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The paper is devoted to upper bounds on run-time of Non-Elitist Genetic Algorithms
until some target subset of solutions is visited for the rst time. By means of drift analysis, the previously known upper bounds are improved and extended.
The genetic algorithm (GA) proposed by J. Holland [5] is a randomized
heuristic search method, based on analogy with the genetic mechanisms observed in nature
and employing a population of tentative solutions. Dierent modications of GA are
widely used in areas of operations research, pattern recognition, articial intelligence etc.
In this paper, the genetic algorithms are studied on a wide class of combinatorial
optimization problems w.r.t. expected number of tentative solutions visited until a feasible
solution with required properties is found for the rst time. The target sets of solutions
may be dened by an approximation ratio, by local or global optimality conditions, etc.
The main result is obtained by combining the approaches proposed in [2,6], and applies
to a wider classes of algorithms and problems compared to those addressed in [2,6].
Introduction.

In this paper, the combinatorial optimization problems are viewed in the following formulation:

Combinatorial Optimization Problems.

max{F (x) : x ∈ Sol},

(1)

where Sol ⊆ X is the set of feasible solutions, X = {0, 1}n is the search space, F (·) is
the objective function. Without loss of generality we will consider only the maximization
problems. The results will hold for the minimization problems as well.
Let a neighborhood N (y) ⊆ Sol be dened for every y ∈ Sol. The mapping N :
Sol → 2Sol is called the neighborhood mapping. If the inequality F (y) ≤ F (x) holds for all
neighbors y ∈ N (x) of a solution x ∈ Sol, then x is called a local optimum w.r.t. N .
The GA operates with populations P t = (x1,t , . . . , xλ,t ), t =
0, 1, . . . , which consist of λ genotypes. In terms of the present paper the genotypes are
elements of X . For convenience we assume that the number of genotypes λ is even.
In a selection operator Sel : X λ → {1, . . . , λ}, each parent is independently drawn from
the previous population P t where each individual in P t is assigned a selection probability
depending on its tness f (x). Usually a higher tness value of an individual implies higher
(or equal) selection probability. We assume that the tness function is dened on the basis
of objective function in such a way that if x ∈ Sol then f (x) = F (x); otherwise (i.e. if
x 6∈ Sol), the tness incorporates some penalty, which ensures that f (x) < miny∈Sol F (y).
A pair of ospring genotypes is created using the randomized operators of crossover
Cross : X × X → X × X and mutation Mut : X → X . In general, we assume Cross(x, y)
and Mut(x) to be eciently computable randomized routines.
When a population P t = (x1t , . . . , xλt ) is constructed, the GA proceeds to the next
iteration t + 1. An initial population P 0 is generated randomly. One of the ways of initialization consists, e.g. in independent choice of all bits in genotypes.
Genetic Algorithms.

In theoretical analysis of the GA it is often assumed that the termination condition is
never met. The termination condition, however, may be required to stop a genetic algorithm when a solution of sucient quality is obtained or the computing time is limited,
or because the population is "trapped" in some unpromising area and it is preferable to
restart the search (see e.g. [7]). In order to make multiple independent runs of the GA,
we will consider the Iterated Non-Elitist GA with the following outline.
Algorithm Iterated GA
Repeat:

Generate the initial population P 0 , assign t := 1.
While termination condition t > tmax is not met do:
Iteration t.
For j from 1 to λ/2 do:
Selection: i := Sel(P t−1 ), i0 := Sel(P t−1 ).
0
Crossover: (x, y) := Cross(xi,t−1 , xi ,t−1 ).
Mutation: x2j−1,t := Mut(x), x2j,t := Mut(y).
End for.

t := t + 1.
End while.
Until false.

In what follows, GA denotes the above algorithm with tmax = ∞, i.e. the termination
condition is never used. As the examples of crossover and mutation we consider the wellknown operators of bitwise mutation Mut∗ and the single-point crossover Cross∗ from [4].
The single-point crossover computes (x0 , y 0 ) = Cross∗ (x, y), given x = (x1 , ..., xn ),
y = (y1 , ..., yn ), so that with a given probability pc ,

x0 = (x1 , ..., xχ , yχ+1 , ..., yn ), y 0 = (y1 , ..., yχ , xχ+1 , ..., xn ),
where the random number χ is chosen uniformly from 1 to n − 1. With probability 1 − pc
both parent individuals are copied without any changes, i.e. x0 = x, y 0 = y .
The bitwise mutation operator Mut∗ computes a genotype y = Mut∗ (x), where independently of other bits, each bit yi , i ∈ [n], is assigned a value 1−xi with probability pm
and with probability 1−pm it keeps the value xi . Here and below we use the notation [n] :=
{1, 2, ..., n} for any positive integer n. Tunable parameter pm is also called mutation rate.
The following condition holds for many well-known crossover operators: there exists a
positive constant ε0 which does not depend on problem instance, such that the output of
crossover (x0 , y 0 ) = Cross(x, y) satises the inequality




Pr max{f (x0 ), f (y 0 )} ≥ max{f (x), f (y)} ≥ ε0

(2)

for any x, y ∈ X .
Condition (2) suggests that the tness of at least one of the genotypes resulting from
crossover (x0 , y 0 ) = Cross(x, y) is not less than the tness of the parents x, y ∈ X with
probability at least ε0 . This condition is fullled for the single-point crossover with ε0 =
1 − pc , if pc < 1 is a constant. Condition (2) is also satised with ε0 = 1 for the optimized
crossover operators, where at least one of the two ospring is computed as a solution to
optimal recombination problem (see e.g., [3]).

Drift Analysis of Non-Elitist Genetic Algorithm. This section generalizes the drift
analysis of mutation-based Non-Elitist Genetic Algorithm proposed in [6] adapting it to
the two-ospring crossover and making it applicable to Iterated GA, which allows us to
deal with both feasible and infeasible solutions.
Suppose that for some m there is an ordered partition of X into subsets (A0 , . . . , Am+1 )
called levels. Level Am+1 will be the target level in subsequent analysis. The target level
may be chosen as the set of solutions with maximal tness or the set of local optima or
the set of ρ-approximation solutions for some approximation factor ρ > 1. A well-known
example of partition is the canonical partition, where each level regroups solutions having
the same tness value (see e.g. [6]). For j ∈ [m + 1] we denote by Hj := ∪m+1
i=j Ai , the
union of all levels starting from level j .
Given a levels partition, there always exists a total order "" on X , which is aligned
with (A0 , . . . , Am+1 ) in the sense that x  y for any x ∈ Aj , y ∈ Aj−1 , j ∈ [m+1]. W.l.o.g.
in what follows the elements in a population vector P t ∈ X λ will be assumed to form a
non-increasing sequence x1t , x2t , . . . , xλt in terms of "" order: x1t  x2t  . . .  xλt . For
any constant γ ∈ (0, 1), the individual xdγλe,t will be referred to as the γ -ranked individual
in population P t .
For any γ ∈ (0, 1) and population P of size λ, the selective pressure β(γ, P ) of a
selection operator Sel is dened as the probability of selecting an individual from P that
belongs to the same or higher level as the individual with rank dγλe.

Given a partition (A0 , . . . , Am+1 ) of X , let there exist parameters s1 , . . . , sm ,
s∗ , p0 , p1 , ε ∈ (0, 1], and two positive constants γ and δ such that

Theorem 1

(C1) Pr(Mut(x) ∈ Hj+1 ) ≥ sj ≥ s∗
(C2) Pr(Mut(x) ∈ Hj ) ≥ p0

γ0
(C3) β(γ 0 , P ) ≥ 2 1+δ
εp0
(C4) λ ≥
(C5) Pr
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Cross(x, y) ∈ (Hj × X ) ∪ (X × Hj ) ≥ ε, (x, y) ∈ (Hj × X ) ∪ (X × Hj ), j ∈ [m],




(C6) Pr xdγλe,0 ∈ H1 ≥ p1 ,
p0
m(λ + 1) + m
then, assuming t∗ := 2+δ
j=1 λsj (1+δ) , the probability that the GA populaδ/2
tion contains an individual from Am+1 in one of the rst t∗ generations is at least p1 /4.
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Condition (C1) requires that for each level j , there is a lower limit sj on the "upgrade
probability" from level j . Condition (C2) requires that there exists a lower limit p0 on
the probability that the individual will not "downgrade" to a lower level. Condition (C3)
requires that the selective pressure induced by the selection mechanism is suciently
strong. Condition (C4) requires that the population size λ is suciently large. Condition
(C5) is a level-based analog of inequality (2) and follows from (2) with ε = ε0 in the
case of the canonical partition. Condition (C6) ensures that at least a fraction γ of initial
population is "above" level 0 with probability not less than p1 . The level subset A0 here
may be used to encompass the set of infeasible solutions.

Corollary 1 Suppose that Conditions (C1)-(C6) of Theorem 1 hold. Let T be the number
of function evaluations until thesubset Am+1 is reached
for the rst time in the Iterated GA

Pm
−1
∗
2
with tmax = t . Then E[T ] ≤ c mλ + j=1 sj for some constant c > 0.

In this paper, we consider the tournament selection, (µ, λ)-selection and exponential
ranking selection. In k -tournament selection, k individuals are sampled uniformly at random with replacement from the population, and the ttest of these individuals is returned.
In (µ, λ)-selection, parents are sampled uniformly at random among the ttest µ individuals in the population. A real-valued function α on [0, 1] is called a ranking function if
R
α(x) ≥ 0 for all x ∈ [0, 1], and 01 α(x)dx = 1. In ranking selectionR with ranking function α, the probability of selecting individuals ranked γ or better is 0γ α(x)dx. We dene
exponential ranking parameterised by η > 0 as α(γ) := ηeη(1−γ) /(eη − 1).
Suppose a maximization problem (1) is given and a neighborhood mapping N is
dened. Let s be a lower bound on the probability that a mutation operator transforms
a given feasible solution x into a specic neighbor y ∈ N (x), i.e.

s≤

min

x∈Sol, y∈N (x)

Pr(Mut(x) = y).

(3)

The greater the value s, the more consistent is the mutation with the mapping N .
In many well-known combinatorial optimization problems, such as the Maximum Satisability Problem, the Maximum Cut Problem and the Ising Spin Glass Model, the set
of feasible solutions is the whole search space, i.e. Sol = X .

Let Sol = X , Conditions (C5) and (3) be satised, Pr(Mut(x) = x) ≥ p0 for
any x ∈ X for some constant
p0 , and assume that the GA is using either k -tournament
0)
2(1+δ 0 )
or exponential ranking
selection with k ≥ εp0 , or (µ, λ)-selection with µλ ≥ 2(1+δ
εp0
2(1+δ 0 )
0
selection with η ≥ εp0 for some constant δ > 0. Then there exist constants c and c0 ,
 
such that for population size λ ≥ c0 ln ms , a local optimum is reached for the rst time
after at most c(mλ2 + ms ) tness evaluations in expectation.
Corollary 2

A similar result for the GA with tournament selection was obtained in [2] without use
of drift analysis. In particular, Lemma 2.1 in [2] implies that with appropriate
settings
of


m ln m
parameters, the GA reaches a local optimum for the rst time within O
tness
s
evaluations on average. The bound from Corollary 2 in the present paper grows slower
if s is at least linear in m. (Note that the size of the well-known neighborhoods usually
grows as some polynomial of m.) The run-time bound for the GA with the single-ospring
crossover may be further tightened using more rened drift analysis proposed in [1].
Now let us turn to the general case where Sol may be a proper subset of X .

Let the constant ε0 > 0 and the lower bound s satisfy (2) and (3) and
0)
, or
assume that the Iterated GA is using either k -tournament selection with k ≥ 2(1+δ
ε0 s
2(1+δ 0 )
2(1+δ 0 )
λ
(µ, λ)-selection with µ ≥ ε0 s or exponential ranking selection with η ≥ ε0 s for
some constant δ 0 > 0. Suppose that with probability p1 > 0 at least a constant fraction of
individuals in initial population P 0 are feasible, and Pr(Mut(x) = x) ≥ p0 > 0 for any
x ∈ X for some positive constant p0 .
 
Then there exist three constants c, b0 and c0 such that for population size λ ≥ c0 ln ms


m
and tmax = b0 mλ + λs
, a local optimum is reached for the rst time after at most


m
2
cp1 mλ + s tness evaluations in expectation.
Corollary 3

Conclusions. The obtained results imply that if a problem is polynomially bounded
and feasible solutions are easy to nd, then a local optimum is computable in expected polynomial time by the Iterated GA with tournament selection or (µ, λ)-selection or
exponential ranking selection. In particular, given suitable parameters, these versions of
Iterated GA nd the solutions with constant approximation ratio to any problem from
the class of combinatorial optimization problems with guaranteed local optima (GLO) in
expected polynomial time.
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