ïîñòðîåíèÿ ε-ðàâíîìåðíî ñõîäÿùèõñÿ ðàçíîñòíûõ
ñõåì: ïîäãîíêà ñõåìû ê ïîãðàíñëîéíîé ñîñòàâëÿþùåé [1] è ïðèìåíåíèå êëàññè÷åñêèõ
ðàçíîñòíûõ ñõåì íà ñåòêàõ, ñãóùàþùèõñÿ â ïîãðàíè÷íîì ñëîå [2, 3]. Â áîëüøèíñòâå
ñëó÷àåâ ïðèìåíÿþòñÿ ñõåìû íà ñãóùàþùèõñÿ ñåòêàõ, ïîñêîëüêó, êàê ïîêàçàíî â [4], äëÿ
ìíîãèõ âàæíûõ êëàññîâ óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ íåâîçìîæíî ïîñòðîåíèå ðàâ-
íîìåðíî ñõîäÿùèõñÿ ïîäãîíî÷íûõ ñõåì. Â ïîñëåäíåå âðåìÿ íàèáîëüøåå ðàñïðîñòðàíåíèå
ïîëó÷èëè êóñî÷íî-ðàâíîìåðíûå ñåòêè Øèøêèíà [3]. Îäíàêî ïîñëå ïîëó÷åíèÿ ñåòî÷íîãî
ðåøåíèÿ âàæíîé ÿâëÿåòñÿ çàäà÷à ïîñòðîåíèÿ ãëàäêîãî âîñïîëíåíèÿ äëÿ âñåõ çíà÷åíèé
íåçàâèñèìûõ àðãóìåíòîâ ñ ïîãðåøíîñòüþ, ñîîòâåòñòâóþùåé ïîãðåøíîñòè ðàçíîñòíîé
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ñõåìû. Ïîýòîìó íåîáõîäèì ñîîòâåòñòâóþùèé ñõîäÿùèéñÿ òàêæå ðàâíîìåðíî ïî ìàëîìó
ïàðàìåòðó è ñ òåì æå ïîðÿäêîì òî÷íîñòè àïïðîêñèìàöèîííûé ïðîöåññ.

Îäíèì èç íàèáîëåå ðàñïðîñòðàíåííûõ ïîäõîäîâ ê ðåøåíèþ òàêèõ çàäà÷ ÿâëÿåòñÿ
ñïëàéí-èíòåðïîëÿöèÿ. Â ÷àñòíîñòè, ïàðàáîëè÷åñêèå ñïëàéíû øèðîêî ïðèìåíÿþòñÿ äëÿ
ãëàäêîé èíòåðïîëÿöèè ôóíêöèé. Òàêèå ñïëàéíû èññëåäîâàíû â [5, 7�9] è âî ìíîãèõ
äðóãèõ ðàáîòàõ. Îäíàêî, â ñîîòâåòñòâèè ñ [10] ïðèìåíåíèå ïîëèíîìèàëüíûõ èíòåðïî-
ëÿöèîííûõ ôîðìóë ê ôóíêöèÿì ñ áîëüøèìè ãðàäèåíòàìè â ïîãðàíè÷íîì ñëîå ìîæåò
ïðèâîäèòü ê ñóùåñòâåííûì ïîãðåøíîñòÿì. Â [11] ïîêàçàíî, ÷òî ïîãðåøíîñòü êóñî÷íî-
ïîëèíîìèàëüíîé èíòåðïîëÿöèè íà ñåòêå Øèøêèíà [3] ðàâíîìåðíà ïî âîçìóùàþùåìó
ïàðàìåòðó ε. Îäíàêî òàêàÿ èíòåðïîëÿöèÿ íå ÿâëÿåòñÿ ãëàäêîé. Â [12] äëÿ ôóíêöèé ñ
áîëüøèìè ãðàäèåíòàìè â ïîãðàíè÷íîì ñëîå ïîñòðîåí íåïîëèíîìèàëüíûé àíàëîã ãëàäêî-
ãî ïàðàáîëè÷åñêîãî ñïëàéíà. Ïîñòðîåííûé ñïëàéí ÿâëÿåòñÿ òî÷íûì íà ïîãðàíñëîéíîé
ñîñòàâëÿþùåé, çàäàþùåé îñíîâíîé ðîñò ôóíêöèè â ïîãðàíè÷íîì ñëîå, íà ðàâíîìåðíîé
ñåòêå ïîëó÷åíà îöåíêà ïîãðåøíîñòè, ðàâíîìåðíàÿ ïî âûäåëåííîé ñ òî÷íîñòüþ äî ìíîæè-
òåëÿ ïîãðàíñëîéíîé ñîñòàâëÿþùåé. Îäíàêî âèä ïîãðàíñëîéíîé ñîñòàâëÿþùåé íå âñåãäà
èçâåñòåí, è â ýòîì ñëó÷àå íàèáîëåå åñòåñòâåííîé ïðåäñòàâëÿåòñÿ êëàññè÷åñêàÿ ñïëàéí-
èíòåðïîëÿöèÿ íà ñåòêàõ, äëÿ êîòîðûõ ïîëó÷åíû ðàçíîñòíûå ðåøåíèÿ.

Â äàííîé ðàáîòå èññëåäóåòñÿ ïàðàáîëè÷åñêàÿ ñïëàéí-èíòåðïîëÿöèÿ ïî Ñóááîòèíó
[6, 7] íà êóñî÷íî-ðàâíîìåðíîé ñåòêå [3] äëÿ èíòåðïîëÿöèè ôóíêöèé ñ áîëüøèìè ãðà-
äèåíòàìè â ïîãðàíè÷íîì ñëîå. Äîêàçûâàåòñÿ íåïðèãîäíîñòü ïðèìåíåíèÿ ðàâíîìåðíûõ
ñåòîê. Äëÿ òðàäèöèîííîé ïàðàáîëè÷åñêîé ñïëàéí- èíòåðïîëÿöèè ÷èñëåííî ïîêàçàíî, ÷òî
ïðè ε → 0 ïîãðåøíîñòü èíòåðïîëÿöèè ìîæåò íåîãðàíè÷åííî âîçðàñòàòü, ñõîäèìîñòü
èíòåðïîëÿöèîííîãî ïðîöåññà íå ÿâëÿåòñÿ ðàâíîìåðíîé ïî ìàëîìó ïàðàìåòðó, è íåîáõîäè-
ìà ðàçðàáîòêà ñïåöèàëüíûõ ðàâíîìåðíî ïî ïàðàìåòðó ñõîäÿùèõñÿ àïïðîêñèìàöèîííûõ
ïðîöåññîâ äëÿ äàííîãî êëàññà çàäà÷. Òàêîé àïïðîêñèìàöèîííûé ïðîöåññ ïðåäëîæåí è
èññëåäîâàí â íàñòîÿùåé ðàáîòå.

Îñíîâíûå îáîçíà÷åíèÿ. Ïóñòü Ω = {xn, n = 0, 1, . . . , N} � ñåòêà èíòåðâàëà [0, 1].
Îáîçíà÷èì ÷åðåç S(Ω, k, 1) ïðîñòðàíñòâî ïîëèíîìèàëüíûõ ñïëàéíîâ ñòåïåíè k äåôåêòà
1 [9] íà ñåòêå Ω. Â ñëó÷àå íåîáõîäèìîñòè áóäåì ñ÷èòàòü ðàçáèåíèå Ω ïðîäîëæåííûì ëåâåå
òî÷êè 0 ñ øàãîì h1 = x1 − x0 è ïðàâåå òî÷êè 1 ñ øàãîì hN = xN − xN−1. Ïîä C è Cj

áóäåì ïîäðàçóìåâàòü ïîëîæèòåëüíûå ïîñòîÿííûå, íå çàâèñÿùèå îò ïàðàìåòðà ε è ÷èñëà
óçëîâ ñåòêè. Ïðè ýòîì îäèí è òîò æå ñèìâîë Cj ìîæåò îáîçíà÷àòü ðàçíûå êîíñòàíòû.
Áóäåì ïèñàòü f(ε, N) = O(g(ε, N)), åñëè ïðè âñåõ äîñòàòî÷íî áîëüøèõ íàòóðàëüíûõ N
è ε ∈ (0, 1] ñïðàâåäëèâî íåðàâåíñòâî |f | ≤ C|g|. Áóäåì ïèñàòü f = O∗(g), åñëè f = O(g)
è g = O(f), ò.å. ñèìâîë O∗ îçíà÷àåò, ÷òî f(ε, N) è g(ε, N) � âåëè÷èíû îäíîãî ïîðÿäêà
ïðè N →∞, ε ∈ (0, 1]. Ïóñòü C[a, b], L2[a, b] - ïðîñòðàíñòâà íåïðåðûâíûõ è êâàäðàòè÷íî
ñóììèðóåìûõ íà [a, b] ôóíêöèé ñ íîðìàìè ‖ · ‖C[a,b] è ‖ · ‖L2[a,b] ñîîòâåòñòâåííî, (·, ·)
- ñêàëÿðíîå ïðîèçâåäåíèå â L2[0, 1]. Ïóñòü ‖ A ‖∞= max

1≤i≤n

∑n
j=1 |aij | îáîçíà÷àåò íîðìó

êâàäðàòíîé n×n ìàòðèöû, ñîãëàñîâàííîé ñ ìàêñèìóì-íîðìîé âåêòîðà. Áóäåì ãîâîðèòü,
÷òî êâàäðàòíàÿ ìàòðèöà A = {akl} èìååò äèàãîíàëüíîå ïðåîáëàäàíèå ïî ñòðîêàì ñ
ïîêàçàòåëåì ïðåîáëàäàíèÿ r > 0, åñëè ñïðàâåäëèâà ôîðìóëà

min
k

(|akk| −
∑
l 6=k

|akl|) = r.
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1 Ïîñòàíîâêà çàäà÷è

Áóäåì ïðåäïîëàãàòü, ÷òî èíòåðïîëèðóåìàÿ ôóíêöèÿ u(x) ïðåäñòàâèìà â âèäå:

u(x) = q(x) + Φ(x), x ∈ [0, 1], (1.1)

ãäå

|q(j)(x)| ≤ C1, |Φ(j)(x)| ≤ C1

εj
e−x/ε, 0 ≤ j ≤ 3, (1.2)

ãäå ôóíêöèè q(x) è Φ(x) â ÿâíîì âèäå íå çàäàíû, ε ∈ (0, 1].
Ñîãëàñíî (1.2), ðåãóëÿðíàÿ ñîñòàâëÿþùàÿ q(x) èìååò ïðîèçâîäíûå, îãðàíè÷åííûå

äî òðåòüåãî ïîðÿäêà, à ïîãðàíñëîéíàÿ ñîñòàâëÿþùàÿ Φ(x) èìååò ïðîèçâîäíûå, íå îãðà-
íè÷åííûå ðàâíîìåðíî ïî ïàðàìåòðó ε.

Â ñîîòâåòñòâèè ñ [3, 13, 14] ïðåäñòàâëåíèå (1.1) ñ îãðàíè÷åíèÿìè (1.2) èìååò ìåñòî
äëÿ ðåøåíèÿ ñèíãóëÿðíî âîçìóùåííîé êðàåâîé çàäà÷è :

εu′′(x) + a1(x)u′(x)− a2(x)u(x) = f(x), u(0) = A, u(1) = B, (1.3)

ãäå
a1(x) ≥ 1, a2(x) ≥ 0, ε > 0,

ôóíêöèè a1(x), a2(x), f(x) � äîñòàòî÷íî ãëàäêèå. Ïðè ìàëûõ çíà÷åíèÿõ ïàðàìåòðà ε
ðåøåíèå çàäà÷è (1.3) èìååò áîëüøèå ãðàäèåíòû â ïîãðàíñëîéíîé îáëàñòè ó ãðàíèöû x = 0
è ïðåäñòàâèìî â âèäå (1.1), ïðè ýòîì ïàðàìåòð ε â (1.2) ñîîòâåòñòâóþò îáîçíà÷åíèÿì
çàäà÷è (1.3).

Èññëåäóåì çàäà÷ó ïàðàáîëè÷åñêîé ñïëàéí-èíòåðïîëÿöèè ôóíêöèé ñ áîëüøèìè ãðà-
äèåíòàìè, èìåþùèõ ïðåäñòàâëåíèå (1.1).

2 Ôîðìóëèðîâêà îñíîâíûõ ðåçóëüòàòîâ

Ïóñòü Ω � íåêîòîðàÿ ñåòêà èíòåðâàëà [0, 1] ñ óçëàìè xn, n = 0, 1, . . . , N , x0 = 0, xN = 1,
è øàãàìè hn = xn − xn−1, 1 ≤ n ≤ N .

Ââåäåì âñïîìîãàòåëüíóþ ñåòêó

Ω̄ = {x̄n,−1 ≤ n ≤ N}, x̄n =
xn + xn+1

2
, 0 ≤ n ≤ N − 1, x̄−1 = x0 −

h1

2
, x̄N = xN +

hN

2
.

Ïóñòü g2(x, u) ∈ S(Ω̄, 2, 1) - èíòåðïîëÿöèîííûé ïàðàáîëè÷åñêèé ñïëàéí íà ñåòêå Ω̄,
îïðåäåëÿåìûé èç óñëîâèé èíòåðïîëÿöèè:

g2(xn, u) = u(xn), 0 ≤ n ≤ N, g′2(0, u) = u′(0), g′2(1, u) = u′(1). (2.1)

Ðàâíîìåðíóþ ñ øàãîì h = 1/N ñåòêó íà ïðîìåæóòêå [0, 1] îáîçíà÷èì ñèìâîëîì ∆.

Òåîðåìà 1. Â ñëó÷àå ðàâíîìåðíîé ñåòêè Ω = ∆ íàéäåòñÿ òàêàÿ ïîñòîÿííàÿ C,
÷òî ïðè âñåõ íàòóðàëüíûõ N è ε ∈ (0, 1] ñïðàâåäëèâà îöåíêà

‖ u(x)− g2(x, u) ‖C[0,1]≤ C(Nε)−3. (2.2)

Åñëè â (1.1) Φ(x) = e−x/ε, òî èìååò ìåñòî è îöåíêà ñíèçó

‖ u(x)− g2(x, u) ‖C[0,1]≥ C1 min{(Nε)−1, (Nε)−3}. (2.3)
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Ñëåäñòâèå 1. Èíòåðïîëÿöèîííûé ïðîöåññ (2.1) íà ïîñëåäîâàòåëüíîñòè ðàâíî-
ìåðíûõ ñåòîê ∆ ÿâëÿåòñÿ ñõîäÿùèìñÿ ïðè N → ∞ äëÿ êàæäîãî ôèêñèðîâàííîãî ε ∈
(0, 1], íî ýòà ñõîäèìîñòü íå ÿâëÿåòñÿ ðàâíîìåðíîé ïî ïàðàìåòðó ε. Â ñîîòâåòñòâèè ñ
(2.3) ïîãðåøíîñòü èíòåðïîëÿöèè íåîãðàíè÷åííî ðàñòåò ïðè çàäàííîì N è ε → 0.

Ýòà è ñëåäóþùàÿ òåîðåìû áóäóò äîêàçàíû â ï. 4.
Èç òåîðåìû 1 ñëåäóåò íåîáõîäèìîñòü àíàëèçà ïðèìåíèìîñòè àäàïòèâíûõ ñåòîê ïðè

èíòåðïîëÿöèè ôóíêöèé âèäà (1.1). Èññëåäóåì âîçìîæíîñòü ïðèìåíåíèÿ ñåòêè Øèøêèíà
[3]. Â ñîîòâåòñòâèè ñ [3] çàäàäèì íà ïðîìåæóòêå [0, 1] êóñî÷íî-ðàâíîìåðíóþ ñåòêó Ω ñ
óçëàìè xn, n = 0, 1, . . . , N, è øàãàìè

hn = h =
σ

N/2
, n = 1, . . . ,

N

2
, hn = H =

1− σ

N/2
, n =

N

2
+ 1, . . . , N. (2.4)

Â (2.4) çàäàäèì

σ = min
{1

2
, 3ε lnN

}
. (2.5)

Çàìå÷àíèå 1. Â äàëüíåéøåì áóäåì ñ÷èòàòü, ÷òî N = 2N0 ≥ 6.

Èòàê, ïóñòü ôóíêöèÿ u(x) çàäàíà â óçëàõ ñåòêè Ω, un = u(xn), n = 0, 1, . . . , N.
Èññëåäóåì ïîãðåøíîñòü èíòåðïîëÿöèè ïàðàáîëè÷åñêèì ñïëàéíîì íà ñåòêå (2.4) ñ çàäà-
íèåì ïàðàìåòðà σ ñîãëàñíî (2.5).

Â ñîîòâåòñòâèè ñ [8, ñ. 56] äëÿ èíòåðïîëÿöèîííîãî ïàðàáîëè÷åñêîãî ñïëàéíà g2(x, u) ∈
S(Ω̄, 2, 1) ñïðàâåäëèâà îöåíêà ïîãðåøíîñòè:

|g2(x, u)− u(x)| ≤ C ‖ u(3) ‖C[0,1] max
n

h3
n. (2.6)

Èç (2.6) ñëåäóåò, ÷òî åñëè ïðîèçâîäíàÿ u(3)(x) ÿâëÿåòñÿ îãðàíè÷åííîé, òî ñïëàéí
g2(x, u) îáëàäàåò òðåòüèì ïîðÿäêîì òî÷íîñòè ïî øàãó ñåòêè. Îäíàêî, â ñèëó (1.2), ïðî-
èçâîäíàÿ u(3)(x) íåîãðàíè÷åííî ðàñòåò ó ãðàíèöû x = 0 ñ óìåíüøåíèåì ε.

Çàìåòèì, ÷òî g2(x, u) = g2(x, q) + g2(x,Φ), à â ñèëó óñëîâèé (1.2) è (2.6)

‖ q(x)− g2(x, q) ‖C[0,1]≤ C2 max
n

h3
n ≤ C2N

−3.

Ïîýòîìó äëÿ ïîñòðîåíèÿ ñïëàéíà, àïïðîêñèìèðóþùåãî u(x) ñ ïîðÿäêîì O(N−3 ln3 N)
ðàâíîìåðíî ïî ε ∈ (0, 1], íåîáõîäèìî è äîñòàòî÷íî îáåñïå÷èòü ðàâíîìåðíóþ ïî ε ∈ (0, 1]
îöåíêó

‖ Φ(x)− g2(x,Φ) ‖C[0,1]≤ C2N
−3 ln3 N. (2.7)

Â ñëó÷àå, êîãäà â (2.5) σ = 1/2, îöåíêà (2.7) èìååò ìåñòî â ñèëó (2.6) è òîãî, ÷òî â
ýòîì ñëó÷àå max

n
hn = 1/N , ‖ u(3) ‖C[0,1]≤ Cε−3 ≤ C ln3 N .

Íèæå áóäåì ïðåäïîëàãàòü, ÷òî σ < 1/2.
Äàëåå äëÿ êðàòêîñòè áóäåì èñïîëüçîâàòü îáîçíà÷åíèå g2(x) = g2(x,Φ), g2(x) ∈

S(Ω̄, 2, 1).

Çàìå÷àíèå 2. Â íàñòîÿùåé ðàáîòå áóäåò ïðèâåäåí ÷èñëåííûé ïðèìåð íåðàâíî-
ìåðíîé ñõîäèìîñòè èíòåðïîëÿöèîííîãî ïðîöåññà (2.1) äëÿ ñåìåéñòâà ôóíêöèé âèäà
(1.1) ïðè ε ∈ (0, 1] íà ñåòêå Øèøêèíà (2.4). Ïîýòîìó âàæíîé ÿâëÿåòñÿ çàäà÷à ïî-
ñòðîåíèÿ àïïðîêñèìàöèîííîãî ïðîöåññà, äëÿ êîòîðîãî ñõîäèìîñòü áóäåò ðàâíîìåðíîé
ïî ε.
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Ìîäèôèöèðóåì èíòåðïîëÿöèîííûé ñïëàéí â ñëó÷àå ñåòêèØèøêèíà (2.4). Ïîëîæèì
x̃N/2 = x̄N/2 = (xN/2 + xN/2+1)/2, x̃n = xn, n ∈ [0, N/2− 1]∪ [N/2 + 1, N ]. Ïóñòü gm2(x, u)
- èíòåðïîëÿöèîííûé ïàðàáîëè÷åñêèé ñïëàéí, îïðåäåëÿåìûé èç óñëîâèé

gm2(x̃n, u) = u(x̃n), n ∈ [0, N ], gm′
2(0, u) = u′(0), gm′

2(1, u) = u′(1). (2.8)

Åäèíñòâåííûì îòëè÷èåì gm2(x, u) îò g2(x, u) ÿâëÿåòñÿ òî, ÷òî óçåë èíòåðïîëÿöèè xN/2

çàìåíÿåòñÿ óçëîì x̄N/2. Óçëû ñàìîãî ñïëàéíà ïðè ýòîì íå ìåíÿþòñÿ è ñîâïàäàþò ñ óçëàìè
ñåòêè Ω̄.

Òåîðåìà 2. Ïðè âûïîëíåíèè óñëîâèÿ ε lnN ≤ 1/18 äëÿ ñïëàéíà gm2(x, u), èíòåð-
ïîëèðóþùåãî äàííûå íà ñåòêå Øèøêèíà (2.4), íàéäåòñÿ ïîñòîÿííàÿ C, äëÿ êîòîðîé
ñïðàâåäëèâà îöåíêà ïîãðåøíîñòè:

‖ u(x)− gm2(x, u) ‖C[0,1]≤ CN−3 ln3 N. (2.9)

Ñëåäñòâèå 2. Ïóñòü

g(x, u) =
{

gm2(x, u), ε lnN ≤ 1/18,
g2(x, u), ε lnN > 1/18

. (2.10)

Òîãäà ñïëàéí g(x, u) îïðåäåëÿåò àïïðîêñèìàöèîííûé ïðîöåññ, ñõîäÿùèéñÿ ïðè N → ∞
ðàâíîìåðíî ïî ïàðàìåòðó ε ∈ (0, 1] ñ ïîðÿäêîì O(N−3 ln3 N).

Äîêàçàòåëüñòâî ñëåäñòâèÿ 2. Ïðè ε lnN ≤ 1/18 óòâåðæäåíèå ñëåäñòâèÿ íåïî-
ñðåäñòâåííî âûòåêàåò èç òåîðåìû 2. Ïðè ε lnN ≥ 1/6 â ñèëó (2.4),(2.5) áóäåò σ =
1/2 è ñåòêà Øèøêèíà ñòàíåò ðàâíîìåðíîé. Ïîñêîëüêó â ýòîì ñëó÷àå ε > C/ lnN , òî
óòâåðæäåíèå ñëåäñòâèÿ âûòåêàåò èç òåîðåìû 1. Íàêîíåö, ïðè ε lnN ∈ [1/18, 1/6] âñå
øàãè ñåòêè Øèøêèíà áóäóò âåëè÷èíàìè ïîðÿäêà O∗(1/N), à â ñèëó (1.2) ‖ u(3) ‖C[0,1]≤
Cε−3 ≤ C ln3 N . Ïîýòîìó òðåáóåìàÿ îöåíêà âûòåêàåò èç (2.6). Ñëåäñòâèå 2 äîêàçàíî.

Çàìå÷àíèå 3. Ïðåäïîëàãàåòñÿ, ÷òî ôóíêöèÿ u(x) çàäàíà ñâîèìè çíà÷åíèÿìè â
òî÷êàõ ñåòêè Ω, à x̄N/2 /∈ Ω. Ïîýòîìó äëÿ ïîëó÷åíèÿ îöåíîê âèäà (2.7),(2.9) íåîáõîäèìî
íàéòè çíà÷åíèå u(x̄N/2) ñ ïîãðåøíîñòüþ ïîðÿäêà O(ln3 N/N3). Êàê ïîêàçàíî â [11],
ýòî ìîæíî ñäåëàòü ñ ïîìîùüþ ìíîãî÷ëåíà Ëàãðàíæà íåâûñîêîé ñòåïåíè ïî èçâåñò-
íûì çíà÷åíèÿì â ñîñåäíèõ ñ x̄N/2 óçëàõ. Àíàëîãè÷íûì îáðàçîì íà îñíîâå ìíîãî÷ëåíà
Ëàãðàíæà ìîæíî íàéòè çíà÷åíèÿ hu′(0) è Hu′(1) ñ òåì æå ïîðÿäêîì òî÷íîñòè. Êàê
âûòåêàåò èç âèäà ÑËÀÓ, ðàññìàòðèâàåìîé â ñëåäóþùåì ïóíêòå, ýòîãî äîñòàòî÷íî
äëÿ ïîëó÷åíèÿ èñêîìîé îöåíêè ïîãðåøíîñòè ïîðÿäêà O(N−3 ln3 N).

Çàìå÷àíèå 4. Äëÿ ìîäèôèöèðîâàííîãî ñïëàéíà gm2(x, u) óçåë ñïëàéíà x̄N/2 ñîâ-
ïàäàåò ñ óçëîì èíòåðïîëÿöèè. Ïîýòîìó ñïëàéí gm2(x, u) íà îòðåçêå [x̄N/2, 1] îïðåäå-
ëÿåòñÿ íåçàâèñèìî îò çíà÷åíèé â óçëàõ èíòåðïîëÿöèè èç îòðåçêà [0, xN/2], à çàòåì
ïðîèñõîäèò ãëàäêàÿ ñêëåéêà. Ýòî ñëåäóåò òàêæå èç òîãî ôàêòà, ÷òî ìàòðèöà ÑËÀÓ
äëÿ îïðåäåëåíèÿ ïàðàìåòðîâ ñïëàéíà, ðàññìàòðèâàåìàÿ â ñëåäóþùåì ïóíêòå, ÿâëÿåòñÿ
áëî÷íîé âåðõíåòðåóãîëüíîé.
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3 Âñïîìîãàòåëüíûå ðåçóëüòàòû

Ðàññìîòðèì ìîäèôèöèðîâàííûé ñïëàéí gm2(x, u) èç (2.8). Îáîçíà÷èì ÷åðåç N̄n,l(x) íîð-
ìàëèçîâàííûé B-ñïëàéí ñòåïåíè l íà ñåòêå Ω̄ [9]. Äëÿ ôóíêöèé N̄n,l(x) ñïðàâåäëèâû
ôîðìóëû [9, ñ. 31]:

N̄n,l(x) =
x− xn

xn+l − xn
N̄n,l−1(x) +

xn+l+1 − x

xn+l+1 − xn+1
N̄n+1,l−1(x), (3.1)

N̄ ′
n,l(x) =

l

xn+l − xn
N̄n,l−1(x)− l

xn+l+1 − xl+1
N̄n+1,l−1(x). (3.2)

Äàëåå äëÿ êðàòêîñòè îáîçíà÷èì gm2(x) = gm2(x, u). Ïðåäñòàâèì gm2(x) â âèäå

gm2(x) =
N−1∑
n=−3

αnN̄n,2(x). (3.3)

Èç óñëîâèé èíòåðïîëÿöèè (2.8) ïîëó÷àåì ñèñòåìó ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâ-
íåíèé (ÑËÀÓ) äëÿ êîýôôèöèåíòîâ:

N−1∑
n=−3

αnN̄ ′
n,2(0) = u′(0),

N−1∑
n=−3

αnN̄n,2(x̃k) = u(x̃k), 0 ≤ k ≤ N, (3.4)

N−1∑
n=−3

αnN̄ ′
n,2(1) = u′(1).

Ïðåîáðàçóåì ÑËÀÓ (3.4) â ñîîòâåòñòâèè ñ [15, 16]. Äëÿ ýòîãî âû÷èñëèì çíà÷åíèÿ
âõîäÿùèx â íåå ïàðàáîëè÷åñêèõ ñïëàéíîâ è èõ ïðîèçâîäíûõ ïî ôîðìóëàì (3.1),(3.2)
è èñêëþ÷èì èç äâóõ ïåðâûõ è äâóõ ïîñëåäíèõ óðàâíåíèé íåèçâåñòíûå α−3 è αN−1. Â
ðåçóëüòàòå ôîðìóëû äëÿ α−3 è αN−1 áóäóò èìåòü âèä

α−3 = α−1 − 2hu′(0), αN−1 = αN−3 + 2Hu′(1), (3.5)

à ÑËÀÓ äëÿ îñòàëüíûõ êîýôôèöèåíòîâ ïîñëå óìíîæåíèÿ íà 8 âñåõ óðàâíåíèé ïðèìåò
âèä

Aα = U, (3.6)

ãäå A = {an,k},−2 ≤ n, k ≤ N − 2 � ìàòðèöà ïîðÿäêà (N + 1)× (N + 1),
U = (U−2, U−1, · · · , UN−2)T � (N + 1)-âåêòîð. Ïðè ýòîì íåíóëåâûå ýëåìåíòû ìàòðèöû A
èìåþò âèä:

an,n = 6, an,n−1 = an,n+1 = 1, n ∈ [−1, N/2− 4] ∪ [N/2, N − 3], (3.7)

a−2,−1 = aN−2,N−3 = 2, a−2,−2 = aN−2,N−2 = 6, (3.8)

aN/2−3,N/2−4 = 1, aN/2−3,N/2−3 = 3 + 4
H + 2h

H + 3h
, aN/2−3,N/2−2 =

4h

H + 3h
, (3.9)
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aN/2−1,N/2−2 =
4H

3H + h
, aN/2−1,N/2−1 = 3 +

8H + 4h

3H + h
, aN/2−1,N/2 = 1, (3.10)

aN/2−2,N/2−2 =
16H

3H + h
, aN/2−2,N/2−1 =

8H + 8h

3H + h
, (3.11)

à îñòàëüíûå ýëåìåíòû ðàâíû íóëþ.
Ýëåìåíòû âåêòîðà U èìåþò âèä:

U−2 = 8u(0) + 2hu′(0), Un = 8u(xn+2), −1 ≤ n ≤ N − 3,

UN−2 = 8u(1)− 2Hu′(1). (3.12)

Èç (3.7)-(3.11) âûòåêàåò, ÷òî âî âñåõ ñòðîêàõ, êðîìå ñòðîê ñ íîìåðàìè N/2−3, N/2−
2, N/2 − 1, ìàòðèöà A èìååò äèàãîíàëüíîå ïðåîáëàäàíèå ñ ïîêàçàòåëåì ïðåîáëàäàíèÿ
r = 4, â ñòðîêå ñ íîìåðîì N/2−3 ïîêàçàòåëü ïðåîáëàäàíèÿ r = 2+4 · H+h

H+3h ≥ 2, â ñòðîêå
ñ íîìåðîì N/2 − 2 r = 8 · H−h

3H+h , à â ñòðîêå ñ íîìåðîì N/2 − 1 r = 2 + 4 · H+h
3H+h ≥ 2.

Òàêèì îáðàçîì, ïðè h/H ≤ 1/5 âî âñåõ ñòðîêàõ áóäåò äèàãîíàëüíîå ïðåîáëàäàíèå ñ
ïîêàçàòåëåìè ïðåîáëàäàíèÿ r ≥ 2. Çíà÷èò, ïðè ýòîì âñÿ ìàòðèöà áóäåò èìåòü ñòðîãîå
äèàãîíàëüíîå ïðåîáëàäàíèå ïî ñòðîêàì ñ ïîêàçàòåëåì ïðåîáëàäàíèÿ, íå çàâèñÿùèì îò
H,h. Îòñþäà âûòåêàåò îáðàòèìîñòü ìàòðèöû A è ðàâíîìåðíàÿ îãðàíè÷åííîñòü ‖ A−1 ‖∞.
Óñëîâèå h/H ≤ 1/5 âûïîëíåíî, åñëè ε lnN ≤ 1/18. Òàêèì îáðàçîì, äîêàçàíà ñëåäóþùàÿ
ëåììà.

Ëåììà 1. Ïðè âûïîëíåíèè óñëîâèÿ ε lnN ≤ 1/18 ìàòðèöà A îáðàòèìà è äëÿ
íåêîòîðîé ïîñòîÿííîé C èìååò ìåñòî îöåíêà ‖ A−1 ‖∞≤ C.

Èçó÷èì àïïðîêñèìàöèîííûå ñâîéñòâà ïðîñòðàíñòâà S(Ω̄, 2, 1).

Ëåììà 2. Ïóñòü ôóíêöèÿ u(x) èìååò âèä (1.1) ñ îöåíêàìè (1.2). Òîãäà íàéäåòñÿ
òàêàÿ ôóíêöèÿ gp2(x) ∈ S(Ω̄, 2, 1), ÷òî áóäóò ñïðàâåäëèâû îöåíêè:

‖ u(x)− gp2(x) ‖C[0,1]≤ CN−3 ln3 N, (3.13)

‖ hn+1(u′(x)− gp′2(x)) ‖C[x̄n,x̄n+1]≤ CN−3 ln3 N,n = −1, N − 1. (3.14)

Äîêàçàòåëüñòâî. Áóäåì ñ÷èòàòü ôóíêöèþ u(x) ïðîäîëæåííîé ëåâåå òî÷êè x = 0
è ïðàâåå òî÷êè x = 1 ìíîãî÷ëåíàìè Òåéëîðà âòîðîé ñòåïåíè ñ öåíòðàìè â x = 0 è
x = 1 ñîîòâåòñòâåííî. Îáîçíà÷èì ÷åðåç P2 ìíîæåñòâî âñåõ ìíîãî÷ëåíîâ âòîðîé ñòåïåíè.
Òîãäà, ñîãëàñíî [7, ñ.137], ñóùåñòâóåò òàêàÿ ôóíêöèÿ gp2(x) ∈ S(Ω̄, 2, 1), ÷òî ñïðàâåäëèâû
îöåíêè

‖ u(x)− gp2(x) ‖C[x̄n,x̄n+1]≤ C inf
g∈P2

‖ u(x)− g(x) ‖C[x̄n−1,x̄n+2], −1 ≤ n ≤ N − 1. (3.15)

Çàôèêñèðóåì ïðîèçâîëüíûé îòðåçîê [x̄n, x̄n+1] . Îáîçíà÷èì ÷åðåç Pn(x) ìíîãî÷ëåí Òåéëîðà
ñòåïåíè 2 ôóíêöèè u(x) ñ öåíòðîì ðàçëîæåíèÿ â òî÷êå x̄n+2 . Èìååì

u(x) = Pn(x) +
1
2!

∫ x

x̄n+2

(x− s)2u(3)(s)ds. (3.16)

Èç (3.16),(1.2) äëÿ −1 ≤ n ≤ N/2− 3 ïîëó÷àåì

‖ u(x)− Pn(x) ‖C[x̄n,x̄n+1]≤ Ch3(1 + ε−3e−
x̄n
ε ) ≤ C1h

3(1 + ε−3),
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îòêóäà ñ ó÷åòîì òîãî, ÷òî h = O∗(ε lnN/N), ïîëó÷àåì

‖ u(x)− Pn(x) ‖C[x̄n,x̄n+1]≤ C2
ln3 N

N3
, −1 ≤ n ≤ N/2− 3. (3.17)

Ïóñòü N/2− 2 ≤ n ≤ N − 1, x ∈ [x̄n−1, x̄n+2]. Òîãäà∣∣∣ ∫ x

x̄n+2

(x− s)2u(3)(s)ds
∣∣∣ ≤ C

∫ x̄n+2

x
(s− x)2(1 + ε−3e−

s
ε )ds ≤ CH3+

+Ce−
x
ε

∫ x̄n+2

x
(s− x)2ε−3e−

s−x
ε ds = CH3 + Ce−

x
ε
1
ε

∫ x̄n+2

x

(s− x

ε

)2
e−

s−x
ε ds ≤

≤ CH3 + C1e
−x

ε ≤ CH3 + C1e
− x̄n−1

ε ≤ CH3 + C2e
−

x̄N/2
ε ≤ C2

N3
≤ C3

ln3 N

N3
. (3.18)

Èç (3.17),(3.18) ïîëó÷àåì, ÷òî

‖ u(x)− Pn(x) ‖C[x̄n,x̄n+1]≤ C4
ln3 N

N3
, −1 ≤ n ≤ N − 1. (3.19)

Èç (3.15), (3.19) ïîëó÷àåì (3.13).
Äîêàæåì (3.14). Äëÿ ýòîãî çàìåòèì, ÷òî â ñèëó (3.13),(3.15),(3.19)

‖ gp2(x)− Pn(x) ‖C[x̄n,x̄n+1]≤ C2
ln3 N

N3
, −1 ≤ n ≤ N − 1. (3.20)

Íî ôóíêöèÿ gp2(x)−Pn(x) íà îòðåçêå [x̄n, x̄n+1] åñòü ìíîãî÷ëåí âòîðîé ñòåïåíè. Ïîýòîìó
â ñèëó ýêâèâàëåíòíîñòè íîðì â ïðîñòðàíñòâå ìíîãî÷ëåíîâ âòîðîé ñòåïåíè íà ôèêñèðî-
âàííîì îòðåçêå áóäåì èìåòü

‖ gp′2(x)− P ′
n(x) ‖C[x̄n,x̄n+1]≤

C

hn+1
‖ gp2(x)− Pn(x) ‖C[x̄n,x̄n+1]≤

C3

hn+1

ln3 N

N3
. (3.21)

Äàëåå, äèôôåðåíöèðóÿ ðàâåíñòâî (3.16), ïîëó÷àåì

u′(x) = P ′
n(x) +

∫ x

x̄n+2

(x− s)u(3)(s)ds. (3.22)

Ïîâòîðÿÿ äëÿ (3.22) âûêëàäêè, ïðîäåëàííûå ñ (3.16) ïðè äîêàçàòåëüñòâå (3.13),
ïîëó÷àåì

‖ u′(x)− P ′
n(x) ‖C[x̄n,x̄n+1]≤ C3

ln2 N

εN2
, −1 ≤ n ≤ N − 1. (3.23)

Èç (3.21),(3.23) ñ ó÷åòîì òîãî, ÷òî h1 = h = O∗(ε lnN/N), ïîëó÷àåì (3.14) äëÿ
n = −1. Â ñëó÷àå n = N − 1 çàìåòèì, ÷òî â ñèëó çàìå÷àíèÿ 1 ‖ u(3) ‖C[x̄N−2,x̄N+1]≤
C(1 + ε−3e−1/(3ε)) ≤ C1 . Ïîýòîìó äëÿ ýòîãî îòðåçêà èç (3.21),(3.22) ñðàçó ïîëó÷àåì
(3.14) äëÿ n = N − 1. Ëåììà äîêàçàíà.

Óñòàíîâèì àíàëîãè÷íûé ðåçóëüòàò â ñëó÷àå ðàâíîìåðíîé ñåòêè ∆.

Ëåììà 3. Ïóñòü ôóíêöèÿ u(x) èìååò âèä (1.1) ñ îöåíêàìè (1.2). Òîãäà íàéäåòñÿ
òàêàÿ ôóíêöèÿ gp2(x) ∈ S(∆, 2, 1), ÷òî áóäóò ñïðàâåäëèâû îöåíêè:

‖ u(x)− gp2(x) ‖C[0,1]≤ C(εN)−3, (3.24)

‖ N−1(u′(x)− gp′2(x)) ‖C[x̄n,x̄n+1]≤ C(εN)−3, n = −1, N − 1. (3.25)

Äîêàçàòåëüñòâî (3.24),(3.25) ñîâåðøåííî àíàëîãè÷íî (3.16)-(3.23) ñ ó÷åòîì ðàçëè-
÷èé ñåòîê ∆ è Ω.
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4 Äîêàçàòåëüñòâî òåîðåì

Äîêàçàòåëüñòâî òåîðåìû 2. Ââåäåì ôóíêöèþ err(x) = gm2(x)− gp2(x), ãäå ôóíêöèÿ
gp2(x) îïðåäåëåíà â ëåììå 2. Ïðåäñòàâèì åå â âèäå

err(x) =
N−1∑
n=−3

βnN̄n,2(x). (4.1)

Òîãäà ïî àíàëîãèè (3.4)-(3.6) äëÿ êîýôôèöèåíòîâ βn ïîëó÷èì ñèñòåìó

Aβ = ERR, (4.2)

è
β−3 = β−1 − 2h · err′(0), βN−1 = βN−3 + 2H · err′(1), (4.3)

ãäå
err′(0) = u′(0)− gp′2(0), err′(1) = u′(1)− gp′2(1), (4.4)

ERR = {ERRn}, ERRn = 8(u(xn+2)− gp2(xn+2)), −2 ≤ n ≤ N − 2, (4.5)

ïðè÷åì â ñèëó ëåììû 2 è (4.4)-(4.5) áóäóò ñïðàâåäëèâû îöåíêè

max{|h · err′(0)|, |H · err′(1)|} ≤ C
ln3 N

N3
, max
−2≤n≤N−2

|ERRn| ≤ C
ln3 N

N3
. (4.6)

Èç ëåììû 1 è (4.3),(4.6) ïîëó÷àåì, ÷òî

max
−3≤n≤N−1

|βn| ≤ C
ln3 N

N3
,

îòêóäà ñëåäóåò, ÷òî

‖ gm2(x)− gp2(x) ‖C[xn,xn+1]≤ C1
ln3 N

N3
, 0 ≤ n ≤ N − 1. (4.7)

Èç (4.7) è ëåììû 2 ïîëó÷àåì óòâåðæäåíèå òåîðåìû 2.
Äîêàçàòåëüñòâî òåîðåìû 1. Îöåíêè (2.2) äîêàçûâàþòñÿ ïî àíàëîãèè ñ îáîñíî-

âàíèåì (2.9), ñ ïðèìåíåíèåì ëåììû 3 âìåñòî ëåììû 2.
Äîêàæåì îöåíêó (2.3). Ïîñêîëüêó äëÿ ñîñòàâëÿþùåé q(x) â ñèëó (2.6) ïîãðåøíîñòü

èíòåðïîëÿöèè ïîðÿäêà O(N−3), òî äîñòàòî÷íî ïîêàçàòü, ÷òî ïðè Φ(x) = e−x/ε

‖ e−x/ε − g2(x,Φ) ‖C[0,x̄0]≥ C1 min{(Nε)−1, (Nε)−3}. (4.8)

Äåëàÿ çàìåíó ïåðåìåííîé x/ε = τ , ïîëó÷èì, ÷òî (4.8) ýêâèâàëåíòíî íåðàâåíñòâó

‖ e−τ − g2(ετ, Φ) ‖C[0,(2Nε)−1]≥ C2 min{(Nε)−1, (Nε)−3}. (4.9)

Ðàññìîòðèì äâà ñëó÷àÿ: (2Nε)−1 ≥ C3 > 0 è (2Nε)−1 ≤ C3, ãäå C3 � äîñòàòî÷íî ìàëàÿ,
íî íå çàâèñÿùàÿ îò N, ε êîíñòàíòà.

1). Ïóñòü (2Nε)−1 ≥ C3 > 0. Òîãäà èìååì

‖ e−τ − g2(ετ, Φ) ‖C[0,(2Nε)−1]≥ C ‖ e−τ ‖C[0,(2Nε)−1],
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ïîñêîëüêó ïîãðåøíîñòü àïïðîêñèìàöèè ýêñïîíåíòû ìíîãî÷ëåíîì ôèêñèðîâàííîé ñòåïå-
íè íà îòðåçêå äëèíû O∗(1) íå ìîæåò áûòü ìåíüøå âåëè÷èíû ïîðÿäêà Ñ-íîðìû ýêñïîíåí-
òû íà ýòîì îòðåçêå [17]. Ó÷èòûâàåì, ÷òî äëÿ îãðàíè÷åííûõ ïî íîðìå u, v èç íåðàâåíñòâ
‖ u− v ‖≥ C ‖ u ‖, C ‖ u− v ‖≥ C ‖ v ‖ −C ‖ u ‖ ñëåäóåò, ÷òî (1 + C) ‖ u− v ‖≥ C ‖ v ‖ .
Íà îñíîâå ýòîãî ïîëó÷àåì, ÷òî

‖ e−τ − g2(ετ, Φ) ‖C[0,(2Nε)−1]≥ C1 ‖ g2(ετ, Φ) ‖C[0,(2Nε)−1] . (4.10)

Íàêîíåö, â ñèëó óñëîâèÿ g′2(0,Φ) = Φ′(0) = −ε−1 áóäåò

‖ g2(ετ, Φ) ‖C[0,(2Nε)−1]=‖ g2(x, Φ) ‖C[0,(2N)−1]=‖ a1x
2 − 1

ε
x + a3 ‖C[0,(2N)−1]=

=‖ a1

(2N)2
y2 − 1

2Nε
y + a3 ‖C[0,1]≥

C3

εN
. (4.11)

Èç (4.10),(4.11) ñëåäóåò (4.9) â ïåðâîì ñëó÷àå.
2). Ïóñòü (2Nε)−1 ≤ C3. Òîãäà ïðåäñòàâèì e−τ â âèäå:

e−τ = −τ3

3!
+ Q2(τ) + O((Nε)−4), (4.12)

ãäå Q2(τ) � ìíîãî÷ëåí Òåéëîðà âòîðîé ñòåïåíè ôóíêöèè e−τ ñ öåíòðîì â íóëå. Òîãäà
àíàëîãè÷íî (4.11) ïîëó÷èì, ÷òî

inf
P∈P2

‖ −τ3

3!
+ Q2(τ)− P (τ) ‖C[0,(2Nε)−1]≥ C3(Nε)−3. (4.13)

Èç (4.12),(4.13) ïðè äîñòàòî÷íî ìàëîì C3 > 0 àíàëîãè÷íî (4.10),(4.11) ïîëó÷àåì
(4.9) â ðàññìàòðèâàåìîì ñëó÷àå. Òåîðåìà 1 äîêàçàíà.

5 Ðåçóëüòàòû ÷èñëåííûõ ýêñïåðèìåíòîâ

Çàäàäèì ôóíêöèþ âèäà (1.1):

u(x) = cos
πx

2
+ e−

x
ε , x ∈ [0, 1].

Ðåçóëüòàòû ðàñ÷åòîâ ñâåäåíû â òðè òàáëèöû. Â òàáëèöàõ ïðèâåäåíû ìàêñèìàëüíûå
ïîãðåøíîñòè ñïëàéíîâîé èíòåðïîëÿöèè, âû÷èñëåííûå â óçëàõ ñãóùåííîé ñåòêè, ïîëó-
÷àþùåéñÿ èç èñõîäíîé ðàñ÷åòíîé ñåòêè ðàçáèåíèåì êàæäîãî åå ñåòî÷íîãî èíòåðâàëà
íà 10 ðàâíûõ ÷àñòåé. Â òàáë. 1 ïðèâåäåíû ïîãðåøíîñòè äëÿ ïàðàáîëè÷åñêîãî ñïëàéíà
g2(x, u) íà ðàâíîìåðíîé ñåòêå. Ðåçóëüòàòû âû÷èñëåíèé ñîãëàñóþòñÿ ñ îöåíêàìè òåîðåìû
1 è ïîäòâåðæäàþò íåïðèãîäíîñòü ïðèìåíåíèÿ ðàâíîìåðíîé ñåòêè, åñëè ïðè çàäàííîì N
ïàðàìåòð ε äîñòàòî÷íî ìàë.

Â òàáë. 2 ïðèâåäåíû ïîãðåøíîñòè äëÿ g2(x, u) íà ñåòêå Øèøêèíà. Èç òàáëèöû âèä-
íî, ÷òî ïîãðåøíîñòü âîçðàñòàåò ïðè óìåíüøåíèè ε äëÿ ôèêñèðîâàííîãî N . Ðåçóëüòàòû
òàáë. 3 äëÿ ìîäèôèöèðîâàííîãî ñïëàéíà gm2(x, u), íàïðîòèâ, äåìîíñòðèðóþò ðàâíî-
ìåðíóþ ñõîäèìîñòü, ÷òî ñîîòâåòñòâóåò òåîðåìå 2. Íà ðèñ. 1 ïðèâåäåíû ãðàôèêè u(x)
è g2(x, u), èëëþñòðèðóþùèå îòêëîíåíèå òðàäèöèîííîãî èíòåðïîëÿöèîííîãî ñïëàéíà ïî
Ñóááîòèíó îò èíòåðïîëèðóåìîé ôóíêöèè â ñëó÷àå êóñî÷íî-ðàâíîìåðíîé ñåòêè ïðè ôèê-
ñèðîâàííîì N è ìàëîì ε.
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Ðèñ. 1: Ãðàôèêè u(x) è g2(x, u) ïðè ε = 10−7, N = 32, ñåòêà Øèøêèíà.

Òàáëèöà 1: Ïîãðåøíîñòü ïàðàáîëè÷åñêîãî ñïëàéíà g2(x, u) íà ðàâíîìåðíîé ñåòêå.

H
HHH

HHε
N

24 25 26 27 28 29

1 2.82 · 10−7 1.76 · 10−8 1.16 · 10−9 1.02 · 10−10 4.30 · 10−12 2.68 · 10−13

10−1 3.43 · 10−4 2.33 · 10−5 1.51 · 10−6 9.58 · 10−8 6.03 · 10−9 4.11 · 10−10

10−2 0.43 8.38 · 10−2 9.72 · 10−3 8.00 · 10−4 5.59 · 10−5 3.65 · 10−6

10−3 9.88 4.58 1.93 0.66 0.15 2.03 · 10−2

10−4 1.05 · 102 5.23 · 101 2.58 · 101 1.25 · 101 5.90 2.59
10−5 1.06 · 103 5.30 · 102 2.64 · 102 1.32 · 102 6.56 · 101 3.24 · 101

10−6 1.06 · 104 5.30 · 103 2.65 · 103 1.33 · 103 6.62 · 102 3.30 · 102

10−7 1.06 · 105 5.30 · 104 2.65 · 104 1.33 · 104 6.63 · 103 3.30 · 103

10−8 1.06 · 106 5.30 · 105 2.65 · 105 1.33 · 105 6.63 · 104 3.31 · 104

Òàáëèöà 2: Ïîãðåøíîñòü ñïëàéíà g2(x, u) íà êóñî÷íî-ðàâíîìåðíîé ñåòêå ñ σ èç (2.5).

H
HHH

HHε
N

24 25 26 27 28 29

1 9.38 · 10−6 1.18 · 10−6 1.47 · 10−7 1.84 · 10−8 2.31 · 10−9 2.89 · 10−10

10−1 1.44 · 10−3 2.50 · 10−4 3.64 · 10−5 4.90 · 10−6 6.35 · 10−7 8.09 · 10−8

10−2 4.37 · 10−3 1.58 · 10−3 4.49 · 10−4 1.04 · 10−4 2.15 · 10−5 4.03 · 10−6

10−3 7.05 · 10−3 1.58 · 10−3 4.49 · 10−4 1.04 · 10−4 2.15 · 10−5 4.03 · 10−6

10−4 7.32 · 10−2 4.08 · 10−3 4.49 · 10−4 1.04 · 10−4 2.15 · 10−5 4.03 · 10−6

10−5 7.35 · 10−1 4.11 · 10−2 2.36 · 10−3 1.39 · 10−4 2.15 · 10−5 4.03 · 10−6

10−6 7.35 4.11 · 10−1 2.37 · 10−2 1.40 · 10−3 8.46 · 10−5 5.18 · 10−6

10−7 73.5 4.11 2.37 · 10−1 1.40 · 10−2 8.46 · 10−4 5.19 · 10−5

10−8 735 41.1 2.37 1.40 · 10−1 8.46 · 10−3 5.19 · 10−4
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Òàáëèöà 3: Ïîãðåøíîñòü ìîäèôèöèðîâàííîãî ñïëàéíà gm2(x, u) íà êóñî÷íî-ðàâíîìåðíîé
ñåòêå ñ σ èç (2.5).

HHH
HHHε

N
24 25 26 27 28 29

1 9.38 · 10−6 1.18 · 10−6 1.47 · 10−7 1.84 · 10−8 2.31 · 10−9 2.89 · 10−10

10−1 1.44 · 10−3 2.50 · 10−4 3.64 · 10−5 4.90 · 10−6 6.35 · 10−7 8.09 · 10−8

10−2 4.37 · 10−3 1.58 · 10−3 4.49 · 10−4 1.04 · 10−4 2.15 · 10−5 4.03 · 10−6

10−3 4.37 · 10−3 1.58 · 10−3 4.49 · 10−4 1.04 · 10−4 2.15 · 10−5 4.03 · 10−6

10−4 4.37 · 10−3 1.58 · 10−3 4.49 · 10−4 1.04 · 10−4 2.15 · 10−5 4.03 · 10−6

10−5 4.37 · 10−3 1.58 · 10−3 4.49 · 10−4 1.04 · 10−4 2.15 · 10−5 4.03 · 10−6

10−6 4.37 · 10−3 1.58 · 10−3 4.49 · 10−4 1.04 · 10−4 2.15 · 10−5 4.03 · 10−6

10−7 4.37 · 10−3 1.58 · 10−3 4.49 · 10−4 1.04 · 10−4 2.15 · 10−5 4.03 · 10−6

10−8 4.37 · 10−3 1.58 · 10−3 4.49 · 10−4 1.04 · 10−4 2.15 · 10−5 4.03 · 10−6

Àâòîðû âûðàæàþò ãëóáîêóþ áëàãîäàðíîñòü Þ.Ñ. Âîëêîâó çà ïîëåçíûå îáñóæäå-
íèÿ.
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ñêîé ñïëàéí-èíòåðïîëÿöèè íà êëàññå ôóíêöèé ñ áîëüøèìè ãðàäèåíòàìè â ïîãðàíè÷íîì
ñëîå.

ÓÄÊ 519.652

Ðàññìàòðèâàåòñÿ çàäà÷à ïàðàáîëè÷åñêîé ñïëàéí-èíòåðïîëÿöèè ïî Ñóááîòèíó ôóíê-
öèé ñ áîëüøèìè ãðàäèåíòàìè â ïîãðàíè÷íîì ñëîå. Äîêàçàíà íåýôôåêòèâíîñòü ïðèìåíå-
íèÿ ðàâíîìåðíûõ ñåòîê. ×èñëåííî ïîêàçàíî, ÷òî ïðè ïàðàáîëè÷åñêîé ñïëàéí-èíòåðïîëÿöèè
ôóíêöèé ñ áîëüøèìè ãðàäèåíòàìè â ýêñïîíåíöèàëüíîì ïîãðàíè÷íîì ñëîå íà øèðîêî
ïðèìåíÿåìîé ñåòêå Øèøêèíà ïîãðåøíîñòü ìîæåò íåîãðàíè÷åííî ðàñòè ïðè ñòðåìëåíèè
ìàëîãî ïàðàìåòðà ê íóëþ ïðè çàäàííîì ÷èñëå óçëîâ ñåòêè. Ïðåäëîæåí ìîäèôèöèðîâàí-
íûé ïàðàáîëè÷åñêèé ñïëàéí, äëÿ êîòîðîãî ïîëó÷åíû ðàâíîìåðíûå ïî ìàëîìó ïàðàìåòðó
îöåíêè ïîãðåøíîñòè.

Êëþ÷åâûå ñëîâà: ñèíãóëÿðíîå âîçìóùåíèå, ïîãðàíè÷íûé ñëîé, ñåòêà Øèøêèíà,
ïàðàáîëè÷åñêèé ñïëàéí, ìîäèôèêàöèÿ, îöåíêà ïîãðåøíîñòè.

Blatov I.A., Zadorin A.I., Kitaeva E.V. About the uniform convergence of parabolic
spline interpolation on the class of functions with large gradients in the boundary layer

UDÑ 519.652

A problem of parabolic spline-interpolation according to Subbotin of functions with
large gradients in the boundary layer is considered. Ine�ciency of application of uniform
grids is proved. By numerical experiments it is shown that the application of parabolic spline
interpolation of functions with large gradients in exponential boundary layer on widely used
Shishkin's mesh leads to essential errors if a small parameter approaches to zero and number
of nodes is �xed. Modi�ed parabolic spline is constructed. Estimates of the interpolation error
of the constructed spline are uniform in small parameter.

Key words: boundary layer, high gradients, parabolic spline, Shishkin mesh, error
estimation.
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